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Ab initio Gaussian type calculations are reported for the ground and excited states of the 
hypothetical molecule formaldimirte (H 2 CNH). The C=N group is compared with the C=0 group. 

Die Ergebnisse einer ab initio Rechnung mit GauB-Orbitalen flir das hypothetische Formaldimin- 
Molekiil (H 2 CNH) werden mitgeteilt Es werden sowohl Grundzustand als auch einige angeregte 
Zustfinde untersucbt und die beiden Gruppen 0=0 und N=0 verglichen. 

On prtsente les risultats de calculs ab initio utilisant une base Gaussienne pour la molfcule 
hypothitique de fonnaldimine (HjCNH). L'6tude porte sur t'itat fondamental et quelques itats 
otcitis. Une comparaison est faite entre le groupement C=N et le groupement 0=0. 


Introduction 

The carbonyl (0=0) function has been the object of extensive studies for 
many decades. Much less is known about the azomethine (C==N) group, how¬ 
ever, and we therefore felt that a theoretical investigation of this functional 
group was in order. It was decided to study the simplest system with a C=N 
function, namely the hypothetical molecule of formaldimine (H 2 CNH). 


Calculations 

The ab initio calculations were done using a 4-31G Gaussian basis set [1]. 
The computer programs were modified versions of the Polyatom system [2, 3]. 
The n — n* singlet state was done using Huz, a program we built which is based on 
Huzinaga’s first scheme [4]. This program will be submitted to the Quantum 
Chemistry Program Exchange very shortly. 


Ground State 

Complete optimization of the ground state geometry (Fig. 1) of formal¬ 
dimine gives a planar structure having a total energy of — 93.8824 a.u. (Table 1). 

Experimentally, the C=N bond length is of the order of 1.29- 1.30 A for non 
conjugated imines (see Ref. [5]X i.e. imines containing alkyl substituents only. 
The value w e obtain for H 2 CNH is 1.257 A. 

* Present address: Department of Chemistry, New York University, New York, N.Y. 10003, USA. 




Energy Orbital 

breakdown eigenvalues 

(a.u.) (a.u.) 


Kinetic 

93.9724 

la' 

-15.5395 

One-el. pot. 

-286.2296 

2a' 

-11.2622 

One-el. energy 

- 192.2573 

3a' 

- 1.2292 

Two-el. pot. 

65.0770 

4a' 

- 0.8521 

Total el pot. 

-221.1525 

5a' 

- 0.6925 

Nuclear pot. 

33.2978 

6a' 

- 0.6142 

Total pot. 

-187.8547 

la"(*) 

- 0.4499 

Total electron 

-127.1802 

7a'(n) 

- 0.4119 



2a"(it*) 

0.1646 

Total energy 

- 93.8824 

8a' 

0.2414 



9a' 

0.2806 

Virial 

- 1.9990 

10a' 

0.3411 


The following ground state electronic configuration of formaldimine results 
from the calculations (under C, symmetry): 

1 A': (la') 2 (2a') 2 (3a') 2 (4a') 2 (Sa^ 2 (6a') 2 (la") 2 (7a') 2 . 

The first two molecular orbitals are the Nitrogen and Carbon inner-shell 
orbitals respectively. The 3a' orbital is strongly C=N bonding, with most of the 
charge centered on the. Nitrogen. An individual breakdown of the charges in 
terms of the basis functions (atomic orbitals) shows that 90% of the charge on 
Nitrogen and 80% of the charge on Carbon are due to the respective 2s basis 
functions. This MO is therefore mainly a 2s-2s bonding orbital, with slight 
contributions from the p y and p z orbitals. 
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Table 2. Results of Mulliken population analysts on formaldimine 


MO 

Gross populations 



Overlap populations 


H, 

H, 

C 

N 

H, 

N-H, 

N-C 

CH 2 

CH, 

1 a' 

0.0000 

0.0000 

0.0047 

1.9942 

0.0010 

0.0018 

0.0075 

0.0000 

0.0000 

14 

0.0017 

0.0014 

1.9956 

0.0016 

0.0000 

0.0000 

0.0027 

0.0027 

0.0025 

3 4 

0.0141 

0.0122 

0.5329 

1.3613 

0.0795 

0.1069 

05183 

0.0134 

0.0126 

4 a' 

0.2580 

0.1740 

0.8886 

0.4870 

0.2024 

0.2630 

-0.1952 

0.2905 

0.2182 

5 a' 

0.0026 

0.4033 

0.7845 

0.5877 

0.2219 

0.1399 

0.2470 

0.0031 

0.3516 

6 a’ 

0.4259 

0.0504 

0.8585 

0.5634 

0.1017 

01332 

0.0809 

0.3903 

0.0504 

la" 

0.0000 

0.0000 

0.8829 

1.1171 

0.0000 

0.0000 

0.4867 

0.0000 

0.0000 

7 a' 

0.1276 

0.2098 

0.1297 

1.4395 

00934 

0.0086 

-0.1350 

0.0689 

0.1360 

Total a’ 

0.8197 

0.8512 

5.1955 

6.4347 

0.6999 

0.6534 

0.5261 

0.7689 

0.7750 

Total a" 

0.0000 

0.0000 

0.8829 

1.1171 

0.0000 

0.0000 

0.4867 

0.0000 

0.0000 

Total 

0.8197 

0.8512 

6.0774 

7.5518 

0.6999 

0.6534 

1.0127 

0.7689 

0.7750 


In MO’s 4 a', 5a', and 6a' most of the charge is on C and N. The 4 a' MO is 
slightly antibonding in CN, and 6a' is practically non bonding in CN. Orbital 
7 a', which is associated with the free pair orbital has most of the charge localized 
on the Nitrogen. This orbital is slightly antibonding in CN, and only slightly 
bonding in C-H 3 ; there is of course a slight delocalization over the entire 
molecule. 

The la" MO is the MO which is formed from the 2 p x orbitals of Nitrogen 
, and Carbon. The orbital is strongly bonding, and, as expected, is polarized to- 
’ wards the Nitrogen atom. 

, Taking the sum of populations over all occupied MO’s, we see that the 
Hydrogens bonded to the Carbon lose about 0.16 electrons each while the one 
bonded to the Nitrogen loses 0.30. 

The Carbon atom transfers 0.12 tc electrons to the Nitrogen while gaining 
0.19 a electrons. The Nitrogen atom gains 0.43 a electrons. 

Formald im ine is isoelectronic with formaldehyde and we can expect similari¬ 
ties between these molecules. From a qualitative point of view, both molecules 
are predicted to be planar with formaldimine having a bent C=N —H, part 
[ (symmetry group C,). In both molecules, the ordering of the highest two occu- 
1 pied orbitals, and lowest virtual orbital is predicted to be n, n, n* [6, 7], 
i Our calculation and that of Winter, Dunning and Letcher on formaldehyde 
I [8] bear these predictions out. Table 3 contains the orbital eigenvalues, gross 
s atomic and overlap populations of formaldehyde taken from Ref. [8]. 

■ Comparing Table 3 with Table 1 and Table 2, we find that the two molecules 
are not only qualitatively similar, but, except for the sixth molecular orbital, 
the eigenvalues, gross and overlap populations on Carbon, Nitrogen and 
Oxygen are quantitatively quite close for each occupied MO. The functional 
group bonds C=N and 0=0 have similar overlap populations for correspond¬ 
ing molecular orbitals, and the gross populations on Carbon and Nitrogen in 
formaldimine correspond very well to the Carbon and Oxygen populations in 
formaldehyde. The a, n, and total charge on Carbon is less in formaldehyde 
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Table 3. Orbital eigenvalues and population analysis of formaldehyde (Results taken from Ref. [8]) 


MO 

t, (a.u.) 

Gross population* 

Overlap 

populations 

C-O 

C 

O 

la, 

-20.6072 

0.0015 

1.9985 

0.0029 

2a, 

- 11.3576 

1.9993 

-0.0002 

-0.0004 

3a, 

- 1.4304 

0.4042 

1.5817 

0.4552 

4a i 

- 0.8609 

1.0835 

0.3809 

-0.1190 

ib 2 

- 0.6893 

0.9485 

0.6046 

0.2609 

5a, 

- 0.6318 

0.4478 

1.3731 

0.1126 

Ifci(n) 

- 0.5238 

0.7715 

1.2285 

0.4270 

2b 2 ln) 

- 0.4269 

0.1142 

1.2528 

-0.1169 

2(.,(«*) 

0.1465 

— 

— 

— 

a Sub total 


5.0291 

7.1914 

0.5952 

ir Sub total 


0.7715 

1.2285 

0.4270 

Total 


5.8006 

8.4199 

1.0222 


Table 4. Inversion barriers for fonnaldimine 


Configuration 

Total energy 

Barrier (kcal/mole) 
Ref. [9] 

Ground state 

-93.8824 a.u. 



Rotated transition state 

-93.7947 a.u. 

55.1 

57.5 

Planar transition state 

-93.8404 a.u. 

26.3 

27.9 


than in formaldimine because of the greater electronegativity of Oxygen relative 
to Nitrogen. These results exemplify the close relationship these molecules have 
from a bonding point of view. 

Experimental evidence supports a planar inversion mechanism for isomeriza¬ 
tion of imines [11, 20]. Our results predict that the isomerization process in 
formaldimine would occur through planar inversion rather than rotation about 
the molecular axis. From Table 4, we see that our results are quite similar to those 
of Lehn and Munsch [9], although they used a much better basis than ours. 
Our calculated value of 26.3 kcal/mole is in good agreement with experimental 
values for alkyl substituted imines which range from 25 to 27 kcal/mole [10-12]. 

We obtain a dipole moment of 2.44 D for formaldimine which is quite close 
to the value obtained for formaldehyde (2.59 D) [8]. The experimental value for 
formaldehyde's dipole moment is 234 D [13]. 

The positive ion of formaldimine was calculated using the Polyatom open 
shell SCF program based on Roothaan's [14] one-determinant formalism. We 
obtain an energy of - 93.5499 a.u. This gives us a vertical ionization potential 
of 0.3325 a.u., which is of course inferior to the Koopmans’ theorem value of 
0.4119 a.u. since the latter does not take into account the rearrangement of the 
molecular orbitals in the ion. 
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Table 5. Transition energies (vertical) for formaidimine 


State 

Cl 

SCF 

(»-»**)* 

4.68 eV 

3.49 eV 

(a-***) 1 

5.84 eV 

4.21 eV 

(*->**) J 

4.57 eV 

4.05 eV 

(a-***) 1 

10.33 eV 

— 

(*-**)’ 

9.59 eV 

— 


Excited States 

The n-ot* transition energy should be about the same for most alkyl sub¬ 
stituted imines, since the transition goes from a non bonding orbital largely locali¬ 
zed on the Nitrogen, to a n* orbital which is still largely localized on the C=N 
group. The transition energies for various excited states of formaldimine are 
given in Table 5. The energies were calculated by two different methods: singly 
excited configuration interaction using the ground state molecular orbitals, and 
the open-shell SCF procedure applied to the excited state wavefunctions. Because 
of the limited size of our basis set. Cl did not lower the transition energies very 
much. The calculations were done with the ground state geometry, and there¬ 
fore correspond to the vertical transitions. 

Experimentally, the far ultra-violet spectrum of alkyl substituted imines 
[S] consists of broad bands and this feature makes the interpretation difficult. 
The fact that all types of transitions are permitted does not simplify matters 
either. There is a strong and diffuse band centered around 1700 A (7.3 eV), 
with a molecular extinction coefficient of nearly 8000. This transition occurs 
at too low a frequency to be caused by the alkyl groups, and the molecular 
extinction coefficient would seem to indicate that in all likelihood, this is the first 
(a—►a*) 1 transition. The asymmetrical shape of the band, which extends to 
2000 A indicates a composite character, probably due to a (fi-mt*) 1 or 
(n —* 3s) 1 Rydberg transition. The transition is usually located between 

5.0 and 5.4 eV in this type of molecule [15, 16]. 

Our Cl calculation gives a value of 10.33 eV for the transition, 

which is about 30% higher than the experimental value. Del Bene, Ditchfield, 
and Pople’s study of excited states (using the same basis as ours) by configura¬ 
tion interaction [20] shows that for (ji-^w*) 1 transitions, the calculated value is 
usually between 20% and 30% higher than the experimental values. 

Similarly, (n-m*) 1 transitions are between 5% and 15% higher than the 
experimental values. If we reduce our calculated value by 10%, we obtain 5.2 eV, 
which is in good agreement with the experimental data for this type of 
transition. 

The open-shell SCF results for the vertical transitions are lower than the Cl 
results and the experimental values. This is presumably because the correlation 
energy is smaller in the excited states than in the ground state. Buenker and 
Peyerimhoff [17] obtained similar results for formaldehyde, their Cl calcula¬ 
tions being quite close to the experimental value while the SCF value was 
much lower. 
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* Y 


Z 


HI 



Symmetry considerations [6, 7, 18] predict that excitation of a non bonding 
electron to an anti-bonding orbital (n->n*) should result in bending the CH 2 
group out of the molecular plane and a rotation of the N-H bond about the 
same plane (Fig. 2). 

Wc have partially optimized the (n~»7t*) 3 state geometry, using the open- 
shell SCF method. The Hydrogen bond lengths were kept constant (1.08 A 
for C H, and 1 .(X) A for NH), the CNH angle was not varied, and the HCH angle 
was kept equal to the HCN angle. The minimum energy configuration (Fig. 2) 
gives an energy of - 93.8108 a. u. We note that the CH 2 group is bent out of 
plane by 30", the CN bond length is lengthened to 1.52 A, and the NH bond 
is rotated 90' out of plane to give a trans conformation. This structure no longer 
represents the (n-»7t*) J state however since the geometry variations have 
destroyed the original symmetry plane. The resulting state is a mixture of the 
original (n-»7t*) and (re —► re*) triplet states. Buenker and Peyerimhoff [18] ob¬ 
tained an out-of-plane bending angle of 32° for the formaldehyde (n->n*) 3 
state: this is quite close to the value we obtain for formaldimine. The experimen¬ 
tal out-of-plane bending angle is approximately 35° for formaldehyde (sec 
Ref. [17]). 


Conclusion 

This paper has attempted to elucidate the structural characteristics of the 
imine functional group. We have drawn attention to similarities between the 
imine group and the carbonyl group throughout the article. The results are 
quite satisfying in that the two groups are very similar in the ground state, and 
the low-lying electronic states also seem to have a great deal in common. 

Acknowledgements. We would like to thank the National Research Council of Canada, and the 
«Centre de calcul de l llnivcrsite de Montreal» for their support. 
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Polarization factors derived in a previous paper [1] are presented for Is, 2s, 2 pa and 2px orbitab 
on two centers. The formulas for gross atomic populations and integral approximations are tested 
in diatomics. It is found that our definition of atomic charges proposed earlier is for superior to the 
Mulliken approximation. With proper partitioning into charge and hybrid parts the total dipole 
moment of the wavefunction can be obtained with great accuracy. The application of the formulas 
to two-center hybrid repulsion integrals is less satisfactory in the lowest-order approximation. 

Die Polarisationsfoktoren einer frilheren Arbeit [1] werden for Is-, 2s-, 2pa- und 2p*-Orbitale 
an zwei Zentren angegeben. Die Formeln for Atomladungsverteilungen und Integralapproximationen 
werden in zweiatomigen Moleklilen geprilft. Man fmdet, dafi unsere vorgeschlagene Definition von 
Atomladungen der MuUiken-N&herung weit Uberlegen ist. Bei geeigneter Aufteilung in Ladungs- und 
Hybridanteil kann das Dipolmoment der Wellenfunktion mit groBer Genauigkeh erhalten werden. 
Die Anwendung der Formeln auf Zwei-Zentren-Hybridintegrale der Elektronenwechsclwirkung ist 
weniger zufriedenstellend in der niedrigsten Approximationsstufe. 


I. Introductkm 

Recently, we developed the basis for an approximate molecular orbital 
method whose chief characteristic is the lack of empirical adjustment [1, 2], 
The basic idea was to use commutator equations u = [£, x] between hermitian 
and antihermitian operators to establish approximate integral relations on the 
basis of truncated expansions for integrals over atomic orbitals fi, v on different 
centers. We have tested the accuracy of approximations for p integrals over a 
core Hamiltonian in the case of two equal 2s, 2 pa and 2 pn orbitals on different 
centers [2]. In this paper, we test the accuracy of charge distributions and cer¬ 
tain selected repulsion integrals in heteropolar diatomics. After a brief formula¬ 
tion of the method, we present the polarization factors for Is, 2s, 2 p orbitals. 
We then discuss the dipole moments of various diatomics and show that a 
satisfactory definition of atomic charge distributions in molecules can be gained 
on the basis of our considerations. The use of this definition of atomic charge 
distributions in polyatomics is straightforward. Our results for repulsion integrals 
show that the lowest order expansions are sometimes insufficient to guarantee 
the same accuracy as in one-electron integrals. 

* Permanent address: Department of Chemistry, Saint Louis University, Saint Louis, 
Missouri 63156, USA. 
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2 The General Method 


A commutator equation 

u = [t, x] (2.1) 

with hermitian and antihermitian operators u,t,x is equivalent to a matrix 
representation in a complete orthogonal or non-orthogonal basis set. For the 
case of one-electron operators the following expansion over non-orthogonal 
orbitals y. y seems to be most convenient 

with *•*’ (2.2) 

u„,= <n\u\vy etc. 


if n and v are atomic orbitals on different centers. S 1 is the inverse of the 
overlap matrix. We denote the adjugate matrix by S. By definition of S ~ 1 

S = detS (2.3) 


holds. With (2.2) and (2.3) an element x„ v can be expressed exactly in the 
following way 

A »‘v == (Y, t nx^xu~ 

* | 2 X, ^X^XH "b x v») 

+ 2 I <'xA, + t Mjf S* v ) (.*„„ - Xj 
X 


Z | 2 ^v'v) 

X 

V‘ * V 

i X! ^X^X*^ Xy’y) 

X 

"f“ \ ^ (tfyS ^ 

X 

"t” \ ^ ^X^X*' ^MX^XM*) ^ftv' ^n‘ v) | 

X ' 

+ u„„dets]. 


(2.4) 


The right side of (2.4) consists of seven terms: the Mulliken approximation for x 
and its polarization, the other single-center contributions and their polarization, 
the rest of the two-center contributions and their polarization and the 
contribution of u. Our previous work [1,2] was concerned with the first two 
terms and the dominant contribution of the third and fourth term in cases where 
H and v are not equivalent orbitals on different centers. We have neglected 
contributions from terms five and six and kept seven where it was different from 
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zero. The following commutator 
property listed on the right 

equations seem to be of interest 

for the 

[r, 1] = 0 

overlap 

(2.5a) 

[r, r] = 0 

dipole moment 

(2.5b) 

i — i 

J* 

T 

i_i 

II 

e 

potential energy 

(2.5c) 

Lr,T] = p 

kinetic energy 

(2.5 d) 

0. H] = p 

core energy 

(25e) 

[r, p] = -1 

slope of overlap 

(2.50 

ri + r 2 >~ =0 
r 12 . 

electronic interaction energy. 

(2.5g) 


The last equation fits into a two-electron form of (2.4). In all relations t — r. For 
this particular case, the formalism conserves the dipole moment on any level of 
truncation of (2.4). This is due to the symmetry x = t of (2.5b) as an inspection 
of (2.2) shows. We derive now an approximate formula for x„ y with four 
expansion functions, p, p! on atom A and v, v' on atom B, in the case t = r. For 
the sake of simplicity and practicability we drop all terms containing products 
of two or more overlap integrals in the polarization factors x. Applications in 
Section 4 show that this means an insignificant loss of accuracy in the dipole 
moment. 

V = \ S„ v ( 1 + x „,) x M „ + }S„ y ( 1 - x„ y ) x vv 

+ |S„. V (1 + x„. y ) x„„. + jS MV .(l - x HV .) x v . y 


with 


TM^detS 


( 2 . 6 ) 


_ C / <7 4-7 ) - V , 7 - C 7 

“ft v ' vv/ ^ff V fffl ‘-'fiv vv 


5,( v (z H 


det 5’ = 


(1-S 2 y )(l-S 2 v ) 
(1-S 2 , V )(1-S 2 ) 


for 




of same type 


z is a component of r in a local coordinate system, in particular along the 
intemuclear axis. x„. y and x pv . are defined similarly to x My . Inspection of x^ 
shows that hybrid parts are eliminated from the two-center dipole moment. 
The rest contributes to the charge redistribution. The corresponding hybrid 
parts to those of x MV are explicitly presented in terms three and four of (2.6). In 
the following, we calculate polarization factors x for various ratios of exponents 
of Is, 2s, 2 p orbitals on two centers. 

Then we apply formula (2.6) to overlap, dipole moment and electronic 
repulsion energy. 


3. Polarization Factors 

If (tv approaches formally an average of pn and vv in the united atom limit, 
then n' and v' are not essential. Otherwise the type of (i' and v' is fixed by the 
condition that the united atom limit of (iv is represented by an average of fin' 
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Table 1. Polarization factorj x for Is, 2s, 2p orbital* on two center** 


2<2pg.Q !*»((»)) 

*“ = !*»(«> 

_ VlOOp<r.(U\2s^)> 

* m C.<2*.(CJ|2* k (W> 

V* <3 do.(Q 1 2po i (( t )) + V^0<35.(C J12 pg t (( t )> 

*" “ ' C.<2pa.(0|2p« k (W> 

_ j/kMxJOl 2pMC*D 
*"" e.<2pn.tU\2px>(C>)> 

= 2<2p<r,({J|2* t ({: t )> 

*" P.<ls.(C.)|2*»(C»)> 

x„- 1 - (2<2pe.(CJ|2pe»({ t )> - <2p<r.(CJ|2p ff .(f;» <2p ff .02p<r»(C»)> 

- — <1*0 1*»(Q> <2p<r t (Q!2pe t (C,)»/(c.<ls.(U|2pe l (W» 

x„ - 1 - [/|(2<3por.((.)|2pe»(Q> - <3p<r.((J|2p<r.(C:)> <2p*.02P**(«> 

- 77 <2.t.«.)|2s,((;)> <3pe t (Q12p<T k (( i )»/(c.<2*.(CJ|2p t r k (C k )» 

* Abbreviations: 11 = 1 s m 1 s b , ss *= 2 s a 2s k etc. 


and vv' in a natural way. This suffices to guarantee a proper behaviour of the 
approximation (2.6) for small and large intemuclear distances. 

For practical purposes wc have listed the polarization factors x of Eq. (2.6) 
used for Is, 2v, 2pa and 2pn orbitals in Table 1. These are simple combinations 
of overlap integrals over Slater orbitals. Exponents („ and ( t refer to the two 
orbitals on atom A and B for which the polarization factors are calculated; 
C« and (j, refer to the complementary orbitals used in the expansion, e.g. 2 po„ and 
ls fc for x lj#2 ,»„• We have calculated these seven polarization factors for various 
ratios £ = £«/((, and intemuclear distances e, = C.K. Ci = C«/3.5 and (J, = 3.5C t 
was assumed for x lo and £ = („, C'b~Cb for x„. This represents the Slater 
orbitals for first-row atoms fairly well. In Section 4, we use the actual basis set 
orbitals for expansion. 

The results are in Figs. 1-4. x = 0 means equal weighting factors for 
contributions to atoms A and B. x = 1 means the whole contribution goes to A, 
x = — 1 the whole contribution goes to B. x > 1 and x < -1 characterizes cases 
with “overpolarization” i.e. where a simple partitioning in two positive parts 
cannot adequately describe the situation. In Fig. 1 the behaviour of x for Is 
and 2s orbitals can be simply characterized as follows: If the orbital on atom A 
is more contracted than the orbital on atom B (£ < 1) the contribution to 
atom A is increased. For a more diffuse orbital on A (( > 1), it is decreased. With 
increasing intemuclear distance the contribution to the atom with the more 
contracted orbital increases. The polarization factor approaches +1 or — 1. 
A similar behaviour is shown in Fig. 2 for 2pn orbitals. The complicated 
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Fig. I. Polarization factora x for Is. 1 j* and 23,1s* charge distributions in dependence of o.-C.R', 
C, orbital exponent of atom A, R internuclear distance (in atomic units), ( = (,/(. 


dependence of x for 2p<r orbitals can be explained in terms of the nodal property 
of the overlap integral. Here x aa S„ is the relevant quantity which does not 
vanish when S aa does. The singularity of x here means a shift of node of as 
compared to the Mulliken approximation. Fig. 3 shows the polarization of a 
ls„ 2s b distribution. Here x is different from zero for { = 1. This means in this case 
that for equal exponents more charge goes to the atom with the Is orbital than 
to the atom with the 2s orbital. This is not surprising, since the center of charge 
is not in the middle between atoms A and B, but closer to A. 

The curves for x u and x„ show a different asymptotic behaviour for large 
internuclear distances from the previous ones. However for intermediate 
distances the interpretation is simpler. For orbitals of equal type more 
contribution goes to the center with the more contracted orbital, whereas here 
is an overall shift of weight to atom A similar to x lr The weights are not equal 
for £ = 1. There is a singularity for R =0 in these two cases. This is due to the 
fact that we are dealing with the first two members of two different complete 
sets which are overcomplete in this limit. This problem could be avoided by 
using sets with flexible exponents which approach each other pairwise for R = 0. 
There is, however, no practical importance in the above failure. 
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f ig 2. Polarization factors x for 2pa, 2p<x k and 2pn,2pn b charge distributions in dependence of 
g, - (,R: C. orbital exponent of atom A, R internuclear distance (in atomic units), { =• 



Fig. 3. Polarization factors x for ls.2x k charge distributions in dependence of p. = (.R; {, orbital 
exponent of atom A, R internuclear distance (in atomic units), f = Cs/C. 
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Fig. 4. Polarization factors x for ls.2pe t and 2s.2ptr t charge distributions in dependence of Q. = („K; 
(. orbital exponent of atom A, R internuclear distance (in atomic units), { = 


4. Charge Distributions and Dipole Moments 

Among the concepts of molecular orbital theory, which are most popular 
among chemists is the assignment of a formal charge to an atom in a molecule. 
Such a definition avoids the complicated analysis of density contour maps and 
would offer us a simple tool in reactivity considerations. Unfortunately, the 
assignment of charge contributions to atoms in molecules is not unique, even 
if we use atomic basis sets centered at the different atoms. There exist overlap 
contributions c a c,,S ab between two orbitals a, b on different centers A and B. 
Most popular is a procedure attributed to Mulliken [3], but also suggested by 
Daudel [4], to partition this contribution equally among the two atoms. 
Recently it became apparent, that the Mulliken analysis would lead unsatis¬ 
factory conclusions, eg. about dipole moments. Three different alternatives 
have been proposed: 

a) the use of different weighting factors for the partitioning among two 
toms [5], 

b) the use of Lowdin orthogonalized orbitals [6] each of which is completely 
ttributed to a particular atom [7], 

c) the definition of regions of space which are exclusively attributed to each 
f the atoms in a molecule [8]. 
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Table 2. Net charges in beteronuclear diatomic* 



Ramil wavefunction [12] 


STO basis [13] 


Mullikcn 

Christoffersen 

This work 

CNDO 

INDO 

Li’H* 

0.35 

0.51 

0.62 

0.27 

0.29 

B’H 

0.02 

-0.12 

0.30 

0.08 


FH* 

0.23 

039 

0.06 

0.23 


C’O 

0.17 

0.55 

0.19 

0.08 


Li • F" 

0.28 

0.48 

0.37 

0.56 

0.58 


Approach c) seems to be rather untractable and has been tested only in 
linear systems [9]. Approach b) is definitely open to critique because ortho- 
gonalization can be achieved only by contributions of other atoms to a non- 
orthogonal orbital. Thus the assignment of the resulting orthogonalized orbital 
to a particular atom is arbitrary. Cusachs and Politzer [10] have compared the 
Mullikcn analysis and Lowdin analysis in diborane. The charge distributions 
of the same wavefunction were completely different To avoid practical and 
mcthodogical difficulties approach a) seems to offer the greatest possibilities. 
Our approach is in fact of this type. It differs from Christoffersen’s in a sense 
that Christoffersen uses the coefficients of an SCF calculation to define 
weighting factors, whereas we obtain weighting factors from the nature of 
overlap distribution alone. It would be proper here to state, that our weighting 
factors come close to Lowdin’s idea [11] to distribute the overlap among the 
atoms in such a way that the dipole moment of the distribution is conserved. In 
the simplest cases our procedure [1] yields indeed this result. However, in cases 
where overlap distributions of type ls„2pa fc or 2s a 2pa b are involved our 
formulas are more general than Lowdin's because they take care of the hybrid 
dipole parts. 

In Table 2 we have compared net charges for several selected diatomics 
LiH, BH, HF, CO and LiF in Mulliken’s, Christoffersen’s and our approximation 
based on Ransil's [12] optimized minimal basis sets as well as CNDO and 
IN DO type calculations [13], The differences in results could not be more 
striking. To determine which atomic distribution is most appropriate, we have 
calculated dipole moments with these charge distributions. These are listed under 
A in Table 3. The total dipole moment should properly be calculated as con¬ 
sisting of two parts: the charge part and the hybrid part [13]. The charge part 
is calculated with the weighted overlap integrals according to (2.6) with x — 1. 
Only the first two terms contribute in this case. There are four hybrid parts. 
The first two are the direct single-center contributions for x = r of distributions 
2s B 2po 0t 2s b 2pa b and ls a 2p<7 B , ls„ 2pa a . These cannot be accounted for by 
overlap integrals. In the CNDO and INDO methods, there appears only the 
2s2 pa part. The other two result from two-center dipole parts of 2s m 2pa b , 
2s b 2pa„ and \s Q 2po b , ls b 2pcr a . They are in the third and fourth term of (2.6) for 
x = r. The sum of these five dipole parts reproduces the dipole moment of the 
wavefunction within 1 % accuracy. This is not too surprising considering that 
(2.5b) is defining the weighting factors. But it also shows that the neglect of 
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Table 3. Dipole moments (in Debye) of heteronuclear diatomics 




Ransil wavefunction [12] 



STO basis [13] 

M 

Ch 

This 

work 

exact 

exp. 

CNDO 

INDO 

Li + H' 

A 

-271 

-3.94 

-4.77 



-204 

-2.19 


B 



-1.20 



-4.12 

-4.01 


C 



0.06 






D 



0.00 






E 



-0.02 






F 

-2.71 

-3.94 

-5.93 

-5.92 

-5.88 

-6.16 

-6.20 

B H* 

A 

-0.14 

0.70 

-1.81 



-0.43 

-0.46 


B 



3.44 



2.56 

230 


C 



-0.04 






D 



0.00 






E 



-0.02 






F 

-0.14 

0.70 

1.57 

1.58 


213 

1.84 

F H* 

A 

1.01 

1.74 

0.25 



1.09 

1.30 


B 



1.21 



0.77 

0.69 


C 



-0.02 






D 



0.00 






E 



-0.01 






K 

1.01 

1.74 

1.43 

1.44 

1.74 

1.86 

1.99 

c o + 

A 

-0.94 

-298 

-1.03 



-0.46 

-0.40 


B 



1.69 



-0.18 

-0.20 


C 



-0.02 






D 



-0.04 






E 



0.00 






F 

-0.94 

-298 

0.60 

0.59 

0.12 

-0.64 

-0.60 

Li + F- 

A 

-2.02 

-3.16 

-2.70 



-5.82 

-6.03 


B 



-0.65 



-208 

-1.83 


C 



0.02 






D 



-0.15 






E 



0.01 






F 

-2.02 

-3.16 

-3.47 

-3.43 

-6.6 

-7.90 

-7.86 


A charge part, 

B single-center 2s2p<r hybrid part, 

C single-center ls2pa hybrid part, 

D two-center 2s2pa hybrid part, 

£ two-center U2pa hybrid part, 

F total dipole moment, 

M Mullikcn, 

Ch Christoffersen. 


higher-order terms in the weighting factors was not severe. Calculations with 
other Ransil wavefunctions confirm this result For this accuracy, the con¬ 
tributions from D, i.e. the hybrid parts of the two-center 2s2pa, are in general 
not negligeable as can be seen from CO and LiF. 

Neither the Mulliken, nor the Christoffersen approximation are in good 
agreement with the wavefunction’s total dipole moment This is true with or 
without hybrid parts. With regard to the CNDO and INDO charges, we feel 
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Table 4. Atomic occupation numbers m heteronuciear diatomics 
A* B’ Ransil wavefunction [12] _ 


Mulliken This work 




Is 

2s 

2pa 

2pn 

Is 

2s 

2 pa 

2 pic 

Li 

H 

1.995 

1.354 

0.395 

0.256 


1.983 

1.622 

0.288 

0.107 


B 

H 

1.999 

1.024 

1 SOS 

1.169 


1.996 

1.305 

1.810 

0.888 


H 

V- 

1.999 

0.771 

1.946 

1.284 

2.000 

1.999 

0.943 

1.934 

1.124 

2.000 

C 

o 

1.999 

1.999 

1.663 

1.S65 

0.929 

1.545 

1.234 

2.766 

1.990 

1.994 

1.714 

1.858 

0.959 

1.485 

1.148 

2.852 

l.i 

I 

1.996 

1.999 

0.055 

1.943 

0.057 

1.950 

0.613 

3.387 

1.991 

1.998 

0.063 

1.970 

0.072 

1.906 

0.501 

3.499 


that they may not be reliable, although the total dipole moments are often well 
reproduced. 

For several reasons, we did not push this investigation farther at this time. 
Firstly, minimal basis sets are not producing good dipole moments, e.g. in CO 
and LiF. So the absolute value of these charge calculations is limited. Secondly, 
very few wavefunctions arc published on polyatomics. A test in polyatomics 
would involve generating good wavefunctions. Thirdly, there is still some freedom 
in the polarization factors which concerns the functions p' and v'. From (2.6) it 
can be seen that a particular type of function may be necessary, e.g. 2 s b and 2 pa„ 
for * 2 \ m 2 pa h i to ensure a proper united atom limit. For the usual intemuclear 
distances, however, there is no constraint to Fix the exponents. We feel that the 
most consistent scheme is one in which the basis functions of the MO's are used 
as p and v'. For example, it does not seem consistent to use v' = 2 pa on hydrogen 
since this function is not in Ransil’s basis set. Further study of this point is 
necessary. 

In Table 4, we have compared the atomic occupation numbers for Mulliken’s 
and our approximation. We observe in the hydrides a shift of charge from 2 pa 
of the hetero atoms to Is of hydrogen as the main difference to Mulliken’s 
analysis. CO is characterized by a shift of 2v and 2 pa charge from C to O and an 
opposite, but smaller shift of 2pn charge from O to C. This trend is over¬ 
emphasized in the Mulliken analysis. Yet opposite a and n transfers cancel each 
other to a large extent. This effect is somewhat reduced by our polarization 
factors and leads to an increased overall charge transfer. LiF is bound primarily 
by a it-bond on top of an ionic a bond. Transfer of the a electron of Li is causing 
the polarity. 


5. Electron Repulsion Integrals 

Integral approximations for three- and four-center integrals were the 
starting point of the Mulliken approximation [14]. It was a gratifying idea to 
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Table 5. Error (%) of Mulliken and this work's integral approximations of two-center hybrid integrals 
for various ratios of orbital exponents and internuclear distances R (a.u.) 


ex 


(2»a 2*b I la A 1 *a) 

(2p<r A 2pff,|l5 A lj A ) 

(2pj[ A 2px,|lj A lr 

Mulliken 

This 

work 

Mulliken This 
work 

Mulliken 

This 

work 

Mulliken 

This 

work 

0.2 

- 12 

19 

- 6 

59 

- 6 

111 

- 6 

33 


- 9 

34 

- 16 

35 

36 

504 

- 1 

46 


- 12 

43 

- 18 

32 

- 3 

- 92 

0.7 

59 

0.5 

- 3 

4 

- 2 

13 

- 2 

26 

- 2 

7 


- 2 

21 

- 9 

11 

- 15 

- 46 

4 

24 


- 2 

41 

- 10 

22 

5 

14 

9 

46 

1 

0 

0 

0 

0 

0 

0 

0 

0 


14 

14 

- 1 

- 1 

5101 

5701 

10 

10 


58 

58 

29 

29 

2278 

2278 

44 

44 

2 

- 3 

1 

- 4 

8 

- 4 

17 

- 4 

3 


61 

11 

25 

- 1 

2 

- 3 

29 

4 


214 

41 

123 

27 

101 

39 

126 

30 

5 

- 11 

0.5 

- 16 

16 

- 16 

42 

- 16 

3 


99 

3 

52 

0.5 

22 

3 

53 

1 


256 

7 

162 

6 

136 

27 

162 

6 


reduce multi-center integrals to two-center Coulomb integrals. Cisek [15] has 
compared the accuracy of various methods and proposed an expansion to 
reproduce multipole moments. Harris and Rein [16] also favored empirical 
adjustment so as to obtain best orbital coefficients for certain standard integrals 
which then could be used for other integrals. 

We have considered the simplest two-center hybrid integrals (ls A ls B | l.s A ls A ), 
(2v A 2s B | ls A ls A ), (2pa K 2pa B \ ls A ls A ), (2pn A 2pn B \ ls A ls A ) and compared Mul¬ 
liken’s and our approximations for various ratios with the exact values 
calculated with the formulas of Ruedenberg et al. [17]. The results are listed in 
Table 5. The errors of the Mulliken approximation are usually smaller than 
those of this work, if the orbital on center B is more diffuse than those on 
center A. We find our results improved over Mulliken’s if the orbital on B is 
more contracted than those on A. The numbers in italics which indicate very 
large errors are at those distances where the exact integral is close to zero. 
Considering the fact that there seems to be not much gain in improved 
weighting factors, the question arises what the reason for this unsatisfactory 
behaviour could be. Certainly the influence of the location of distribution of the 
second electron is important. In this case the redistribution is to generate one- 
center integrals which are effectively overemphasizing the trend, namely to 
increase the integral value where the Mulliken approximation yields a too small 
value. This latter pattern is well pronounced in the table for all cases where the 
Mulliken approximation is closer to the exact values than ours, i.e. for CJC a < 1- 
Also the neglect of the higher terms in (2.6) might be more crucial than in the 
single-electron case. We think that exchange integrals would be from symmetry 
more apt than hybrid integrals to an improved treatment with different 
weighting factors. 
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6. Conclusion 

The calculations in this paper open the way to a new definition of atomic 
charges in molecules. Although the formulas were tested only in diatomics with 
Slater orbitals centered on the nuclei, a generalization is straightforward. 
A rotation of the results in a local coordinate system to a molecular coordinate 
system performed in the same way as in Pople’s CNDO program would lead 
directly to atomic distributions in polyatomics. Also, there is no restriction of 
the formulas to Slater functions. The concepts hold also for Gaussian functions. 
Pure Gaussian functions would also allow in simple fashion to redistribute off- 
center orbital contributions. The same considerations hold also for approxi¬ 
mations of other integrals. Electronic repulsion integrals are more sophisticated 
in structure and would need more care to guarantee a desired accuracy. 

Acknowledgement. I thank P. Coffey for performing most of the calculations. I appreciate the 
hospitality and support of Prof. H. PreuB during my stay in his institute. Several discussions with 
I)r. W Meyer on the topic of this paper are appreciated. 
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The author suggests a procedure offering the possibility to determine, with the use of a double 
iteration technique, the equilibrium geometry within the framework of a single calculation of the 
energy function. The method is used for the ground state and the lowest excited singlet state of formalde¬ 
hyde and for the formyl radical The individual contributions of the potential energy are discussed in 
brief. 

Der Autor schlagt ein Verfahren vor, das erlaubt, mittels einer Doppeliterationstechnik die 
Gleichgewichtsgeometrie im Laufe einer einzigen Berechnung der Energiefunktion zu bestimmen. Das 
Verfahren wird auf den Grund- und den ersten angeregten Zustand von Formaldehyd und auf das 
Formylradikal angcwendeL Die cinzelnen Beitrage zur potcntiellen Energie werden kurz diskutiert. 

l.'auteur propose une mithode par laquelle il est possible de determiner par une technique iterative 
double la gdometrie d'iquilibre dans le cadre d'un seul cdlcut de la function energitique. On a applique 
la methode pour l'etat fondamental et l’etat excite le plus bas singulet de formaldehyde et pour HCO. 
On discute brevement les contributions singulaires de l’energie potentielle. 


Introduction 

Semiempirical methods working with all valency electrons [1-5J were suc¬ 
cessfully employed for determining the equilibrium geometry of molecules [3-7], 
The usual procedure in such calculations, i.e., the determination of the shape of 
the energetic hyper-surface, however, is fairly costly and not feasible for molecules 
with more than four independent coordinates. The number of the necessary 
calculations of the energy function was considerably reduced by the procedure of 
Mclver and Komornicki [8], who by means of a quadratically convergent variable 
metric method minimized the total energy of a molecule obtained with the use of 
EHT and MINDO/2 programs [1,5]. 

In the present paper we have suggested a procedure, which by means of double 
iteration technique permits the equilibrium geometry in the framework of a single 
calculation of the energy function to be determined. We have applied this proce¬ 
dure also to the CNDO/2 method [6], of which it is known [9,10] that it affords 
a better agreement between the theoretical and the experimental equilibrium 
geometries than that obtained by the method mentioned earlier. We extended the 
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procedure to the case of excited states (half-electron method [11]) and to radicals 
(method of Longuet-Higgins and Pople [12]). Although we have tested the 
procedure on calculations of equilibrium geometries, our main interest is con¬ 
cerned with questions of the reactivity of small molecules and of principal func¬ 
tional groups. To this theme we shall pay our attention in the following papers. 


Theoretical Procedure 


Among numerical methods used for finding a stationary point of the given 
function, the most efficient are those which utilize the properties of the gradient 
(13, 14]. The calculation of the gradient requires a knowledge of the derivative 
of the overall energy of the molecule with respect to the x-th Cartesian coordinate 
n lA of the atom A. For the ground singlet state and the CNDO/2 method we can 
derive the relation 


vn 


JtA 


- I 


B ✓ A 




f>n r 


( P\A + PbB PaA Aib) 


f^AB 

'Xa 


+1 rr 

H / A it v 


2 P„ 
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1 p 2 <Xb 

2 - fin xA 


( 1 ) 


where K AH and y AB denote the distance and the bicentric repulsion integral between 
the atoms A and B; Z A and Paa stand for the “core” charge and the electron 
density on the atom A; and / i „ v denote the bond order and the resonance 
integral between the atomic orbitals (i and v localized on the atoms A and B. For 
an open shell system we can use the formula 
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where 1) is the right hand side of Fq. (1), and c mil denotes the expansion coefficient 
of the /i-th AO in the singly occupied MO (marked with m). 

The derivative of the energy change in the excitation of the electron from the 
level i to j is described by the equation 
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( 3 ) 


where the upper sign holds for a singlet state and the lower for a triplet state. 
For the INDO method. Fqs. (IF(3) apply without any change. For the MINDO/2 
method different formulas are used [5] for electronic and core-core repulsion 
integrals. These formulas are very easy to differentiate and are not presented here. 

From the Eqs. (I M3) and from the proportionality of the resonance and the 
overlap integral [2-4] in the methods employed it is obvious that the main 
problem lies in the determination of the derivatives of the overlap and the repulsion 
integral with respect to the Cartesian coordinates. The overlap integrals were 
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differentiated in a similar way as in Ref. [8] with the use of the formulas of Gerratt 
and Mills [IS], Since the practical determination of these derivatives and in 
particular the necessary transformation of the coordinates are very laborious, we 
give the resultant formulas in Appendix A of this paper. The repulsion integrals 
were differentiated directly with the use of the corresponding explicit formulas; 
the results are given in Appendix B. It was found that for practical calculations, 
where we do not demand an accuracy of the determined coordinates higher than 
about 10“ 2 A, it is sufficient to differentiate the repulsion integrals numerically. 

In order to study the reactivity, it was indispensable to carry out the minimiza¬ 
tion in spherical coordinates. The calculation of the geometries of nonequilibrium 
configurations of the molecule, arising in the formation or in the disappearance 
of the chemical bond, was performed by means of the fixation of one or more 
spherical coordinates. This procedure will be described in more detail in the 
following paper. 

The minimization itself was carried out by the variable metric minimization 
method according to Murtagh and Sargent [14], the necessary formulas for it 
were taken from Ref. [8], The calculation began with the conventional CNDO/2 
method, which was continued until the average difference in the orbital energies 
in two successive iterations did not exceed 0.1 eV. Thereupon, the variable metric 
method was employed as long as the coordinates of the molecule did not change 
by more than 2 ■ 10“ 4 A. The control was returned to the CNDO/2 program and 
the criterion of convergence was halved. The procedure was repeated as long as 
the average error in the calculation of the orbital energies was larger than 10“ 4 eV. 
The attainment of self-consistency required about double the number of iterations 
as were necessary in the case of the simple CNDO/2 calculation. This applies also 
with the MINDO/2 method. 

The program was written in FORTRAN IV for IBM 7040 and IBM 370/155 
computers. 


Results and Discussion 

The usefulness of the method was tested on the formaldehyde molecule. 
Table 1 presents the results for two different assumed initial geometries in com¬ 
parison with the calculations by the INDO method [7] and with the experiment 
[16]. The “exact” equilibrium geometries in both calculations are in agreement 
with an error of about ±0.0005 A in the bond lengths and of 0.4" in the values of the 
angles. For the sake of comparison the values obtained by the numerical dif¬ 
ferentiation of repulsion integrals are also presented. It can be noticed that the 
error is sufficiently small for the study of reaction paths. It was found that already 
after the first application of the variable metric method, the change in the geometry 
amounted to 80-90 % of the total change; it is obvious, therefore, that the geometry 
of the molecule depends rather on the values of the two-centre atomic integrals 
than on the density matrix. In this way it is possible to explain, e.g., why the 
CNDO/2 method and the INDO method give so similar estimates of the bond 
lengths and of the angles. 

It is interesting to consider in more detail the CNDO/2 energy contributions 
of the individual bonds in the equilibrium configuration in the molecule. These 
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Table 1. Geometry of formaldehyde H,H 2 C=0 in a ground state 


Method 

r CHi 

r CH, 

r co 


®HiCO 

{* 

Energy (eV) 

1. Initial 

0.99 

1.00 

1.4 

90° 

135° 

10°28' 

_ 

CNDO/2 

1.114 

1.114 

1.247 

115° 48' 

122°6' 

0"3T 

-730.287 

CNDO/2 b 

1.102 

1.102 

1.234 

i i5“2a 

122°20' 

0°16' 

— 730.261 

MINDO/2 

1.220 

1.220 

1.204 

io8°i r 

126° 

0°20' 

-472.112 

2. Initial 

0.939 

1.090 

1.238 

172°20' 

132°40' 

0° 

— 

CNDO/2 

1.114 

1.114 

1.247 

115°48' 

122°6' 

0° 

-730.287 

INDO‘ 

1.12 

1.12 

1.25 

115“ 

122°W 

0° 

— 

exp.' 1 

1.116 

1.116 

1.208 

116“30' 

12T40' 

0° 

— 


* (180 - {) is the angle which bond C=0 makes with the bisector of H,-C-H 2 . 
b Numerical differentiation of repulsion integrals was used. 

' Ref. [7], 
d Ref. f 16]. 


Table 2. Geometry of formyl radical 


Method 

r CH 

r co 

3«co 

Energy (eV) 

Initial 

1.2 

1.2 

120“ 


CNDO/2 

1.129 

1.223 

130'35' 

-704.345 

CNDO/2* 

1.106 

1.204 

WSO" 

-704.326 

MINDO/2 

1.230 

1.175 

139°30' 

-455.353 

1 NDO b 

1.11 

1.22 

I3riff 

— 

Exp. 1 

1.148 

1.177 

I23“20' 

— 


* Numerical differentiation of repulsion integrals was used. 
" Ref. L7]. 

1 Ref. [17], 


contributions can be roughly divided into resonance energy, electrostatic attractive 
(core-electron), and repulsive energy (core-core and electron-electron). The 
attractive and the repulsive contributions (- 522 and + 525 eV at the C=0 bond) 
are by an order higher than the resonance energy (-48eV), but they almost 
compensate each other, so that the overall energy of the bond is, in principle, the 
resonance energy. The attractive and the repulsive forces, too, compensate each 
other to a considerable extent (323 and —375 eV/A for the C=0 bond), the 
contribution of the resonance force is somewhat more significant (53 eV/A). The 
forces of electrostatic character are inversely proportional to the square of the 
distance of the atoms; the bond angles are given, in principle by the resonance 
forces. Consequently it becomes understandable that the extended Htickel method, 
which neglects the electron repulsion, gives so good estimates of the bond angles. 

For testing the open shell minimization procedure we selected the radical 
HCO. The initial and the final geometries as well as the experimental data are 
listed in Table 2. 

It is known that formaldehyde is non-planar in the first excited singlet state 
[18], whereas the virtual orbital calculation predicts a planar configuration of the 
atoms [19]. 

Our calculations (Table 3) favored the non-planar arrangement of the atoms, 
in this case the theoretical geometry being in somewhat poorer accordance with 
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Table 3. Geometry of formaldehyde in excited singlet state 


Method 

r CH 

r co 

®HCH 

{* 

Energy (eV) 

Initial 

0.99 

1.4 

120° 

39° 3C 


CNDO/2 

1.131 

1.287 

I09°33' 

37°35' 

-726.498 

Exp. b 

1.093 

1.323 

119° 

31° 

— 


* (180 — f) is the angle which bond C-O makes with the bisector of H,-C-H 2 . 
b Ref. [19]. 


experimental data than for the ground state. The calculated dipole moment is, 
however, in a good agreement with the experimental one (theor. 1.67 D , exp. 1.56 D, 
cf.. Ref. [20]). The MINDO/2 applied to the excited state of formaldehyde failed 
badly for the reaction H 2 CO-»H 2 + CO was predicted to occur without any 
energy barrier. It is noteworthy that in the unrestricted Hartree-Fock CNDO/2 
calculation the energy minimum of the excited state of formaldehyde pertains to 
the planar molecule (cf.. Fig. 2, Ref. [21]). 

Acknowledgement. The author should like to express his thanks to Mr. K. Maiek for checking of 
the formulas given in this paper and to Prof. P. O. Lowdin for making use of the computing facility. 


Appendix A 


Master formulas of the derivatives of the overlap integrals. (Differentiated is always the first 
member of the pair of the Slater orbitals in the brackets, the differentiation is carried out with respect 
to the z coordinate. The derivatives with respect to the Cartesian coordinates x and y can be easily 
ascertained by cyclic interchange of the axes of the coordinate system.) 


**) - — (k/j/3)cosyj<lp,| ls> , 


/ g(ls) 

\ Sz 


^ = —(fc/j/3) 


cosip<lp,|2s>. 


(’TT'K) = ~ ( W^ sin ? sin v> cosip[<lp,|2p x > + <lp,|2p,>], 
= sin V cos v[OPx!2p Jt > + <lp,|2p,>], 

= -(<c/|/3)(cos J ip<lp,|2p,)-sin 2 v)<lp,|2p x », 
(■^1 U ) = fcco8 vC(l/3)<lp,| 1*> -(1/1/3) <2p,|ls>], 
(^|ls) =(k/j/5)l/3sin<psinv>cosip<2d,i|ls>, 


(^|ls^) * (k/)/5) (/3 cosip sin v cos v><2d,,|lj> , 

(^|ls) - — k< 1 s|ls> + (fc/j/3) <2s|ls> + (fc/j/il)(3 cos 2 tp — 1) <2d,,|ls>, 
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where k is the Slater exponent of the differentiated orbital, the Euler angles are defined as follows 
(the differentiated orbital has the coordinates x„ y,, *,): 

Ax r , 

sin<p =-, stni p = — y r 2 = Ax 2 + Ay 2 , 

r R 

R 2 = r 2 + A z 2 

Ay Az 

cos<p = -, cosy) = Ax = x, - x 2 

r t\ 

Ay=y, -y 2 

Az = z,-z 2 . 


Appendix B 

Differentiation of the biccntric repulsion integrals with respect to the Cartesian coordinates 


Case 1: s = a 
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Case 2: s # <i 
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Gas.2s)= '-.\- l - +n >e *-[(. 


8-a-27a 2 -30a 3 -_10^_ + 11 - 19a-44« 2 - 20a 3 


16 
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where >„ and <„ arc coordinates of atoms, s, a are Slater exponents, d is the distance of the atoms 

. s — a 

atomic units, a--0.5(1 + 1/7). h= I 4 a, n = I - a, t = — . 

s + a 
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Density localized molecular orbitals are computed for the molecules LiH, LiF, BF, BN, CO, 
C 2 H 2 , CH 4 , NH 3 , HjO, and HF. The density localization method is based on the minimization of 
the sum of the interorbital density overlap integrals. The results of this method are compared to the 
results of the energy localization method of Edmiston and Ruedenberg and the localization procedures 
of Boys and of Magnasco and Perico. The agreement among the results obtained by these four methods 
is in general good. With a few exceptions the localized molecular orbitals agree with the classical 
chemical concepts. 

Dichtelokalisierte MolekUlorbitale sind berechnet worden fUr die Molekiile LiH, LiF, BF, BN, 
CO, C 2 H 2 , CH 4 , NHj, H 2 0 und HF. Die Dichtelokalisierungsmethode beruht auf der Minimisierung 
der Summe der Dichteiiberlappungsintegrale zwischen verschiedenen Orbitalen. Die Ergebnisse 
dieses Verfahrens werden verglichen mit den Resultaten der Energielokalisierungsmethode von 
Edmiston und Ruedenberg und den Verfahren von Boys und von Magnasco und Perico. Die Ober- 
einstimmung zwischen den verschiedenen Methoden ist im allgemeinen gut. Mit einigen Ausnahmen 
werden die klassischen chemischen Vorstellungen von Elektronenpaaren reproduziert. 


1. Introduction 

In a previous paper [1] (we refer to it as I) we have given the general theory 
of the density localization method. In a subsequent work [2] (we refer to it as II) 
we have applied this method to the homonuclear diatomic molecules Li 2 , Be 2 , 
B 2 , C 2 , N 2 , and F 2 and have compared the results with those of the energy localiza¬ 
tion method of Edmiston and Ruedenberg [3,4] and the localization procedures 
of Boys [5,6] and of Magnasco and Perico [7], In the present paper we apply 
these four methods to the molecules LiH, LiF, BF, BN, CO, C 2 H 2 , CH 4 , NH 3 , 
H 2 0, and HF. We find - as in II - that the calculated localized molecular orbitals 
(LMO’s) agree in general with the classical chemical concepts of inner shells, 
lone pairs of electrons and bonds which are used to describe the electronic structure 
of molecules. Exceptions are the molecules LiF, BN, and CO. However, just 
these exceptions offer additional insight into the concept of localized orbitals. 
The numerical agreement among the results of the four methods is in most cases 
quite satisfactory. For a few molecules - in particular those involving lone pairs 
of electrons - the results of the Magnasco-Perico method exhibit greater deviations 
from the general agreement, but it does not seem possible to establish a general 
trend. After describing briefly the four localization methods under investigation 
in Sect. 2 we discuss the calculations in detail in Sect. 3. In Sect. 4 we analyze the 
atomic hybrids for all molecules examined so far. 
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2. Short Outline of the Four Localization Methods 


We present only a short outline of the general idea of the energy, density. 
Boys, and Magnasco-Perico localization methods. For all details we refer to the 
original papers [1-7] and to review articles [8-10], The considerations will be 
restricted to closed shell cases, where the wavefunction is approximated by a 
single Slater determinant. The doubly filled orthonormal real orbitals are deter¬ 
mined by a SCF calculation. For the wavefunction of a system with 2n electrons 
wc write 

|!P> = (2n!) 1/2 ,a/{|l + > |1 — >- -|n + > |n — >}. (1) 

where .o/ is the antisymmetric projection operator with =.«/. Let |#> denote 
the row vector of molecular orbitals (MO’s). 


I*>:=<|l>.|/>.|n». 


( 2 ) 


Any unitary transformation, applied to |4>) leaves the wavefunction |V'> invariant. 
This can be used to transform the canonical molecular orbitals (CMO’s) to the 
l .MO's. Such a unitary transformation is common to all the localization methods 
under investigation, they only differ by the choice of a functional which is to be 
extremized by the transformation. This functional will be called localization 
function and is chosen by physical arguments. 

They energy localized molecular orbitals (ELMO’s) of Edmiston and Rueden- 
berg [3,4] are obtained by maximizing the sum of the orbital self-interaction 
energies 

*>=£[»l»]. (3) 


Because of the separate invariance of the total Coulomb and total exchange 
interaction energy this is equivalent to minimizing separately the sum of the 
interorbital exchange energies and the sum of the interorbital Coulomb energies. 

The density localized molecular orbitals (DLMO's) are defined to be those 
orbitals resulting from the unitary transformation which minimizes the sum of 
the interorbilal density overlap integrals [1] 


D=£[i 2 ] 2 ]- (4) 

i'-j 

The density overlap between the MO's is given by 


O' 2 / 2 ]: = Jl<r|»>| 2 l<rl/>| 2 d 3 r, (5) 

where |<r|/)| 2 is the charge density of orbital |/>. 

The localized molecular orbitals of Boys (BLMO’s) are determined by mini¬ 
mizing the sum of the quadratic repulsions of the orbitals with themselves [5,6]: 

I = £ • ( 6 ) 

This has been shown by Boys to be equivalent to a maximization of the sum of the 
squares of the distances between the orbital charge centroids: 


0=£[</lr|i>-0>l;>] 2 . (7) 

>.j 

The latter formula is more appropriate for numerical implementation. 
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The localization procedure of Magnasco and Perico [7] is an external method 
[11], i.e. a concept of the orbital structure is required prior to localization. The 
starting point is the definition of local electron populations for each MO, which 
have to be localized around atoms or between pairs of atoms. The localization 
function in this case is the sum of these local populations: 

P=ZPi, 

where 

Pi= 1 C pi C 4i <p|q> 

and where denotes the set of functions making up this population. Maximization 
of P defines the uniformly localized molecular orbitals of Magnasco and Perico 
(MPLMO’s). 

The actual process of localization is done via a sequence of pairwise rotations 
of the MO's which are chosen to extremize the localization function. 


( 8 ) 

(9) 


3. The Calculations 

Localized molecular orbitals have been computed using the formalism 
described above for the molecules LiH, LiF, BF, BN, CO, C 2 H 2 , CH 4 , NH 3 , 
H 2 0, and HF. The calculations are based on SCF wavefunctions obtained with 
a program written by the author. The MO’s are expanded in a set of Gaussian 
lobe functions. As basis set we used: at the H atom 4 s-type functions, the two 
functions with the largest exponents contracted into one group, at the Li atom 
9 s-type functions, the five functions with the largest exponents contracted into 
one group, and 2 p-type functions, and at the atoms B to F 9 s-type functions, 
the five functions with the largest exponents contracted into one group, and 
5 p-type functions, the three functions with the largest exponents contracted 
into one group. The exponential parameters and contraction coefficients of the 
s-type functions are taken from Huzinaga’s paper [12], of the p-type functions 
(atoms B to F) from Whitten’s paper [13]. For the Li atom the exponents rj of the 
p-type functions and the distance R from the center are: = 0.5, R, = ± 0.075 a.u., 
t )2 = 2.0, R 2 = ±0.065 a.u. Table 1 contains information about the geometry of 
the molecules used in the calculations and about the total energies computed. 

The LMO’s which we have obtained agree for most of the molecules with the 
results of Edmiston and Ruedenberg [4, 14] and other authors [15, 16], wherever 
a comparison is possible, except for the molecules LiF, BF, and CO. We are 
going to discuss these results in detail below. 

Before examining in detail the individual molecules we make a few general 
statements about the numerical results. We find again -- as has been found in II - 
that the numerical agreement among the results of the four localization methods 
is in general quite satisfactory, the best agreement being found among the results 
of the three intrinsic methods, where differences of about 1 % in the value of the 
more "important” coefficients (c^ 0.1) are typical. For some of the molecules 
the MPLMO’s show greater differences. Whereas the results of all four localization 
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Tabic 1. Geometries and total energies 


Molecule 

Geometrical parameters* 

£ [a.u.] 

UH 

R =3.01483 

- 7.978159 

til 

R = 2.8535 

-106.953533 

BF 

R = 2.3849 

-124.100587 

BN 

R = 2.4208 

- 78.868576 

CO 

R = 2.132 

-112.693805 

l’*H, 

Rc„ = 2.0101, R rc .= 2 2696 

- 76.807095 

ch 4 

Rch =- 20617 

- 40.183581 

NH, 

R NH = 1.9162 HNH= 106.8' 

- 56.174877 

HjO 

R„„= 1.663 HOH= 104.5 

- 75.993520 

HF 

R= 1.7328 

-100.019503 

* distances are given in atomic units 


1 able 2 2/Mype populations of unnormalized hybrids on 

different atoms in bond and lone pair LMO's 

Atom 

Bond orbital 

FI.MO DLMO 

BLMO 

Lone pair orbital 
MPLMO ELMO DiLMO 

BLMO 

" MPLMO 

B in B 2 

0 1973 

0.2045 

0 1904 

0.2492 

0.2067 

0.2006 

HIM 

0.1673 

N in N 2 

0 3046 

0.3119 

0.2997 

0.3362 





F in Fj 

0.3768 

0.3909 



0.6888 

0.6847 


0.6904 

F in l.iF 

0 7039 

0.7000 


0.5701 

0.7413 

0.7407 

0.7426 

0.7842 

B in BF 

0.0525 

0.0600 

0.0477 

0.0457 

0.1118 

0.1039 

0.1170 

0.1188 

F in BF 

0.5735 

0.5753 

0.5828 

0.6074 

0.6756 

0.6768 

0.6714 

0.6571 

N in BN 

0.3863 

0.3359 


0.4328 

0.2245 

0.3533 

0.1601 

0.0619 

C in CO 

0.1259 

0.1371 


0.1387 

0.1765 

0.1615 

0.1928 

0.1722 

O in CO 

0 5091 

0.3912 


0.5834 

0.4007 

0.5142 

0.3823 

0.1749 

N in NI1, 

0.3303 

0.3316 

0.3280 

0.2999 

0.7026 

0.6982 

0.7095 

0.7912 

O in HjO 

0.3929 

0.3954 

0.3884 

0.3497 

0.7005 

0.6979 

0.7051 

0.7423 

F in HF 

0.4799 

0.4803 


0.4973 

0.7162 

0.7162 

0.7197 

0.7109 


methods agree well in the structure of the inner shell orbitals the agreement for 
the lone pair and bond orbitals is sometimes less good. The MPLMO’s show the 
greatest differences from the ELMO's in molecules with lone pair orbitals, except 
for the HF molecule where the agreement is very good. It appears difficult to 
establish general trends; in addition a dependence of the results on the basis 
set size seems probable. 

For the inner shell orbitals we find the strongest participation of the Gaussian 
basis functions with the smallest exponents in the MPLMO’s, the contribution 
decreasing for the DLMO’s, ELMO’s, and BLMO’s in the given order. For 
molecules containing lone pairs of electrons it is stated in the literature that the 
MPLMO's have a greater local 2p-type population in the localized lone pair 
orbitals than do the ELMO's and that the reverse is true for the bond orbitals 
[7, 17]. In II we have already commented on this feature. 

Analyzing the localized orbitals for a fairly large number of molecules we 
cannot confirm the above statement. Table 2 contains the local 2p-type populations 
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in the lone pair and bond orbitals for several atoms. For some molecules the 
quoted behaviour is found, for others not. The MPLMO’s show the greatest 
differences, but no general trend seems to emerge. 

We describe qualitatively the LMO’s resulting from the four localization 
methods. The lengthy expansions of the orbitals in terms of the Gaussian basis 
functions will not be given because of limitation of space \ but we present the 
transformation matrices from CMO's to LMO’s which appear to be the most 
useful result because of their approximate independency of the basis set choice [4]. 
(For the notation used see Ref. [4]). In order to compare the results of the different 
localization methods the transformation matrices resulting from the Magnasco- 
Perico localization method have been subjected to an additional unitary transfor¬ 
mation, which mixes the orbitals of a- and n-symmetry [7]. The signs of the 
orbitals are chosen in the following way: The largest coefficient of an s-type or of 
a 2/nt-type function is chosen to be positive for each orbital. If there are two or 
more coefficients of equal magnitude, the first one carries the positive sign. In 
cases of degeneracy or wavefunctions calculated with greatly differing basis sets 
this might not suffice, but the major uncertainties should be eliminated in this 
way. 1 


LiH (Table 3) 

The orbitals of LiH are changed insignificantly by a localization. One obtains 
an inner shell on the Li atom and a bond orbital which is strongly polarized 
towards the H atom. From the transformation matrices given in Table 3 we see 
that the transformation is closest to the identity for the Boys method, and has 
greater deviations from the identity for the energy, the density and the Magnasco- 
Perico method. The exchange integrals calculated with the LMO’s are reduced 
by a factor of about four compared to the exchange integrals calculated with the 
CMO’s, for the density overlap integrals the factor is about ten. 


Table 3 


TRANSFORMATION MATRICES FOR LIH 


ENERGY LOCALIZATION 

ILi boLIH 

lo 0.99768 0.06811 
2a -0.06811 0.99768 


BOYS LOCALIZATION 

1L1 boLIH 

lo 0.99956 0.0 302 0 
2a -0.03020 0.99956 


OENSI TY LOCALIZATION 
ILi boLIH 

la 0.99677 0.10213 

2a -0.10213 0.99677 


MAGNASCO-PERICO LOCALIZATION 
iLl boLIH 

lo 0.99010 0.16035 

2a -0.16035 0.99010 


1 The detailed results (basis sec expansion coefficients for the CMO's and LMO’s and transforma¬ 
tion matrices) can be obtained upon request from the author. 
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LiF (Table 4) 

For the LiF molecule one would anticipate a structure with a single bond 
and three lone pairs of electrons on the F atom. But Edmiston and Ruedenberg 
obtained besides the two inner shells a ff-type lone pair orbital on the F atom and 
three trigonally equivalent banana bonds strongly polarized towards the F atom 
[4]. Our calculations gave the following results: With the energy and the density 
localization method we obtained a single bond, but the methods of Boys and of 
Magnasco and Perico tended towards three strongly polarized banana bonds and 
a single lone pair which has a large 2 /kt- contribution. Since the method of 
Magnasco and Perico requires a concept of the LMO’s for the calculation, it 
might thus be expected to yield any answer. But to the credit of this method it was 
found that only the three bond picture represents a solution. Obtaining each of 
the two possibilities twice is puzzling. But it should be recalled that, although the 
concept of the LMO’s is a very convenient and useful one, it is basically arbitrary. 


Tabic 4 


TRANSFORM* TlflN MATRICES FOR LIF 


ENERGY LOCALIZATION 



IF 

1L1 

boLlF 

It IF 

lt2F 

tt3F 

la 

0.98994 

-0.00216 

0.06846 

0.07144 

0.07160 

0.07135 

2a 

-0 .00560 

0.99605 

0.08756 

0.00832 

0.00669 

0.00B88 

3 o 

-0.14062 

-0.06058 

0.55089 

0.47394 

0.47289 

0.47411 

4o 

-0.01243 

0.06493 

-0.82685 

0.31622 

0.34279 

0.30734 

1 IT 

0.00001 

-0.00013 

0.02130 

-0.00327 

0.69702 

-0.71673 


-0.00001 

0.00006 

-0.00632 

0.81866 

-0.40971 

-0.40237 


DENSI TY LOCALIZATION 



ip 

1L1 

boLlF 

ItlF 

Et2P 

lt3F 

la 

0.98040 

-0.00521 

0.09524 

0.09989 

0.09944 

0.09924 

2o 

-0.00648 

0.99152 

0.12961 

-0.00658 

-0.00189 

0.00019 

3o 

-0.19618 

-0.06827 

0.54243 

0.46902 

0.470 1 9 

0.47071 

Ua 

-0.01685 

0.11045 

-0.82 3T0 

0.35427 

0.31210 

0.29345 

1 w 

0.00000 

-0.00007 

0.03215 

0.78070 

-0.57643 

-0.23916 


-0.00000 

0.00004 

-0.01948 

-0.18708 

-0.58 2 54 

0.79074 


SOYS LOCALIZATION 



IF 

1L1 

btlUF 

bt2LlF 

bt3Lip 

la F 

la 

0.99642 

-0.00078 

0.04160 

0.04162 

0.04162 

0.04410 

2a 

-0.00407 

0.99667 

0.04591 

0.04556 

0.04544 

-0.01957 

5a 

-0.08421 

-0.06110 

0.50869 

0.50633 

0.50820 

0.46233 

4o 

-0.00575 

0.05 397 

-0.271 38 

-0.26523 

-0.26299 

0.88538 

In 

-0.00001 

-0.00001 

-0.660 38 

0.74638 

-0.08253 

-0.00334 


-0.00001 

-0.00001 

-0.47713 

-0.33221 

0.81361 

-0.00409 


MAGNASCO-PERICO LOCALIZATION 



IF 

1L1 

btlLiP 

bt2LlF 

bt3LlF 

loF 

la 

0.97437 

-0.00528 

0.08605 

0.08605 

0.08605 

0.16844 

2a 

-0.00649 

0.99310 

0.06516 

0.06516 

0.06516 

-0.03118 


-0.21922 

-0.07 371 

0.45726 

0.45726 

0.45726 

0.56501 

4o 

-0.05013 

0.09106 

-0.33555 

-0.33555 

-0.33555 

0.80710 

lir 

0.0 

0.0 

0.81650 

-0.40825 

-0.40825 

0.0 

0.0 

0.0 

0.0 

0.70711 

-0.70711 

0.0 
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For the particular case of LiF we can suggest a model to rationalize the results. 
Instead of regarding the LiF molecule as being covalently bonded we can regard 
it as an ionic structure with a partial covalent character. Essentially we would 
have Li + F". For the F" ion we would obtain four tetrahedrally equivalent 
lone pair orbitals (see the results for the Ne atom in I). Because of the presence of 
the Li + ion this tetrahedron will be distorted. Recalling the van’t Hoff model for 
carbon compounds one could form a single bond by letting a comer of the 
tetrahedron point towards the Li + ion, and a double or a triple bond by letting 
two or three lobes point in this direction. One could thus expect all three possibili¬ 
ties as the results of a localization. We have obtained two of them. Since we are 
dealing with different localization methods this is quite reasonable. With a different 
wavefunction it is feasible that the double bond picture could emerge, because a 
strong dependence of the results on the wavefunction is very probable. It could be 


Table 5 


TRANSFORMATION MATRICES FOR BF 


ENERGY LOCALIZATION 



IF 

IB 

b 0 BF 

ttlF 

Lt2F 

Lt3F 

toB 

lo 

0.98970 

-0.00081 

0.06388 

0.07395 

0.073B9 

0.07380 

-0.00692 

2o 

-0.00111 

0.99293 

0.05162 

-0.00303 

-0.00297 

-0.00286 

0.10680 

3o 

-0.1 374* 

-0.03800 

0.65201 

0.42794 

0.42787 

0.42792 

0.07226 

Ha 

0.0 3868 

-0.05896 

0.73306 

-0.38094 

-0.37976 

-0.37657 

0.16282 

1» 

-O.OOOOl 

0.00001 

-0.00110 

0.26498 

-0.80069 

0.53728 

0.00003 

0.00001 

-0.00001 

0.00218 

0.77133 

-0.15834 

-0.61639 

-0.00002 

5o 

0.01084 

-0.09379 

-0.175 37 

0.03265 

0.03247 

0.03188 

0.97817 


DENSITY LOCALIZATION 



IF 

IB 

boBF 

It 1P 

Lt2F 

LtJP 

LoB 

lo 

0.97995 

- 0.00198 

0.0917 3 

0.102 38 

0.10203 

0.10176 

- 0.00480 

2 o 

- 0.00091 

0.98505 

0.06654 

- 0.00865 

- 0.00813 

- 0.00773 

0.15825 

3 o 

- 0.19120 

- 0.05242 

0 . 6466 ? 

0.41934 

0.41980 

0.42011 

0.11825 


0.05287 

- 0.08798 

0.71860 

- 0.39026 

- 0.38147 

- 0.37476 

0.18657 

i _ 

- 0.00000 

0.00000 

- 0.00414 

- 0.03374 

- 0.68666 

0.72618 

0.00007 

* w 

- 0.00000 

0.00001 

- 0.00779 

- 0.81208 

0.44236 

0.38051 

0.00013 

5o 

0.01828 

- 0.13849 

- 0.22925 

0.02617 

0.02420 

0.02271 

0.962 36 


BOYS LOCALIZATION 



IF 

IB 

b 0 BF 

ttlF 

J.t2F 

ItJF 

LoB 

la 

0.99604 

-0.00043 

0.03256 

0.04772 

0.04772 

0.04772 

-0.00268 

2a 

-0.00084 

0.99804 

0.035 64 

0.00183 

0.00183 

0.00184 

0.05139 

3a 

-0.08416 

-0.02677 

0.63980 

0.44049 

0.440 49 

0.44049 

0.02760 

*0 

0.02854 

-0.03274 

0.75485 

-0.36755 

-0.36759 

-0.36733 

0.15218 

lw 

-0 .00000 

0.0 

-0.00005 

-0.81646 

0.41099 

0.40556 

-0.00000 

0.00000 

0.00000 

0.00014 

0.00307 

0.70547 

-0.70874 

0.00000 

5c 

0.00071 

-0.04618 

-0.13610 

0.04440 

0.04441 

0.04437 

0.98663 


MAGNASCO-PERICO LOCALIZATION 



IF 

IB 

boBP 

ItlF 

Lt2F 

ttJF 

LoB 

la 

0.96748 

-0.00 303 

0.077 39 

0.13901 

0.13901 

0.13901 

-0.00110 

2a 

-0.00171 

0.97468 

0.08490 

-0.00418 

-0.00418 

-0.00418 

0.20670 

3o 

-0.2 3774 

-0.05960 

0.59356 

0.44112 

0.44112 

0.44112 

0.06204 

J*a 

0.08573 

-0.08 90 3 

0.78787 

-0.34555 

-0.34555 

-0.34555 

0.07596 


0.0 

0.0 

0.0 

0.81650 

-0.408 2 5 

-0.40825 

0.0 

• n 

0.0 

0.0 

0.0 

0.0 

-0.70711 

0.70711 

0.0 

5o 

0.00991 

-0.19622 

-0.11724 

-0.00011 

-0.00011 

-0.00011 

0.97348 
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argued that we have the case of multiple extrema, some localization methods find 
one minimum, others a second one. But although this cannot be ruled out, it was 
made improbable by taking different starting points and examining another 
wavcfunction with a smaller basis set. Our model is supported when we consider 
the charge centroids of the LMO's. For the ELMO’s (DLMO’s) the charge 
centroids of the lone pair orbitals are at a distance of about 0.52 a.u. (0.52 a.u.) 
from the F atom and of the bond orbital at a distance of about 0.57 a.u. (0.58 a.u.). 
For the BLMO’s (MPLMO's) the charge centroid of the lone pair orbital is at a 
distance of about 0.52 a.u. (0.57 a.u.) from the F atom and for the three bond 
orbitals at a distance of about 0.54 a.u. (0.51 a.u.). This is consistent in all cases 
with the model of a distorted tetrahedron of LMO's surrounding the F atom. 
The transformation matrices are given in Table 4. 


BF (Table 5) 

I dmiston and Rucdenbcrg obtained for the BF molecule (as for the LiF mole¬ 
cule) three polarized bond orbitals and a a-type lone pair orbital on the B and 
on (he F atom (besides the inner shells). They stated that in addition the F lone 
pair orbital seemed to have gained some bonding character. In the case of the 
wavcfunction we arc examining all four localization methods gave the same 
answer which was a single bond orbital connecting the B and F atoms and polarized 
towards the latter, a single lone pair orbital on the B atom and three lone pair 
orbitals on the 1 atom (Table 5). In this case the ionic model does not seem to 
be so appropriate. 


BN (Table f>) 

To the knowledge of the author no LMO’s have so far been obtained for 
the BN molecule. (We consider the 1 a 2 2a~ 3a* 4a’ In 4 , ‘2. f state.) In this case 
again the different localization methods yield different results. An anticipated 
structure would involve, besides the obligatory inner shells on the B and N atoms, 
a triple bond polarized towards the N atom and a lone pair of electrons on the 
N atom. This picture is found with the energy, the Boys and the Magnasco-Perico 
method, but the N-lone pair is found to have a fairly strong bonding character 
(Table 6). This is seen from the relatively large coefficients of the B atom s-type 
functions contributing to this lone pair orbital. The charge centroid of this 
orbital is only at a distance of about 0.14 a.u. from the N atom. A similar result 
was found by Edmiston and Ruedenberg for the F-Ione pair orbital in BF [4], 
The three trigonally equivalent BN bond orbitals are slightly polarized towards 
the N atom. The agreement between the results of the method of Boys and of 
Magnasco and Perico is quite good, between the ELMO’s and the BLMO's 
only fair, although these generally agree well. The density localization method 
gives on a first superficial examination the picture of a double bond and two lone 
pairs of electrons on the N atom. But a closer investigation reveals that the lone 
pair orbitals are strange in so far as they are turned inside the bond region towards 
the B atom. They seem to be hybrids between bond and lone pair orbitals and one 
could call them lone pair orbitals which have become bonding in character. 
Peters [18] obtained with his localization method hybrids which pointed in the 
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Table 6 


TRANSFORMATION MATRICES FOR BN 


ENERGY LOCALIZATION 



IN 

IB 

toN 

btlBN 

bt2BN 

bt 5BM 

10 

0.99145 

-0.00192 

0.09844 

0.04945 

0.04943 

0.04943 

2o 

-0.00167 

0.99440 

-0.046 32 

0.05488 

0.05486 

0.05477 

3o 

-0.11637 

-0.07058 

0.37190 

0.53041 

0.53018 

0.52904 

4o 

0.05900 

-0.07864 

-0.92187 

0.21681 

0.21652 

0.21586 

1 w 

0.00001 

-0.00001 

-0.00025 

-0.79182 

0 . 566 02 

0.22447 


-0.00000 

-0.00000 

0.00041 

0.19806 

0.58 646 

-0.78539 


DENSITY LOCALIZATION 



IN 

IB 

bdlBN 

bd2BN 

tdlN 

Cd2N 

la 

0.98207 

-0.00 390 

0.07990 

0.07991 

0.10666 

0*10665 

2o 

-0 .00201 

0.98703 

0.10226 

0.10223 

-0.04931 

-0.04934 

3o 

-0.16817 

-0.09866 

0.62227 

0.62224 

0.30 631 

0.30622 

4o 

0.08515 

-0.12661 

0 . 309 88 

0.30968 

-0.62633 

-0.62650 

lw 

0.0 

0.0 

0.45405 

-0.4542 5 

0.54208 

-0.54189 


0.0 

-0.00000 

0.54199 

-0.54198 

-0.454 12 

0.45410 


BOYS LOCALIZATION 



IN 

IB 

toN 

btlBN 

bt2BN 

bt3BN 

10 

0.99690 

-0.00094 

0.06660 

0.02413 

0.02413 

0.02413 

2o 

-0.00125 

0.99860 

-0.000 35 

0.03052 

0.03052 

0.03052 

3a 

-0.07109 

-0.044 35 

0.53663 

0.48477 

0.48477 

0.4B4 77 

4a 

0.0 3358 

-0.02878 

-0.84119 

0.31115 

0.31115 

0.31115 

1* 

0.0 

0.0 

-0.00000 

0.57849 

-0.78825 

0.20976 


0.0 

0.0 

-0.00000 

0.57620 

0.21289 

-0.78909 


MAGNASCO-PFRICO LOCALIZATION 





IN 

IB 

La N 

btlBN 

bt2BN 

bt 3BN 

la 

0.96506 

-0.01481 

0.25260 

0.03928 

0.03928 

0.03928 

20 

-0.00629 

0.95594 

0.00105 

0.16944 

0.16944 

0.16944 

30 

-0.2 37 28 

-0.19001 

0.73076 

0.35288 

0.3528B 

0.352B8 

4o 

0.11096 

-0.22 327 

-0.63418 

0.422 56 

0.42256 

0.42256 

lw 

0.0 

0.0 

0.0 

0.81650 

-0.40825 

-0.40825 

0.0 

0.0 

0.0 

0.0 

0.70711 

-0.70711 


wrong direction from what they should. He called them negative hybrids. We have 
examined whether such negative hybrids can arise as well with the intrinsic 
density localization method. But this was not found. The hybrids on the N atom 
(which are used to construct the lone pair orbitals) do not point into the bonding 
region but away from it. It is the contributions from the B atom which cause the 
orbitals to have their charge centroids within the bonding region. They have 
consequently gained substantial bonding character. We thus obtain for the BN 
molecule either three bond orbitals and a partially bonding N-lone pair orbital 
or two bond orbitals and two partially bonding lone pair orbitals on the N atom. 
Since the DLMO’s can also be regarded as giving the picture of a quadruple 
bond one could argue that this result does not make too much sense, because 
such a bond is unknown in chemistry. Also the other result of a a-type lone pair 
orbital which has gained some bonding character does not make too much sense 
either in view of the classical chemical concepts. But it should be noted that both 
concepts, the classical chemical ones as well as the concept of the LMO’s are 
basically arbitrary and derive their justification from their usefulness. 
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CO (Table 7) 

The energy and the Boys localization method give an inner shell and a lone 
pair orbital on each atom and a set of trigonal bond orbitals polarized towards 
the O atom. Both lone pair orbitals have gained a partial bonding character, 
but a much smaller one than in the case of the BN molecule. With the density 
localization method we obtain a lone pair orbital on the C atom, a cr-type bond 
orbital slightly polarized towards the O atom and three lone pair orbitals on the O 
atom which are partially bonding in character so that their charge centroids fall 


Table 7 


TRANSFORMATION 

MATRICES 

FOR CO 





ENERGY LOCAL !ZA TltiN 







10 

1C 

loO 

btlCO 

bt?C0 

bt3C0 

toC 

1o 

0.99057 

-0.00110 

0.09317 

-0.05765 

-0.05763 

-0.05750 

-0.01156 


-0.00158 

0.9920 3 

-0.02532 

-0.03652 

-0.03662 

-0.03552 

0.10639 

5o 

-0.11875 

-0.06616 

0.26123 

-0.55061 

-0.56937 

-0.56258 

0.11890 


-0.06816 

0.07132 

0.91692 

0.12910 

0.12769 

0.11718 

-0.32065 


-0 .00001 

0.00002 

-0.005 31 

0.80989 

-0.36661 

-0.67320 

-0.00005 

Ik 

-0.00001 

-0.00005 

0.00607 

0.07683 

-0.73712 

0.67135 

0.00008 

c jc 

0.00616 

-0.08015 

0.28569 

0.11793 

0.11730 

0.11260 

0.93359 

BOYS LOCALIZATION 







10 

1C 

LoO 

btlCO 

bt2C0 

btJCO 

toC 

la 

0.99688 

-0.00057 

0.05256 

0.03387 

0.03387 

0.03387 

-0.00510 

2 o 

-0.00126 

0.997 32 

-0.01161 

0.02663 

0.02663 

0.02663 

0.05599 

ba 

-0.07110 

-0.06606 

0.29655 

0.56826 

0.56826 

0.56826 

0.06695 

Ko 

-0.03627 

0.0 3965 

0.91678 

-0.15195 

-0.15195 

-0.15195 

-0.30195 

lw 

0.00000 

0.0 

0.00000 

0.81593 

-0.63623 

-0.38170 

0.00000 

-0.00000 

0.0 

0.0 

0.03033 

0.69166 

-0.72178 

-0.00000 

50 

-0.00065 

-0.06 317 

0.27115 

-0.08838 

-0.08837 

-0.08838 

0.96931 

NAGNASCO-PERICO LOCALIZATION A 






10 

1C 

LoO 

btlCO 

bt2C0 

bt3C0 

toC 

lo 

0.98035 

-0.00361 

0.1765 3 

0.05075 

0.050 75 

0.05075 

-0.00395 

2o 

-0.00 318 

0.98219 

-0.01055 

0.06005 

0.06005 

0.06005 

0.15609 

3o 

-0.17352 

-0.10166 

0.58062 

0.66606 

0.66606 

0.66606 

0.16063 

4o 

-0.09363 

0.11019 

0.78196 

-0.30859 

-0.S0859 

-0.30859 

-0.28628 


0.0 

0.0 

0.0 

0.60825 

0.60825 

-0.81650 

0.0 

1* 

0.0 

0.0 

0.0 

0.70711 

-0.70711 

0.0 

0.0 

5o 

0.00586 

-0.11 320 

0.1627 3 

-0.18158 

-0.18158 

-0.18158 

0.93159 

OENSI TV LOCALIZATION 







10 

1C 

boCO 

ItlO 

It 20 

Lt30 

LoC 

lo 

0.98106 

-0.00267 

0.09119 

0.09897 

0.09869 

0.09822 

-0.00992 

2a 

-0.00171 

0.9 8 30 3 

0.09 337 

-0.00936 

-0.00892 

-0.00866 

0.15710 

5o 

-0.16765 

-0.09559 

0.79382 

0.31619 

0.31658 

0.31692 

0.17881 


-0.09671 

0.10956 

-0.68817 

0.66680 

0.66096 

0.65768 

-0.31729 


-0.00000 

0.00000 

-0.00667 

-0.79681 

0.26185 

0.56653 

0.00016 

Ik 

-0.00000 

0.00000 

-0.00085 

0.16377 

-0.77389 

0.61178 

0.00002 

5o 

0.01013 

-0.11178 

-0.338 37 

0.10256 

0.10023 

0.09886 

0.91792 

NAGNASCO-PERICO LOCALIZATION S 






10 

1C 

b aCO 

ItlO 

Lt20 

It 30 

toC 

lo 

0.98035 

-0.00361 

0.08791 

0.10192 

0.10192 

0.10192 

-0.00395 

2o 

-0.00 318 

0.98219 

0.10600 

-0.00609 

-0.00609 

-0.00609 

0.15609 

3o 

i> 

-0.17352 

-0.10166 

0.77257 

0.33511 

0.33511 

0.33511 

0.16063 

^0 

-0.09 363 

0.11019 

-0.53669 

0.65166 

0.65166 

0.65166 

-0.28628 

lw 

0.0 

0.0 

0.0 

0.81650 

-0.60825 

-0.60825 

0.0 


0.0 

0.0 

0.0 

0.0 

-0.70711 

0.70711 

0.0 

5 o 

0.00586 

-0.11320 

-0.31651 

0.08261 

0.08261 

0.08261 

0.93159 
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into the bonding region (by about 0.15 a.u.) instead of outside. Starting with the 
ELMO’s instead of the CMO’s as input to the density localization calculation, 
results identical with the DLMO’s as described above were obtained eliminating 
the possibility of a second minimum. Using the IBMOL Version 4 program 
(which uses the Cartesian Gaussian functions as basis functions) a calculation 
was performed for the CO molecule to check the results for the DLMO's. Complete 
agreement was found between the results of the two wavefunctions. The Magnasco- 
Perico method can give both results, three bond orbitals (A in Table 7) or three 
partially bonding lone pair and one bond orbital (B in Table 7) depending on 
which or-orbital is mixed with the n-orbitals. 


C 2 H 2 (Table 8) 

The structure of acetylene is similar to the structure of nitrogen which was 
discussed in II. We obtain two inner shells, two equivalent CH bond orbitals 
and three equivalent CC bond orbitals (Table 8). These bond orbitals have a 

Table 8 

TRANSFORM* Tim MATRICES FOR C2H2 


ENERGY LOCALIZATION 


1C 

1C 

boCH 

baCH* 

bttCC' 

bt 2CC' 

bt3CC' 

lo K 0.70059 

0.70059 

0.04189 

0.0418 9 

0.07034 

0.07034 

0.07024 

loS 0.70465 

-0.70465 

0.0589 3 

-0.05894 

-0.00000 

-0.00000 

0.00000 

2o >0.09556 
2a* -0.0589 3 

-0.09557 

0.26556 

0.26557 

0.52961 

0.52959 

0.52890 

0.05894 

0.70464 

-0.70465 

-0.00001 

0.00002 

0.00000 

3o„ -0.00607 
. -0.00000 
u -0.00000 

-0.00607 

0.65401 

0.65400 

-0.21961 

-0.21959 

-0.2191b 

0.00000 

0.00006 

0.00004 

0.81572 

-0.38213 

-0.43425 

0.00001 

-0.00005 

-0.00007 

0.03042 

-0.72135 

0.69190 

DENSITY LOCALIZATION 

1C 1C 

boCH 

baCH 1 

btlCC* 

bt2CC' 

btlCC' 

lo„ 0.69332 
lou 0.70135 

0.69332 

0.06057 

0.06057 

0.1024B 

0.10202 

0.10186 

-0.70135 

0.09005 

-0.09005 

0.0 

0.0 

0.00000 

2ocr -0.13876 
2oJ -0.09005 

-0.1387 6 

0.26722 

0.26722 

0 . 52 425 

0.52186 

0.52106 

0.09005 

0.70135 

-0.70135 

-0.00000 

-0.00000 

0.00000 

3acr -0.00754 
, 0.00000 
0.0 

-0.00754 

0.65186 

0.65186 

-0.22486 

-0.22328 

-0.22276 

0.00000 

0.000 35 

0.00035 

0.79008 

-0.22455 

-0.57039 

0.0 

-0.00000 

-0.00000 

-0.19967 

0.78548 

-0.58580 

BOYS LOCALIZATION 

1C 1C 

baCH 

boCH' 

btlCC 

bt2CC' 

bt3CC' 

lo K 0.70500 
lOu 0.70663 

0.70 501 

0,01994 

0.01994 

0.04139 

0.04139 

0.04139 

-0.70663 

0.02601 

-0.02601 

0.0 

-0.00000 

0.00000 

2a_. -0.05448 
20u -0.02401 

-0.05448 

0.25290 

0.25290 

0.53732 

0.53732 

0.53732 

0.02601 

0.7066 3 

-0.70663 

0.0 

0.0 

0.0 

3a_ -0.0004 3 

-0.0004 3 

0.6600 3 

0.66003 

-0.20713 

-0.20713 

-0.20713 

0.00000 

0.0 

-0.00000 

0.0 

0.0 

-0.37846 

0.81579 

-0.43733 

0.00000 

0.0 

0.0 

-0.72349 

0.03399 

0.68950 

MAGNASCO-FERICO LOCALIZATION 

1C 1C boCH 

boCH' 

btlCC' 

bt2CC 1 

bt3CC' 

la. 0.69185 
lau 0.70070 

0.69185 

0.0672 3 

0.06723 

0.10592 

0.10592 

0.10592 

-0.70070 

0.09500 

-0.09500 

0.0 

0.0 

0.0 

2a- -0.14551 
2ou -0.09500 

-0.14551 

0.26015 

0.26015 

0.52355 

0.52355 

0.52 3 55 

0.09500 

0.70070 

-0.70070 

0.0 

0.0 

0.0 

3a. rO.01324 

-0.01 324 

0.65407 

0.65407 

-0.21912 

-0.21912 

-0.21912 

. * 0.0 

0.0 

0.0 

0.0 

-0.77125 

0.15350 

0.61775 

0.0 

0.0 

0.0 

0.0 

-0.26803 

0.80194 

-0.53391 
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Tabte , , A^jes between bond and lone pair orbitals and hybrids resulting from different localization 

methods in H 2 0 and NH 3 ’ 


Angle formed by 

ELMO 

DLMO 

BLMO 

MPLMO 

OH bond orbitals 

103 

102' 

103.5° 

107° 

O-hybrids for 
bond orbitals 

96 

93 

96.5° 

104° 

O-lone pair orbitals 

114 

116 

113.5“ 

110° 

O-hybrids for lone 
pair orbitals 

1155 

117.5- 

116“ 

110.5° 

Nil bond orbitals 

106 

105.5* 

106" 

109° 

N-hybrids for 
bond orbitals 

101 5 

100“ 

102" 

109° 


* The experimental values are y HOH = 104.45', $ HNH = 107 ". 


smaller 2p-charactcr than the corresponding orbitals in N 2 , a fact anticipated 
by Hall and Lcnnard-Joncs [19]. The CH bond orbital is slightly polarized 
towards the H atom as measured by the charge centroids. 

CH 4 , NH 3 , H 2 0, HF (Tables 9,10, 11, 12, 13) 

Finally we consider the molecules CH 4 , NH 3 , H 2 0 and HF. We obtain upon 
localization for each molecule an inner shell orbital, 4, 3, 2, and 1 equivalent 
XH bond orbitals and 0, 1, 2, and 3 equivalent lone pair orbitals respectively. The 
CH bond orbital is polarized towards the H atom as is the NH and the OH bond 
orbital as measured by the charge centroids, only the FH bond orbital is slightly 
polarized towards the heavy atom. In LiF the bond orbital (for ELMO's and 
DLMO’s) was much more polarized towards the F atom in agreement with the 
very polar structure of LiF. The results for the different localization methods 
are numerically in good agreement with each other for the CH 4 and FH molecules, 
but for NH 3 and H 2 0 the MPLMO’s differ appreciably from the other results. 
(For the transformation matrices sec Tables 9 (CH 4 ), 10 (NH 3 ), 11 (H 2 0), and 
12 (HF).) 

In Table 13 we give for the molecules H 2 0 and NH 3 the angles between the 
bond orbitals, between the lone pair orbitals, and the angles between the hybrids 
leading to these orbitals. The experimental angle between the two OH bonds in 
HjO is 104.45 , between two NH bonds in NH 3 approximately 107”. We conclude 
from the table that the angles between the bond orbitals all agree reasonably well 
with the experimental values. The angles formed by the hybrids resulting from the 
Magnasco-Perico method agree best with the angles formed by the internuclear 
directions. In addition the Magnasco-Perico bond orbitals show the smallest 
degree of bending whereas the DLMO’s show the greatest one. 

4. Analysis of the Hybrids 

A number of theories have been developed to calculate approximate wave- 
functions by starting with the construction of optimal hybrids and combining them 
to one and two center LMO’s [20], These theories require a concept of the orbital 
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structure and of the structure of these hybrids. The problem of constructing 
these hybrids becomes certainly much more difficult when extended basis sets are 
used for the calculations. This is one reason for examining the hybrids which 
result without a preconception from the application of the localization methods 
to SCF wavefunctions. We obtain information on the differences in the structure 
of the hybrids resulting from the different methods and thus obtain information 
on the behaviour of the methods in applications. Also we are looking for trends 
in the structure of hybrids and the similarity of hybrids contributed to the same 
type of LMO for a fixed atom in different molecules. (Because we consider only 


Table 14. s, 2pc, and 2pn-type populations of normalized hybrids on different atoms in localized lone 

pair orbitals 


Atom 

Type 

ELMO 

DLMO 

BLMO 

MPLMO 

Be in Bc 2 

s 

0.9996 

0.9996 

0.9996 

0.9997 


2pc 

0.0004 

0.0004 

0.0004 

0.0003 

B in B 2 

s 

0.8269 

0.8322 

0.8219 

0.8609 


2 pa 

0.1731 

0.1678 

0.1781 

0.1391 

B in BF 

x 

0.8990 

0.9055 

0.8944 

0.8927 


2 pa 

0.1010 

0.0945 

0.1056 

0.1073 

Cin CO 

•i 

0,8465 

0.8592 

0.8312 

0.8498 * b 

2 pa 

0.1535 

0.1408 

0.1688 

0.1502* ,b 

Nin Nj 

s 

0.7666 

0.7863 

0.7543 

0.8353 


2 pa 

0.2334 

0.2137 

0.2457 

0.1647 

Nin BN 

X 

0.7577 

0.5177 

0.8380 

0.9377 


2 pa 

0.2423 

0.1339 

0.1620 

0.0623 


2pn 

0 

0.3484 

0 

0 

N in NHj 

s 

0.3084 

0.3128 

0.3016 

0.2154 


2 p 

0.6916 

0.6872 

0.6984 

0.7846 

Oin CO 

s 

0.5835 

0,3504 

0.6076 

0.8317* 

0.3633 b 


2 pa 

0.4164 

0.0846 

0.3924 

0.1683* 

0.0735 b 


2pn 

0.0001 

0.5650 

0 

0 

0.5632 b 

O in H 2 0 

X 

0.3186 

0.3213 

0.3139 

0.2739 

2 pa 

0.1951 

0,1925 

0.1995 

0.2370 


2 pn 

0.4863 

0.4862 

0.4866 

0.4891 

F in F 2 

s 

0.3282 

0.3303 

0.3210 

0.3264 


2 pa 

0.0133 

0.0103 

0.0197 

0.0145 


2 pH 

0.6585 

0.6594 

0.6593 

0.6591 

F in LiF 

s 

0.2531 

0.2537 

0.2908 

0.4263 


2pa 

0.0797 

0.0776 

0.7092 

0.5737 


2pic 

0.6672 

0.6687 

0.0000 

0 

Fin BF 

s 

0.2862 

0.2855 

0.2895 

0.3085 

2 pa 

0.0724 

0.0726 

0.0676 

0.0522 


2pn 

0.6414 

0.6419 

0.6429 

0.6393 

Fin HF 

X 

0.2945 

0.2953 

0.2917 

0.3004 

2pa 

0.0493 

0.0494 

0.0522 

0.0436 


2pn 

0.6563 

0.6553 

0.6561 

0.6560 


* MPLMO’s corresponding to ELMO’s. 
b MPLMO’s corresponding to DLMO's. 
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small molecules this is possible only in a few cases.) Because of limitation of space 
we do not give the expansion form of the hybrids. We present only the results for 
a particular aspect of the problem, we are going to analyze the s. 2pa, and 2pn 
character of the hybrids which are contributed by the atoms to the localized lone 
pair and bond orbitals. In Table 14 we give the s, 2pa , and 2/wr-type populations in 
localized lone pair orbitals for normalized hybrids on different atoms. Table 15 
contains the equivalent information for the bond orbitals. We have compiled 
the data of II and the present work. One should not attach too much importance 
to the numbers or to a disagreement among the methods because we refer to 
normalized hybrids which do not reflect the weight of these hybrids in the LMO. 

Let us consider first the lone pair orbitals. There is one saliant overall trend, 
which is very reasonable. If we regard the atoms from Be to F the 2 p contribution 
to the hybrids steadily increases with one marked exception ■ the hybrid leading 
to the lone pair orbital in NH v This has an extremely large 2 p character leading 
to the large extension of the lone pair orbital into the direction away from the 
rest of the molecule in congruence with its chemical behaviour. The Be hybrid in 
Bc 2 is practically a 2s atomic orbital, so are the hybrids on the B atom. The 
.s-character steadily decreases with increasing atomic number, but for atoms 
having only one lone pair orbital the x-charactcr remains dominant with the 
noted exception of NH,. The same trend can be observed for the hybrids on 
atoms with three lone pair orbitals. (See e.g. XF, X = H, Li, B, F.) An increase of 
the 2 p character is necessary in going from one to several lone pair orbitals on 
the same atom, because these lone pair orbitals have to have a stronger directional 


Tiihlc IS 

v 2/m. and 2pn-type populations of normalized hybrids on different atoms in 

orbitals 

localized bond 

Atom 

Typo 

1 LMO 

I3LMO 

Bl.MO 

MPLMO 

l.i in l.ij 


0.9973 

09974 

0.9973 

0.9975 


2po 

0.0027 

03XI26 

0.0027 

0.0025 

Li in 1 ill 


0 9126 

0.9116 

0.9171 

0.9144 


2po 

0.0874 

0.0884 

0.0829 

0.0856 

l.i in I.il ; 

A 

0 4837 

0.2193 

0.3693 

0.1927 


2/wr 

0 5162 

0.7804 

0.3134 

0 4394 


2pn 

0(XX)1 

0.0003 

0.3173 

0.3679 

B in B, 

,\ 

0 3340 

0.3121 

0.3573 

0.1958 


2pa 

0.6660 

0,b879 

0.6427 

0.8042 

B in BI 

.s 

0.1403 

0.1294 

0.2155 

0.2455 


2pn 

0.8597 

0.8706 

0.7845 

0.7545 

B in BN 

s 

0 2905 

0.4704 

0.3528 

0 4367 


2p<r 

0.0391 

0 0537 

0.0344 

0.0221 


2pn 

0 6704 

0.4759 

0.6128 

0.5412 

(' in C 2 

s 

0 6982 

0.6988* 

0.9925 11 





0.4037 b 

03X160' 





0.6543* 

0.1409' 






0.9120* 



2pa 

0.0014 

0.0014* 

0.0075 ■' 





0.0431 b 

0.0830* 





0.0283 c 

0.0155' 






03X141* 
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Table 15 (Continued) 


Atom 

Type 

ELMO 

DLMO 

BLMO 

MPLMO 

C in C 2 

2 pit 

0.3004 

0.2998* 
0.5532 b 
0.3174' 

0.0 * 
0.9110* 
0.8436 f 
0.0839' 


Cin CO 

s 

0.0782 

0.1708 

0,1286 

0.0848* 

0.2297* 


2pn 

0.2250 

0.8292 

0.1903 

0.2843 b 
0.7703* 


2 pit 

0.6968 

0.0000 

0.6811 

0.6309 h 

0.0 * 

C in CjHj 

s 

0.4348 

0.4421 

0.4212 

0.4380 

(CH bond) 

2 po 

0.5652 

0.5579 

0.5788 

0.5620 

C in CjHj 

s 

0.1783 

0.1763 

0.1847 

0.1789 

(CC bond) 

2 pa 

0.1118 

0.1123 

0.1066 

0.1104 


2 /m 

0.7099 

0.7115 

0.7087 

0.7107 

C in CH 4 

s 

0.3221 

0.3235 

0.3218 

0.3266 


2 p 

0.6779 

0.6765 

0.6782 

0.6734 

Nin Nj 

,S 

0.1322 

0.1115 

0.1464 

0.0580 


2pa 

0.1497 

0.1805 

0.1349 

0.2350 


2 /m 

0.7181 

0.7080 

0.7187 

0.7070 

N in BN 

s 

0.1668 

0.2082 

0.0789 

0.0042 


2po 

0.0995 

0.1902 

0.1541 

0.2128 


2 /m 

0.7337 

0.6016 

0.7670 

0.7830 

N in NHj 

s 

0.2915 

0.2898 

0.2960 

0.3610 


2 P 

0.7085 

0.7102 

0.7040 

0.6390 

Oin CO 

s 

0.1941 

0.2257 

0.1746 

0.0463* 

0.1717* 


2pa 

0.1021 

0.7743 

0.1066 

0.2234* 

0.8283* 


2pn 

0.7038 

0.0000 

0.7187 

0.7303* 

0 * 
0.3187 

O in HjO 

s 

0.2250 

0.2210 

0.2343 


2po 

0.7750 

0.7790 

0.7657 

0.6813 

F in F 2 

5 

0.0380 

0.0189 

0.0937 

0.0498 


2 pa 

0.9620 

0.9811 

0.9063 

0.9502 

F in LiF 

s 

0.2450 

0,2441 

0.2378 

0.1923 


2pa 

0.7545 

0.7544 

0.0889 

0.1292 


2 /m 

0.0005 

0.0015 

0.6734 

0.6786 

F in BF 

s 

0.2337 

0.2451 

0.2067 

0.1589 


2 pa 

0.7663 

0.7549 

0.7933 

0.8411 

FinHF 

s 

0.1570 

0.1570 

0.1732 

0.1281 


2po 

0.8430 

0.8430 

0.8268 

0.8719 


* DLMO A (see Ref. [2]). 

b DLMO B (symmetric bonding orbital b3CC\ b4CC’, see Ref. L2]). 
c DLMO B (unsymmetric bonding orbital blCC', b2CC', see Ref. [2]). 
d BLMO A (orbital blCC'. see Ref. T2]). 

* BLMO A (orbital b2CC. b3CC\ b4CC', see Ref. [2]). 

' BLMO B (symmetric bonding orbital b3CC', b4CC', see Ref. [2]). 

* BLMO B (unsymmetric bonding orbital blCC', b2CC, see Ref. [2]). 

* MPLMO’s corresponding to ELMO’s. 

1 MPLMO’s corresponding to DLMO’s. 
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character. This can be seen quite clearly for the CO molecule where the energy 
localization leads to single lone pair orbitals on the O atom and the density 
localization to trigonal ones. (See also the O-hybrids in CO and H 2 0.) 

Quite remarkable is the similarity of the hybrids for the F-Jone pair orbitals 
among the different localization methods and among the investigated molecules 
(In this case wc can fortunately examine four molecules which is, if not sufficient, 
at least indicative.) This is not unexpected since they lie outside the bonding 
region and arc consequently affected least by the atoms to which the F atom is 
bound. These data speak favourably for the transferability of LMO’s. 

The examination of the hybrids leading to the bond orbitals reveals some 
reasonable trends too (Table 15). As observed for the hybrids leading to lone pair 
orbitals we sec here too that with increasing atomic number the 2 p character of 
the hybrids for the bond orbitals increases. This has been anticipated and quali¬ 
tatively discussed for theC 2 H 2 and N 2 molecules by Hall and Lennard-Jones[19], 
The more polar the bond becomes in a molecule involving one fixed atom the 
greater is the reduction in .v-character of the hybrids for the less electronegative 
atom and the greater is the increase in s-character for the more electronegative 
atom. The more electronegative atom tends to attract the charge around its own 
nucleus, the s-character of its hybrids contributed to the bond orbital must 
therefore increase. We sec this clearly from the series: Li,-»LiH-»LiF, B 2 -»BF, 
F 2 -»HF, BF-LiF,and C 2 H 2 -CO. 

The agreement among the results of the four localization methods in Tables 14 
and 15 is satisfactory in general, but in a few cases (where one could expect a better 
agreement because the qualitative structure of the LMO's is the same) it is only 
fair. In the larger fraction of the molecules it is the Magnasco-Perico method 
which gives the greatest differences, but there are also some molecules where the 
agreement among all methods is only fair. 


5. Discussion and Conclusions 

Wc summarize the results and attempt an explanation. The density localization 
method which we have introduced in these three publications has been established 
as a useful new intrinsic localization method. This method adds information to 
our knowledge about localized orbitals in atoms and molecules and helps us to 
understand the concept of localization itself. The concept of localized orbitals 
has been proved in many publications to be of great usefulness and it allows to 
bridge the gap between the qualitative chemical concepts on the one hand and the 
quantitative Hartree-Fock theory on the other hand. The classical chemical 
concepts can be reproduced in the quantum mechanical description of molecules 
by wavefunctions. 

Because there arc many different localization methods it could well be that they 
yield somewhat different types of LMO's. Greater differences are improbable and 
would in fact be quite embarrassing, but smaller differences are possible because 
we are dealing with external methods and intrinsic methods based on different 
separation functions for orbital separation [11], It is thus gratifying that for the 
greater part of the molecules, which we have examined so far, the four localization 
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methods under investigation give the same qualitative answer and even a satis¬ 
factory or good quantitative agreement There are, however, a few exceptions and 
they offer additional insight into the concept of localized orbitals. (It seems, 
though, that such problems as unconventional orbital structures arise mainly in 
diatomic molecules [4, 15, 17] and it is quite probable that for polyatomic mole¬ 
cules there will be no or only few qualitative differences among the localization 
methods, except that the arbitrariness of the external methods will play a greater 
role.) There is the C 2 molecule which presents some difficulties. We have discussed 
this problem in II. One might expect a lone pair on each C atom and a double 
bond. This would result from the Magnasco-Perico method by not mixing the 
orbitals of a- and ir-symmetry. But then the CC' double bond would be a pure 
rt-bond - a rather peculiar answer. Besides that the energy, the density, and the 
Boys localization methods do not support it. There is furthermore the LiF mole¬ 
cule, for which both the triple and the single bond seems to be a possible solution. 
On the assumption of an ionic model for this molecule this result can be explained. 
But the results for the BN and CO molecules are more difficult to rationalize. 
One can argue about the meaning of such results. They may arise from a certain 
arbitrariness of the localized orbitals (which does not preclude the usefulness 
of the results). But one can argue as well that they reflect details of the molecular 
electronic structure. One could also extract chemical information from some such 
results. (This might work in some cases and fail in others.) Let us take only one 
example which we considered already in II. (See also Ref. [19] NH 3 will accept a 
proton to form NH 4 . The N-lone pair orbital will become a bond orbital. The N 
atoms in N 2 have lone pairs of electrons too, but N 2 will not accept a proton. 
If we consider the detailed structure of these lone pair orbitals, this fact is under¬ 
standable. The lone pair orbital in N 2 is close to a 2s atomic orbital, whereas the 
lone pair orbital in NH 3 has a large extension in the direction away from the 
H atoms by making heavy use of the 2 p functions. LMO's and bonds are a break¬ 
down of the total electronic density into components, which might be very useful. 
(E.g. for the transfer of LMO's between molecules, the calculation of correlation 
effects, or to extract some chemical information which might be more difficult 
to get otherwise.) We have stressed this point before. LMO’s are not observables 
of any one state of any one system, but, as Ruedenberg et al. [10] have pointed 
out, “properties of individual orbitals can nonetheless be related to differences in 
expectation values of different states or different systems.” 
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de la liaison hydrog&ne: le dim£re mixte ammoniac-eau 

Annie Meunier, Bernard Levy et Gaston Berthier 

Laboratoire de Chimic ENSJK I rue Maurice Arnoux. 92120 Montrouge et l.aboratoirc de Biochimie 
associe au CNRS. 13 rue Pierre et Marie Curie. 75005 Paris. France 

Re?u le 24 juillet 1972 


Electron Correlation and Basis Effects in the Theory of Hydrogen Bonds: 
The Mixed Dimer Ammonia-Water 

The energy of the hydrogen bond N-H—O in the dimer (NH 3 , H 2 0) has been computed by the 
LCAO MO method, using a minimal set of Slater-type orbitals optimized for the isolated monomers. 
The doubly occupied and virtual orbitals have been determined by the standard SCF technique, and 
electron correlation has been introduced by a complete second-order perturbation calculation, using 
different sets of equivalent MO's. The bonding energy is found to be equal to 7.66 keal/mol at the 
SCF step and to 9.65 keal/mol after second order corrections. The latter value is given by a set of 
equivalent MO's obtained by projecting the canonical MO’s of the monomers into the space of the 
dimer MO’s. The preceding values are reduced to 3.% keal/mol at the SCF step and to 4.63 keal/mol 
at the second-order, if the basis extension arising from the vicinity of the two monomers inside the 
dimer is taken into account. 

L’energie de la liaison hydrogine N ■ H—O dans le dimire ammoniac - eau a ete calculee par la 
methodc LCAO--MO. a l’aidc d’une base minimale d’orbitales de Slater dont les exposants sont 
determines variationnellement dans les monomires isolis. Les orbitales moleculaires occupies et 
virtuelles ont iti determinies par un calcul SCF classique; la corrilation ilectronique a itc introduce 
par un calcul de perturbation du second ordre utilisant diffirentes bases d'orbitales moliculaires 
iquivalentes. L’energie de liaison du dimirc est de 7,66 kcal/mole a I’itape SCF et de 9.65 kcal/mole 
apris correction du second ordre. Ce dernier resultat est donni par un jeu d’orbitales moliculaires 
iquivalentes obtenues par projection des orbitales canoniques des monomires dans I'espace dcs 
orbitales du dimire. Les valeurs precedentes sont riduites a 3,96 kcal/mole a I’itapc SCF et a 4.63 
kcal/mole au second ordre. si Ton tient compte de I’ilargissement de base provenant de la proximiti 
des monomires dans lc dimire. 

Mit Hilfe der LCAO MO-Methode wurde die Energie der N - H—O-Wasserstoffbriicke im 
Dimeren (NH 3 . H 2 0) bcrechnet. Es wurde dazu ein minimaler. fur die isolierten Monomeren optimier- 
ter Basissatz von Slater-Orbitalen benutzt. Die doppelt besetzten und die virtuellen Orbitale sind mit 
Standard-SCF-Techniken bestimmt worden, die Elektronenkorrelation wurde durch eine Stdrungs- 
rechnung zweiter Ordnung unter Benutzung von anderen Satzen aquivalenter Orbitale eingefuhrt. 
Mit der SCF-Rechnung erhielt man eine Bindungsenergie von 7.66 keal/mol und nach Berilcksichtigung 
der Storung zweiter Ordnung von 9,65 keal/mol. Der letztgcnannte Wert wird aus einem Satz aquiva¬ 
lenter Orbitale erhalten. die durch Projektion der kanonischen Orbitale der Monomeren in den Raum 
der MQ’s der Dimeren entstehen. Diese beiden Werte werden zu 3.% keal/mol im SCF-Schritt und zu 
4,63 keal/mol in der zweiten Ordnung reduziert, wenn die Basiserweiterung, die durch die Annaherung 
der beiden Monomeren im Dimeren zustande kommt, in Betracht gezogen wird. 
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Les caJculs non-empiriques qui ont EtE effectues ces denudes annEes 4 propos 
de la liaison hydrogEne utilisent presque tous la mEthode des orbitales molE- 
culaircs LCAO-SCF. Le but de ces travaux Etait en general d’Etudier la force des 
liaisons hydrogine qui peuvent s’etablir entre un composE donneur d Electrons 
et un composi accepteur et de determiner la conformation gEomEtrique d Energie 
/a plus basse pour le dimire qui en resulte (Voir Ref. [1,2 et 3]). Le sucds de tels 
calculs paraft piutot suiprenant si Ton remarque que ce type de liaison chimique 
met en jeu des atomes situes assez loin les uns des autres et des energies trEs faibles 
par rapport aux liaisons chimiques habituelles [4], Or, la mithode des orbitales 
moIEculaires sous sa forme la plus simple met en oeuvre des fonctions d’onde dont 
le comportement devient de plus en plus incorrect 4 mesure que les distances 
internuclEaires grandissent; en outre, l’Energie de la liaison hydrogine (quelques 
kcal/mole) est un nombre extremement petit par rapport aux energies totales des 
molecules elles-memes (5 • 10 4 kcal/mole pour l’eau), de telle sorte qu’une Evalua¬ 
tion de cette quantity par difference des Energies trouvEes pour le dimEre et les 
monomEres exigc en principe une prEcision considErable sur les Energies totales. 
On a bien observe empiriquement que les differences d’energies obtenues par la 
theorie du champ self-consistant sont quand meme utilisables pour 1’interprEtation 
de certains phenomEnes chimiques, pourvu que la transformation envisagEe mette 
en jeu des molEcules 4 couches Electroniques complEtes et n’entralne pas un chan- 
gement du nombre total d’Electrons appariEs, ce qui signifie probablement que 
l’Energie de corrElation reste approximativement constante au cours de la rEaction 
[5]; une condition un peu plus stride serait que ni le nombre de paires d’Electrons, 
ni celui des termes d’interaction entre liaisons adjacentes ne changent [6], Mais 
il semble difficile de dEcider ex nihilo si et comment les critEres prEcEdents s’appli- 
quent aux associations par liaison hydrogEne, et cela justifie 4 notre avis la rEalisa- 
tion de calculs dEpassant le stade SCF, meme si par aiileurs les orbitales molE- 
culaires utilisees 4 cet effet proviennent d’un calcul SCF encore loin de la limite 
Hartree-Fock. 

Dans ce travail, nous nous sommes intEressEs au dimEre mixte ammoniac-eau 
qui contient une liaison hydrogEne N-H—O. Les raisons de ce choix sont les 
suivantes: une Energie dissociation assez forte, probablement voisine de celle des 
dimEres (NH 3 ) 2 et (H 2 0) 2 (A - 4,4 kcal/mole et 5,0 kcal/mole [8]), et une 
structure gEomEtrique partiellement connue (la distance d N _ Q sEparant les atomes 
d’azote ct d’oxygEne dans la liaison N - H—O vaut 2,775 A [7], les trois atomes 
Etant vraisemblablement sur la meme droite). 

Pour rEaliser la presente etude, nous avons fait 1’hypothEse que dans le dimEre 
mixte (NH 3 , H 2 0) chacun des monomEres conserve le plus possible sa conforma¬ 
tion gEomEtrique d’Equilibre. Les seuls degrEs de liberte qui ont EtE considErEs 
sont la distance d’approche d N _ 0 et la longueur d Q _ Hl de la liaison impliquee dans 
la liaison hydrogEne. Les deux monomEres ont EtE placEs en position dEcalEe, les 
liaisons extErieures N—H et O—H et les angles au voisinage de 1’azote et de 
1'oxygEne ont EtE pris Egaux aux donnEes expErimentales relatives aux monomEres 
(d N _ H = 1.014 A, HNH = 107°, d 0 _ Hi =0,958 A, HOH = 105°); les memes valeurs 
ont EtE utilisEes pour l’Etude des monomEres isolEs. 

Pour Evaluer l’Energie du dimEre et de ses composantes, nous avons choisi 
comme base de dEveloppement des orbitales molEculaires les fonctions dEterminEes 
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^ "sCF"d* m ?J“5“‘ res ' pom ' de ™tn«8ltiqvit, une tttt/L*don^Xo 
stade SCF dcs rfcsultats relativement proches de ceux d’une base doubte-zfcta 

(pour NH 3 E a cp — — 56,007 u.a. contre — 56,099 u.a. avec une base double-zeta 
[11]). D apris les renseignemcnts qu’on peut tirer des calculs multiconfiguration- 
nels effectues sur des molecules polyatomiques simples [ 20 ], l’dnergie de correlation 
susceptible d’etre retiree d’une base minimale n’est que de 20 % environ de renergie 
de correlation totale (pour NH 3 £„ r = — 0,38 u.a.), mais il a 6 t 6 montrf dans 
l’etude des barrieres de rotation, phenomene mettant en jeu des variations d’energie 
du meme ordre de grandeur que dans les associations par liaison hydrogene, 
qu’une base assez restreinte donne d 6 jd des informations signiiicatives sur l’impor- 
tance des effets de correlation [13]. 

Le principe de la methode suivie id consiste k utiliser la theorie des perturba¬ 
tions pour evaluer la correction du second ordre qu’il convient d’apporter aux 
energies SCF de chaque molecule (dim 6 re et monomeres isoies) par suite de 
1’interaction de configuration; la partition d’Epstein-Nesbet est utilisde pour 
construire 1 ’hamiltonien d’ordre zero de la perturbation et toutes les configurations 
diexcitees sont prises en compte (voir par exemple [14]). Le calcul de perturbation 
a ete fait pour plusieurs bases d’orbitales moieculaires equivalentes k l’ordre zero, 
mais different entre elles a l’ordre deux ^ la suite de transformations unitaires 
ayant pour but de relocaliser les orbitales moieculaires du traitement SCF. 


1. R 6 sultats 

Le Tableau 1 conticnt les valeurs qu’on trouve pour l’energie de la liaison 
N - H—O en faisant la difference entre la somme des energies des monomeres 
isoies et renergie du dim 6 re au meme stade de calcul. A Tissue du traitement SCF 
on obtient une 6 nergie de liaison dEgcp de 6,74 kcal/mole en prenant pour les 
parametres g 6 om 6 triques du systeme les valeurs standard d N _ 0 = 2,775 A, d 0 -Hi 
= 0,958 A. Si Ton fait varier la distance d 0 - H \ en maintenant d N _ Q fixe, Tenergic 
de liaison passe k 7,66 kcal/mole pour le minimum d’energie, qui est obtenu pour 
une distance O—H', un peu plus grande: 0,980 A. 

Quand on calcule par perturbation la fraction de renergie de correlation 
contenue dans la base d’orbitales atomiques des monomeres et du dimere, et 
qu’on evalue par difference la correction de correlation AE^ sur l’energie de 
liaison AEgcp d 6 termin 6 e precddemment, on constate que 1 ’effet de correlation 
ainsi introduit agit differemment selon les orbitales moieculaires utilis 6 es: 

1 ) en part ant des orbitales moieculaires canoniques qui proviennent des 
calculs LCAO-SCF effectues sur les trois molecules (ammoniac, eau et dimere), 
c’est-4-dire d’un jeu d’orbitales occup 6 es et virtuelles diagonalisant les op 6 rateurs 
de Fock correspondants, on trouve au minimum d’energie du dimere une faible 
diminution de renergie de liaison (AE^ + A E cor ): 7,50 kcal/mole pour d 0 - Hi 
= 1,007 A, d N _ Q restant fixe k 2,775 A. 

2 ) en partant d’orbitales equivalentes, localisees sur les differentes liaisons 
chimiques par application de la transformation de Boys [15] d’une part aux 
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Tableau I. Energje de liaison du systtaie ammoniac-eau 
Les corrections d'ordre I dues aux defauts de self-consistance dcs orbitales des monomires apris 
extension de base (cas (c)) ont etc incluses dans AE^f 





F.nergie dc liaison N-- 

H—O (en kcal/mole) 


d* olA| 

^O-H, 


^ ^SCF 








(a) 

(b) 

(c) 

2,700 


(dl 

+ 6,7388 

-1,3881 

+ 0,9093 

+ 0,4462 

2.775 

0.958 

Id) 

+ 7.1938 

-1.4646 

+ 0.7762 

+ 0.3909 



(C) 

+ 3,6565 



-0.6269 

2,8.17 


(d) 

Id) 

+ 7,2848 

+ 7.6487 

-1.5274 

-0.6639 

+ 0,6633 
+1,5732 

+ 0,3326 
+ 1,2908 


0.980 




(O 

+ 3.9853 



+ 0,2228 


1,000 

(d) 

+ 7.4435 

+ 0,0634 

+ 2,3080 

+ 2,1009 

2,775 

(c) 

+ 3.6527 



+ 0.9764 


1.015 

(d| 

+ 6.9453 

+ 0,5986 

+ 2,8658 

+ 2.6964 


lc) 

+ 3,0666 



+ 1.5437 


1.030 

(d) 

+ 6.1810 

+ 1,1176 

+ 3,4306 

+ 3.2806 


(c) 

1 2,2070 



+ 2.0890 


(a) perturbation en O.M. canoniqucs 
(h) perturbution en O.M. localisccs. 

(cl perturbation en O.M. projctces. 

(d) II jO et Nil, calculus dans leur base propre. 
(cl H j(> el NH , calculus dans la base du dimerc. 


orbitales canoniqucs occupccs et d’autre part aux orbitales canoniques virtuelles 
de chaque molecule, on constate au contrairc une augmentation de I’energie de 
liaison: 9,82 kcal/molc pour </ 0 _, ri = 1,011 A (<f N _ 0 restant a 2,775 A). 

3) en partant d’orbitales canoniques pour les monomires et d’orbitales 
cquivalentes construites par projection ad hoc dans le dimire, on trouve un resullat 
peu different du precedent: 9,65 kcal/mole pour </ 0 -h, — 1,013 A. La transforma¬ 
tion cffectuee sur le dimire consiste a projeter les orbitales canoniques occupees q >, f 
des monomires dans I’espace engendre par les orbitales canoniqucs occupees 
<p 2j du dimire, ce qui fournit pour le dimire un nouveau jeu d'orbitales: 

<P2i= T(<Pu\<P2j'><P2J 
1 

ou les ! Jsont des integrals de recouvrement entre orbitales moleculaires; 
ces fonctions sont ensuite reorthogonalisees par la methode d’orthogonalisation 
symetrique de Lowdin [16]. On construit de la meme fatjon un jeu d’orbitales 
virtuelles <p 2i en projetant les virtuelles canoniques <p u des monomires dans 
l’espace orthogonal aux orbitales occupees <p' 2j construites precedemment: 

Vl i — Vi i~ X (■ < Pu\<P2j) < Plj 
j 

et en les reorthogonalisant par la methode de Lowdin. Un tel procede au lieu 
de transformer les orbitales moleculaires du dimirc en orbitales de liaison ou de 
paire libre equivalentes. comme les methodes de localisation usuelles, fait re- 
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apparaltre du mieux possible les orbitales canoniques des deux monomires k 
l’intirieur de la fonction d’onde du dimire, en accord avec la description classique 
d'un complexe moliculaire. 

II ressort du Tableau 1 que, quel que soit le jeu d’orbitales moleculaires utilisees, 
I’inergie de la liaison hydrogine N- -H—O est grandement modifiee (de l’ordre 
de 20%) sous 1’efTet de la corrilation electronique introduite par un calcul de 
perturbation du second ordre, alors que l’energie totale de chaque molicule 
(-75,703, -56,007 et -131,721 u.a. pour H 2 0, NH 3 et HO—H—NH,) est 
seulement modifiee de moins de 0,1%; d’autre part la valeur numirique finale 
A Esc? + A E qoi est sans doute trop forte par rapport k l’energie k laquelle on 
s’attend pour une liaison hydrogine de ce type. 

Les conclusions pricidentes subsistent si on fait varier la distance d N _ D des 
deux monomires dans le dimire en maintenant la longueur de la liaison O—H 
impliquee dans le pont hydrogine a la valeur standard d 0 _ Hl =0,958 A. L’energie 
totale du dimire est minimum pour la distance d N _ 0 = 2,837A au stade SCF; 
cette longueur d’equilibre est legirement diminuee au second ordre: d N _ Q vaut 
2,815 A, 2,810 A et 2,815 A apris perturbation en orbitales canoniques (jeu n° 1), 
localisees (jeu n u 2) ou projeties (jeu n° 3), se rapprochant ainsi de la valeur 
expirimentale de 2,775 A. Des calculs anterieurs limitis au stade SCF attribuaient 
au dimire ammoniac-eau une energie de liaison un peu plus faible: A E^f 
= 5,8 kcal/mole mais pour une distance d’iquilibre beaucoup plus grande: 
d N _o = 3,12A[l]. 

La stabilisation exageree du dimire dans les calculs precedents s'explique 
facilement si Ton remarque que la description rialisee par une approximation du 
type LCAO s’ameliore quand on passe de deux monomires isoles 4 un dimire: 
en effet, chacun d’eux peut alors utiliser les orbitales de I’autre pour enrichir sa 
propre base, ce qui desequilibre le bilan inergitique de l’association au profit 
du dimire. Pour compenser cet effet de base propre au dimire, on peut prendre 
comme energie dissociation des deux monomires la difference entre l’energie 
totale du dimire et celles des monomires, chacune d’elles itant calculee 4 l’aide 
d’une base elargie comprenant les orbitales atomiques de l’autre monomire telles 
qu’elles sont placees dans le dimire. En outre, au lieu de determiner les orbitales 
canoniques dans la base elargie par un calcul SCF direct, on a prifiri modifier 
les orbitales occupies primitives en y incorporant les termes representant le 
milange des configurations fondamentale et monoexcities (voir par exemple [17]). 

Les resultals du Tableau 1 confirment l’hypothise que les effets de base sont 
a l’origine des valeurs trop elevees qu’on trouve tant a l’ordre ziro qu’a l’ordre deux 
pour l'energie de liaison du dimire. Au stade SCF, celle-ci est reduite de moitie: 
A E^f. = 3,96 kcal/mole pour d N _ Q = 2,775 A et d 0 _ H . = 0,983 A. Les calculs de 
perturbation ont iti faits pour les monomires avec les orbitales canoniques et 
pour le dimire avec les orbitales projeties. Si Ton ajoute aux orbitales moliculaires 
virtuelles de chaque monomire l’ensemble des orbitales occupies et virtuelles 
de l’autre, on constate que la correction du second ordre AE cor a l’inergie de 
liaison du dimire est tris diminuie: 0,67 kcal/mole au lieu de 2,0 d’ou une inergie 
de liaison (A E^p + A E^) igale k 4,63 kcal/mole pour d N _ 0 = 2,775 A et d 0 -m 
= 1,013 A. Ce dernier risultat est par son ordre de grandeur en accord avec ce 
qu’on doit attendre d’une liaison hydrogine du type N -H—O. 
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U a 6te propose par ailleurs d’evaluer l’effet d’cnrichissement de base sur 
chaque monom^re en incluant dans le calcul de perturbation uniquement les 
orbitales moleculaires virtuelles de l’autre monomere [18]. Dans le cas present 
la correction du second ordre AE e „ passe de 0,7 a 1,3 kcal/mole, d’oii une inergie 
de liaison du meme ordre de grandeur que precedemment. 


2. Analyse strocturale de I’teergie de la liaison H 

Selon un procede d’analyse d6velopp6 recemment (voir par exemple [19-21]), 
il est possible de decomposer I’energie de liaison du dimere, telle qu’elle est donnee 
par la methode des orbitales mol6culaires, en plusieurs composantes relives 
directement au mecanisme de formation de la liaison hydrogene. 

Les resultats du Tableau 2 montrent que les composantes de l’6nergie de 
liaison, tant attractives (energies coulombienne d£ c et de rearrangement d£ R ) que 
repulsive (energie d’echange AE^), sont toutes superieures en valeur absolue k 
1’energie de liaison AE^ elle-meme. Si 1'eiargissement de base decrit plus haut 
modifie la valeur numerique de ces composantes, il laisse 4 peu pr£s inchang6e 
la resultante (repulsive) des termes coulombien et d’echange; il a pour effet 
principal de diminuer l’energie de rearrangement A E K et par suite I’energie de la 
liaison N - H O. 

Grice a 1’emploi d’orbitales localisees par projection, il est egalement possible 
de presenter une analyse structural de la contribution de la correlation AE cm 
a l’energie de liaison du dimere. Les composantes du second ordre de l’energie de 
liaison s’obtiennent par difference entre les termes relatifs aux monomdres et 
ceux relatifs au dimere et comprennent done deux composantes intragroupement 
(l’une pour H 2 0, l’autre pour NH 3 ), une composante de dispersion et une de 
transfert de charge. 

Alors que les composantes intra-H 2 0 et intra-NH 3 donnent la plus grande 
partie de l’energie de correlation obtenue au second ordre pour le dimere (respec- 
tivement 40 et 50%), leur contribution k l’energic de la liaison H est en general 


Tableau 2. Decomposition de I’inergie de liaison N- -H—O (en u.a.) 


Coulomb Echange Riarran- Intra-HjO Intra-NH 3 Transfert Dispersion 
gement de charge 


4o -Hi A 


AE C 

4E e 

4E, 





0,958 

0) 

(2) 

+ 0,0284 
+ a0351 

-0,0321 

-0,0388 

+ 0,0152 
+ 0,0095 

-0,00354 

-0,00354 

-0,00077 

-0,00070 

+ 0,00432 
+ 0,00262 

+ 0,00061 
+ 0,00061 

0,980 

0) 

(2) 

+ 0,0303 
+ 0,0375 

-a0351 

-0,0422 

+ 0,0165 
+0,0106 

-0,00245 

-0,00245 

-0,00082 

-0,00074 

+0,00467 
+ 0,00289 

+ 0,00065 
+ 0,00065 

1,015 

0) 

(2) 

+0,0332 

+0,0412 

-0.0402 

-0,0480 

+ 0,0188 
+ 0,0124 

-0,00081 

-0,00081 

-0,00090 

-0,00081 

+0,00529 
+ 0,00337 

+ 0,00072 
+0,00072 


(1) HjO et NHj 6tant calculi* dans leur base propre. 

(2) H,0 et NHj itant calculi* dans la base du dimire. 




Dimire mixte ammoniac-eau 


55 


inferieure k celte de la composante de transfert de charge (Tableau 2). L'influence 
du terme de dispersion est minime, tant en ce qui concerne les diexcitations du type 
OHi NH-+OH'* NH* que les diexcitations mettant en jeu le doublet de l'azote 
et les Electrons de la liaison O—Hj. 

L’emploi d’une base 61argie pour le calcul de l’6nergie des monomires laisse 
inchangee la composante de dispersion et ne modifie pas sensiblement les com- 
posantes intra-groupements de l’energie de liaison du dimire. L’effet principal 
produit par cet ilargissement est une diminution de la composante de transfert de 
charge, du fait qu’il apparait alors une composante de ce type dans l'inergie 
d’ordre 2 de chaque monomire: c'est essentiellement Ik l’origine de l’abaissement 
de l’inergie de liaison. 
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Ab imfio-Behandlung der IR- und Ramanaktivitat der 
Wasserstoffbriicke (C1HC1) - 
unter Berlicksichtigung der Umgebung 

R. Janoschek 

Institut fur Theoretischc Chemie der Universitat Stuttgart 
Eingcgangen am 16. October 1972 

Ab initio Investigation of the IR- and Raman Activity 
of the Hydrogen Bond (C1HC1) - with Different Environments 

In order to get an explanation for the IR continous absorption of solutions in which symmetric 
hydrogen bonds occur the systems HCI, (CIHCI)' as well as the model structures (HCIHCIH)* and 
(HCIHCIH)" have been investigated by means of an ah initio treatment (SCF-MO-LCGO-method). 
The Cl...Cl-distances as well as the position of the proton of the hydrogen bonds have been variied. 
For all these hydrogen bonds the energy levels, the frequencies, the corresponding transition intensities 
and the polarizability for the nuclear motion were calculated. The temperature dependency of the 
IR-activity is discussed. The influence of an electrical field due to the ions in respect to the hydrogen 
bonds is taken into account by means of an external electrical field in the Hamiltonian of the nuclear 
motion. The high polarizability caused by the proton of the hydrogen bond - in the system 
(HCIHCIH) effects a continous IR-absorption in the range 1600 2700 cm 1 in a good agreement 
with measurements. For the Cl...Cl vibration an extremely intensive Raman activity is predicted. 

Zur Dcutung dcs IR-Konlinuums fur l.osungcn. in denen symmctrischc Wasscrstoffbriicken 
auftreten, werden mil Hilfc von ah inifjo-Rechnungcn (SCF-MO-LCGO-Mcthodc) die Systeme 
HCI, (CIHClr. sowic die Modcllstrukturcn (HCIHCIH)' und (HCIHCIH) bcrechnct, wobci stets 
sowohl die Cl ..Cl-Abstiinde als auch die Lagen dcs Briickcnprotons variiert werden. Fur diese 
Il-Briickensystcme werden jcweils die Fnergietermschemata, die Obcrgangsfrequenzen und die zu- 
gehorigen Obergangsintensitatcn, sowie die Polarisierbarkciten lur die Kcmbewcgung berechnet. 
wobei auch die Temperaturabhangigkcit diskuliert wird, Der KinfluB der loncnfclder auf die Briicken- 
systeme wird durch elektrischc Felder im Hamiltonoperator lur die Kcrnbcwcgung beriicksichtigt 
und diskutiert. Auf Grund dcr hohen Polarisierharkcit, die durch das Bruckcnproton entsteht, tritt 
filr das System (HCIHCIH)' ein IR-Konlinuum im Bereich 1600-2700cm ' auf, in guter Obcrcin- 
slimmung mit Messungcn. Fur die CI...CI-Sehwingung wird cine extrem intensive Ramanaktivitat 
berechnet. 


1. Einflihrung 

Das IR-Spektrum von waBriger Imidazollosung in Abhangigkcit von der 
Protonicrung zeigt eine kontinuierlichc Absorption, deren Intensitat mit steigen- 
dcr Protonierung zuniichst steigt [1,2], Diese Absorption erstreckt sich von etwa 
3000 cm -1 bis zu den kieinsten noch bcobachtbaren Frequenzen. Wenn die Pro¬ 
tonierung starker als 50% wird, so sinkt die Intensitat der kontinuicrlichcn 
Absorption zuniichst wieder (Figs. I, 2) 1 . Bringt man die Ursache der konti- 
nuierlichen Absorption mit dem Entstehen von symmetrischen N...H + ...N- 


1 Fig. 1 ist in [2] aufS. 547 zu finden. 
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I in 2 l.xtinktion des kominuierlichen Spcktrums von waBriger N-Mcthylimidazollosung in einem 
f'requenzbereich, dcr keine Wasscr- Oder NH-Banden enthiilt 


Briicken in Verhindung, so ist das Intensitatsmaximum bei 50% Protonierung 
verstandlich. Bei weiterer Protonierung sinkt die Intensitat des IR-Kontinuums 
wicdcr und erreicht schlicBlich bei 100% Protonierung ein Minimum. Bei Pro- 
tonicrungen von iiber 100% steigt die Intensitat wieder steil an und iibertrifTt 
dabei den Wert fur 50%. Die kontinuierliche Absorption beginnt aber jetzt bei 
etwa 2600 cm " 1 und erstreckt sich bis zu den kleinsten beobachtbaren Frequenzen. 
Die minimale Intensitat bei 100% Protonierung kann so erklart werden, daB die 
zunachst gebildeten symmetrischen N...H + ...N-Briicken wieder verschwin- 
den und dabei durch unsymmetrische Briicken der Form N—H + ...Cr er- 
setzt werden. Die hohe Intensitat des IR-Kontinuums fur mehr als 100% 
Protonierung liiBt auf die Entstehung einer neuen symmetrischen Briicke 
Cl ...H 4 ...Cr schlieBen. Wasserstofibriicken dieser Form sind in Kristallen 
bekannt. AUerdings zeigen die in Kristallen auftretenden Brucken keine konti¬ 
nuierliche IR-Absorption, sondern lediglich breite Banden. Die Ursache dieses 
Unterschieds ein und derselben Briicke fur Fliissigkeiten und Kristalle muB also 
in der Umgebung der Briicke liegen. 

In dieser Arbeit wird versucht, die unterschiedlichen spektroskopischen 
Eigenschaften einer Wasserstoflbriicke einerseits im Kristall, andererseits im 
fliissigen Zustand mit Hilfe von ab inifi'o-Berechnungen von Modellsubstanzen 
zu erkliiren, 

Im Kristall wird die Umgebung der H-Briicke vor allem durch Kationenfelder 
gebildet. Als einfache Modellsubstanz eignet sich deshalb das System 

H + ...cr...H\..cr...H + . 

Beziiglich des Briickenmittelpunktes unsymmetrische Kationenfelder konnen 
dabei durch ein zusatzliches auBeres elektrisches Feld erzeugt werden. 

Befindet sich die Cl“...H + ...Cl - -Briicke in einer Fliissigkeit, so werden sich 
in der unmittelbaren Umgebung der Cl ~ -Anionen keine Atom-Kationen befinden. 
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wie das Beispiel des protonierten Imidazols in Fig. 1 zeigt. Die positive Ladung 
wird sich in diesem Falle iiber den Imidazolring so verteilen, daB hier das System 

H...C1“...H + ...C1“...H 

als Modellsubstanz geeignet sein diirfte. Fur die Abstande der auBeren Protonen 
von den entsprechenden Cl-Atomen wird der feste Wert 2 A verwendet. 

Fur die beiden bereits genannten Systeme, sowie fur die freie Briicke 
C1“...H + ...C1“ werden durch Variation der Cl “...Cl “-Abstande, sowie der 
C1“...H + -Abstande Energieflachen und Dipolmomentflachen ab initio berechnet. 

In einem zweiten Schritt wird dann die erhaltene Energieflache zur Losung 
der Schrodingergleichung flir die Kembewegung verwendet. Es resultieren dabei 
Schwingungszustande, die in einem dritten Schritt unter Verwendung-der Dipol- 
momentflache als Operator die IR-Obergangsintensitaten liefem. Mit Hilfe 
dieser Dipolmomentflache wird auch der EinfluB auBerer elektrischer Felder 
auf das Termschema und die IR-Cbergangsintensitaten untersucht. Schwingungs- 
Raman-Obergangsintensitaten werden mit Hilfe des Polarisierbarkeits-Operators 
berechnet. 


2. Methode 

Zur Berechnung der Gesamtenergien sowie der Dipolmomente und der 
Elektronendichten der angegebenen Systeme wurde ein selbst geschriebenes 
Programm der SCF-MO LC (LCGO)-Methode verwendet. Als Basisfunktionen 
dienten Linearkombinationen von reinen GauBfunktionen (LCGO). Bei der 
Auswahl der Basisfunktionen wurde von dem Gesichtspunkt ausgegangen, daB die 
Erzielung einer besondcrs tiefen Gesamtenergie alleine nicht der Sinn der Rech- 
nungen ist, sondem daB die Form der Potentialkurven, insbesondere Gleichge- 
wichtsabstande und Kraftkonstanten, sowie Dipolmomente in gleichem MaBe 
in guter Obereinstimmung mit eventuellen MeBwerten resultieren. Die GroBe 
des hier verwendeten Basissatzes war Cl (7s, 3 p), H (Is). Am Cl-Atom wurden 
somit 7 s-Funktionen und 3 p-Funktionen verwendet, die am Cl"-Ion bestimmt 
wurden. Am H-Atom wurde einc s-Funktion angeboten. Die scheinbare Unaus- 
gewogenheit dieser Basis am H-Atom beruht auf der Erfahrung, daB an den 
Bruckenprotonen nicht nur wenig Elektronenladung lokalisiert ist, sondem 
daB dariiber hinaus die Elektronendichte am Briickenproton beziiglich der 
Protonbewegung relativ unveranderlich ist. Bei der Behandlung der Protonen- 
bewegung ware es verfehlt, die Elektronendichte am Proton besonders gut 
beschreiben zu wollen, denn der EinfluB der Protonlage auf die Elektronen macht 
sich im wesentlichen in den einsamen Elektronenpaaren der Protonenakzeptoren 
bemerkbar. 

Die exponentiellen Parameter der verwendeten Basis, wobei auch die Abstande 
der p-Funktionen-bildenden GauBorbitale vom entsprechenden Atomzentrum in 
atomaren Langeneinheiten angegeben sind, tauten wie folgt: 

Cl (3000,0,691,0, 159,0,45,0,4,0,0,55,0,21; 19,0/±0,01, 3,9/±0,05,0,4/±0^), 

H (0,283). 
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Fur H-Briicken der Art (C1...H...C1) - iiegen bis jetzt keine Vergleichsrechnungen 
vor. Die Giite der verwendeten Basisfunktionen beziiglich der erwahnten spek- 
troskopischen Eigenschaften wurde deshalb am HC1 gepriift. Die Ergebnisse 
sollcn spalcr diskutiert werden. 

Bei der theoretischen Bchandlung von Wasserstoffbriicken hat man sich 
bishcr meistens mit der Angabe der Gleichgewichtsgeometrie und der Bindungs- 
energie begniigt. Die Bercchnung der Grundschwingungsfrequenzen in harmo- 
nischer Nahcrung wurde bis jetzt nur in wenigen Fallen durchgefuhrt [3,4]. 
Fur die Bchandlung der Kcrnbewegung von H-Briicken ist jedochdie harmonische 
Approximation zur Darstcllung der potentiellcn Energie nicht ausreichend. Dies 
wurde. allerdings nur an Hand von Modelliiberlegungen, bereits von Ibers 
erkannt [5], Fiihrt man in dcr H-Briickc (CI...H...C1) - die Bcwegungskoordina- 
ten v und y ein, wobei x die Auslenkung des Protons aus der Mittc langs der 
Briickenachsc und y die Anderung des Cl.. Cl-Abstandcs beziiglich eines festen 
Wertcs ist, so liiBt sich die Energicfliiche F(x, y) als 

F(x, y) = £ v k y' (1) 

k.l 

.schreibcn. Dic.se Gestalt der potentiellcn Energie wird in dcrSchrbdingcrgleichung 
fur die Kernbcwcgung verwendet, wobei die lndiz.es k und / jewcils bis 4 laufen. 
Dadurch wird gewiihrleistet, dab fur grofJc y (Cl...Cl-Abstand) beziiglich x ein 
Doppclminimumpolcntial vorliegen kann. Wcitcr wird insbesondcrc bei schwa- 
chen H-Briicken der stark ausgepriigten Anharmonizitiit beziiglich der Cl...Cl- 
Auslenkung Rechnung getragen. SchlieBlich licfern gemischte Glieder wic bei- 
spielsweisc « it x 2 y die durch die Kopplung der beiden Schwingungen verur- 
sachlcn F.ITckte. die besonders durch das Auftreten von Obergangen charakteri- 
siert sind, die im cntkoppeltcn Fall verboten sind. 

Die Schrodingerglcichung wird durch cine Linearkombination von Produktcn 
von Oszillatorcigcnfunktionen gclost. Die Einzelheitcn zur Bestimmung dieser 
Basisfunktionen sind in [6] bcschrieben. Die Verwcndung von 32 Basisfunktionen 
der Gestalt 

MyU - x,, /.J-i'Ij iy - y ,. Ay ), (2) 

wobei die Funktionen im Punkt (x,, y,) lokalisiert sind und Ay, Ay exponentielle 
Parameter sind und «, ri die Anzahl der Knotcnlinien beziiglich x und y ist, 
erhiilt man im Energietermschema Konsistenz Tiir etwa die tiefsten 10 Zustiinde. 

Die SCF-Rechnungen liefern neben dcr Energie auch das Dipolmoment in 
Abhangigkeit von den beiden Bcwegungskoordinatcn. In Analogic zur Energic- 
ilache wird die Dipolmomentfliiche durch 

/'U.y)= (3) 

k.l 

dargestellt. Auch hier treten in Analogic zur mechanischen Kopplung und zur 
mechanischen Anharmonizitat elektrische Kopplung und elektrische Anharmoni- 
zitat auf, was sich bei der Verwendung von (3) als Dipoloperator zur Berechnung 
von Obergangsmomenten durch das Auftreten neuer Ubergange bemerkbar 
macht [7-9]. 
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Die Dipolmomentflache hat im Zusammenhang mit WasserstofTbriicken 
allerdings noch eine weitere wichtige Bedeutung. Wie bereits in der Einflihrung 
erwahnt, sind H-Briicken der Form (C1...H...C1) - stets irgendwelchen Kationen- 
feldem ausgesetzt. Diese elektrischen Felder F konnen in der Rechnung dadurch 
beriicksichtigt werden, daB die potentielle Energie den Zusatz - n(x,y)-F erhalt. 
Dieser feldverursachte Zusatz zur potentiellen Energie ist deshalb richtig, weil 
noch bei Feldem bis 5-10 7 V/cm die Einwirkung des auBeren Feldes auf die 
Elektronen vemachlassigbar ist gegeniiber der Wirkung des Bruckenprotons 
auf die Elektronen [6]. Ein auBeres elektrisches Feld bewirkt die Auihebung der 
Symmetric der potentiellen Energie beziiglich der x-Koordinate. Dadurch treten 
einc Reihe neuer Obergange auf, die vorher aus Symmetriegriinden verboten 
waren. 

Ein auBeres elektrisches Feld induziert in ciner WasserstofTbriicke ein Dipol- 
moment. aus dem die Polarisierbarkeit errechnet werden kann. Die Polarisier- 
barkeit von WasserstofTbriicken in Briickenrichtung kann wesentlich hoher als 
die bekannten Elektronenpolarisierbarkeiten sein [6], Wahrend fur IR-Obergange 
der Operator des Dipolmoments als Funktion der Kemkoordinaten verant- 
wortlich ist, ist fur Raman-Obergange der Operator des induzierten Dipol¬ 
moments als Funktion der Kemkoordinaten heranzuziehen. Die Entstehungs- 
ursache des induzierten Dipolmoments ist bei WasserstofTbriickenbindungen 
eine ganz andere als bei Molekiilen mit Valenzbindungen. Ein elektrisches Feld 
vom Betrage F in x-Richtung bewirkt im Hamiltonoperator den Zusatz 

( 4 ) 

wobei x* 1 die x-Koordinate des /'-ten Elektrons ist und X k die x-Koordinate 
des k-ten Kerns ist. Aus der Losung der Schrodingerglcichung fur die Elektronen- 
bewegung erhalt man das induzierte Dipolmomcnt der Elektronenverteilung als 
Funktion der Kemkoordinaten ...X k , Y k ,Z k ... und der Feldstiirke F als 

lCU,X k .Y„Z t . F) (5) 

Fiir Molckiile mit Valenzbindungen ist der EinfluB von Feldem bis 5-10 7 V/cm 
auf die Kernlagen noch vemachlassigbar, so daB (5) alleine das induzierte Dipol¬ 
momcnt und somit den Operator fur Raman-Obergange darstellt. Bei WasserstofT- 
briickenbindungen kann jedoch die Situation genau umgekehrt sein. In den 
meisten Fallen von WasserstofTbriicken kann namlich ein elektrisches Feld die 
Lage der Kerne so stark verandern, daB das induzierte Dipolmoment im wesent- 
lichen durch die Verschiebung der Kerne entsteht, so daB dann aus (5) ver- 
nachliissigbar ist [6]. FaBt man in (5) fur den zweidimensionalen linearen Fall 
die Koordinaten X,. X 2 als Normalkoordinaten auf und separiert dicSchrodinger- 
gleichung fur die Kernbewegung beziiglich Xj und X 2 , so lautet dcr Operator 
fiir die Raman-Obergange dcr Schwingung langs X 2 


^Indf -^2' F) ’ W 

wobei iiber X t bereits integriert wurde. Fiir die Frequenzen muB dabei natiirlich 
w, S> tu 2 crfullt sein. Die Kopplung zwischcn der symmetrischcn und antisymmetri- 
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schen Schwingung ist in symmetrischen Wasserstoffbriicken so gering, daB eine 
Separation das induzierte Dipolmoment nicht wesentiich andert in bezug auf eine 
kopplungsbehaftete Behandlung dieser beiden Schwingungsarten [7], 

Zur Losung der Schrodingergleichung fur ein zweidimensionales Potential 
in Polynomgestalt wurde das Programm DOM 2 (Doppelminimumpotential, 
2-dimensional) entwickelt. Als Ergebnisse werden Termschema, Wellenfunktionen, 
1R- und Raman-Obergangsintensitaten (thermisch gemittelt), induzierte Dipol- 
momente (thermisch gemittelt) ausgedruckt. Die Rechnungen wurden auf der 
Maschine CDC 6600 des Regionalen Rechenzentrums, Stuttgart durchgefuhrt. 
Wenn nicht anders vermerkt, beziehen sich thermisch gemittelte GroBen auf 
300 K. 


3. Ergebnisse und Diskussion 
A. Das HC1 -Molekiil 

Das HC1-Molekiil soil in dieser Arbeit nur insoweit behandelt werden, als 
es als Priifung der hier angewendeten Methoden dienen soil. Einerseits eignet 
sich dieses Molekiil infolge der umfangreichen vorliegenden MeBwerte zu einem 
solchen Vcrgieich mit errechneten Eigenschaften recht gut, andererseits muB 
aber beriicksichtigt werden, daB mit den hier verwendeten Methoden nur “closed 
shelf’-Zustande behandelt werden konnen. Die Potentialkurve und auch die 
Dipolmomentkurve des HCl-Molekuls werden fur groBere Atomabstande inso- 
fem vcrfalscht, als die Dissoziationsprodukte Cl~ und H + entstehen. Fur die 
errcchnete Potentialkurve ergab sich in atomaren Einheiten 

A V = 0,20386(d Ruaf - 0,15850(d R^,) 3 (7) 

mit einer Gesamtenergie von -454,94654 at.E. beim Gleichgewichtsabstand 
1,345 A (Experimenteller Wert 1,275 A [10]). Die Dipolmomentkurve resultierte zu 

V = 0.44222 - 0,04398(d R HC1 ) + 0,05087(/1R HCI ) 2 (8) 

in at.E. Das Dipolmoment im Gleichgewichtszustand von 1,12 D stimmt mit dem 
gemessenen Wert von 1,07 D [ll]sehrgut iiberein. Die mit Hilfevon(7)errechnete 
Grundschwingungsfrcquenz, die 1. und 2. Oberschwingung, sowie die berechneten 
zugehorigen relativen Obergangsintensitaten werden in folgender Tab. 1 mit 
gemessenen Werten verglichen. 

Sowohl die berechneten Frequenzen, als auch die relativen Obergangsintensi¬ 
taten zeigen im Gang das Verhalten der gemessenen Werte. Die Intensitaten 
der Oberschwingungen gehen in I mit wachsender Frequenz zu Iangsam zurtick, 
was durch den zu groB berechneten Term mit (dR^,) 2 im Dipolmoment verur- 
sacht wird. Dieser zu groB berechnete Term entsteht durch das fehlerhafte Dipol¬ 
moment fur groBe Kernabstande, das durch die Dissoziationsprodukte Cl' 
und H + verursacht wird. In II wurde die elektrische Anharmonizitat vemach- 
lassigt, das hei&t, daB die Oberschwingungen alleine durch die mechanische 
Anharmonizitat auftreten. Literaturzitate fiir Berechnungen am HCl-Molekul 
sind in [12] aufgefiihrt. 
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Tabelle 1. Berechnete und gemessene [10] Frequenzen und Obergangsintensitaten des HCl-Mole- 
kills. I: Mil Dipolmomentoperator (8). II: Ohne elektriscbe Anharmonizitat 



Grundschwingung 

1. Oberschwingung 

2. Oberschwingung 

Frequenz berechnet 

3158 

6121 

8931 

[cm"'] gemessen 

2886 

5668 

8347 

Relative j 

Intensitat 

1 

0,216 

0,0124 

Relative ^ 

Intensitat 

1 

0,0158 

0,000222 

Relative 

Intensitat gen,esSen 

1 

0,0201 

0,0016 


B. Die Energieflachen 

Beim Vergleich der Energieflachen fur die Systeme H + .. ,C1” ... H + ... Cl~.. ,H + 
und H...Cl - ...H + ...Cr...H in Fig. 3 stellt man zunachst fest, daD in beiden 
Fallen das Briickenproton ein einfaches Energieminimum vorflndet. Jedoch ist 
beim zuerst genannten System dieses Minimum besonders ausgepragt, so daB 
der Cl...Cl-Abstand um mindestens lA aufgeweitet werden muB, um fur das 
Briickenproton ein Doppelminimumpotential zu erzwingen. Beim zweiten 
System ist diese Energiemulde beziiglich des Cl...Cl-Abstandes extrem flach. 
Bereits eine Aufweitung des Cl...Cl-Abstandes um 0,4 A erzeugt fur das Briicken- 
proton ein Doppelminimumpotential. Die beziiglich des Cl...Cl-Abstandes 
flache Energiemulde des zweiten Systems laBt auf eine schwache WasserstofTbriicke 
schlieBen, was sich auch beim Vergleich der beiden Cl...Cl-Abstande zeigt, der 
beim ersten System 3,109 A und beim zweiten System 3,532 A betriigt. Die Koeffi- 
zienten der analytischen Darstcllung der potentiellen Energie sind fur beide 
Systeme in Tab. 2 aufgefiihrt. 


Tabelle 2. Koeffizienten a u der potentiellen Energie (in at. E.) und Koeffizienten b u der Dipolmoment- 
nSchc (in at. E.). Der U rsprung der Variablen y entspricht einem Cl... Cl-Abstand von 6,2 bzw. 7,0 at. E. 


KoefTizienten 
tli, ZU 

H 4 ...CI-...H + ...Cr...H + 

H...cr...H + ...ci ...H 

a oo 

0,00790 

0,00208 

a 20 

0,04967 

0,03067 

a 4Q 

0,06458 

0,07708 

«01 

0,03940 

0,01166 

a 02 

0,04022 

0,01228 

a U3 

-0,02019 

-0,00661 

a 04 

0,00796 

0 

"ji 

-0,07096 

-0,15335 

Koeffizienten 



b k , zu .x*)' 1 



^10 

1.60 

-3,45 

i’ro 

-0,29 

0,15 

bn 

0,42 

-0,52 







...Cl ...HC..CI . H ’. b Knergicflachc fur ilas Syst 

Cl ... H* ...O'... 11 





. b Dipolmomentflachc fiir 



66 


R. Janoschek: 



Fig 5 Dipolmomcntkurvcn in Abhangigkeit von der Protonbcwcgung. (Fiir HCI entspricht x H = 0 
dem herechneten (ilcichgcwichtsabstand; die Dipolmomentkurvc fiir HCI ist um 0.441 at.E. nach 
unten verschoben). (—) Dipolmomenlgerade fiir das nackte Proton 


C. Die Dipolmomentjlachen 

Die Dipolmomentflachen der beiden Wasserstoffbriicken haben die gemein- 
same Eigenschaft, daB das Dipolmoment nicht nur von der Lage des Briicken- 
protons, sondem auch vom Cl...Cl-Abstand abhangt (Fig. 4). Fiir kleine Aus- 
lenkungen des Briickenprotons aus der Gleichgewichtslage andert sich das 
Dipolmoment in beiden Fallen nahezu linear. Ein Vergleich in Fig. 4 und in 
Tab. 2 zeigt aber, daB einerseits die Vorzeichen der Dipofmomente fiir gleiche 
Protonauslenkung in den beiden H-Briicken verschieden sind und daB anderer- 
seits die Anstiege der Dipolmomentgeraden dem Betrage nach wesentlich groBer 
als 1 sind. Dies besagt, daB das Dipolmoment hier nicht alleine durch die Proton- 
ladung verursacht wird (dieser Fall entspricht der gestrichelt gezeichneten Geraden 
in Fig. 5), sondem daB in der einen Briicke bei der Auslenkung des Protons die 
Elektronen in die entgegengesetzte Richtung verschoben werden, wahrend bei 
der anderen H-Briicke die Elektronen mit dem Proton mitgefiihrt werden. 

D. Die Elektronendichten 

Diese Eiektronenverschiebungen, durch das Briickenproton verursacht, wer¬ 
den in Fig. 6 deutlich, wo die Elektronendichte entlang der Achse der Wasserstoff- 
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Fig. 6. a Elektronendichten langs der H-Briickenbindung im System H 4 ... CP... H 4 ... CP... H *. 
Die Cl-Atome liegen bci x = 0 und x = 7 at.E. (—) Briickenproton bei x = 3.5 at.E. ( — -) Brticken- 
proton bei x-4 1 at.E. b Elektronendichten ISngs der H-Briickenbindung im System H...C1 ... 
...H 4 ,..CT ...H. Die Atome liegen bei x»0 und x = 7 at.E. (---) Briickenproton bei x = 3.5 at.E. 
( ) Briickenproton bei x = 3.9 at.E. 


briicke aufgetragen ist. In beiden Fallen liegen die Cl-Atome bei x = 0 und 
x~l at.E. Die gestrichelten Kurven stellen die Elektronendichten langs der 
Briickenachse dar, wobei sich das Briickenproton jeweils in der Mitte zwischen 
den beiden Cl-Atomen befindet (3,5 at.E.). Die durchgehenden Kurven geben den 
Verlaufder Elektronendichte wieder, wenn das Proton um 0,6 beziehungsweise um 
0,4 at.E. nach rechts ausgelenkt wird. Im Falle des Systems H + ...C1~...FI + ... 
...Cr...H + werden die gegen das Proton sich bewegenden Elektronen in Fig. 6 
besonders deutlich dargestellt. Wird das Proton aus der Wasserstoffbriickenmitte 
heraus nach rechts ausgelenkt, so zieht das bei x = 0 befindliche Cl-Atom Elek¬ 
tronen zuriick, so daB im Bereich von 2 bis 4 at.E. die Elektronendichte abnimmt, 
wahrend sie im Bereich von wenigcr als 2 at.E. zunimmt. Das bei x = 7 at.E. 
befindliche zweite Cl-Atom schiebt dem sich nahemden Proton Elektronen ent- 
gegen, was durch den Dichteanstieg im Bereich von mehr als 4 at.E. ersichtlich ist. 

Im System H...C1~...H + ...C1~...H bewegen sich die Elektronen in gleicher 
Richtung wie das Proton. 

E. Der Einflufi eines elektrischen Feldes auf Wasserstoffbriicken 

Der EinfiuB eines elektrischen Feldes auf ein Elektronensystem (Atom, 
Molekiil) ist seit der Entdeckung des Stark-Efiekts (1913) bekannt. Als Ergebnis 
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eincr Stbrungsrechnung 2. Ordnung erhalt man fur die Verschiebung zweier 
nicht cniarleter Terme mit den Encrgien £, und £, mit £, > £, und fur hinreichend 
kleine Felder F 


AE,j = 


+ L_ 


(9) 


Dabci gilt fur d£, das Plus-Zeichen und fur AEj das Minus-Zeichen; ist das 
Dipolubergangsmoment der Zustande i und / und F ist die elektrische Feldstarke. 
Die Bedcutung des Stark-F.fTekts ist fur die meisten Systeme wegen der Kleinheit 
des F.ITekts gering. Aus Gl. (9) folgt jedoch, daU flir Protonenzustande in Wasser- 
stoffbrucken der Stark-Eflekt eine dominierende Rolle spielen kann, weil fur die 
beiden tiefsten Protonenzustande 0 und 1 |£, — £ 0 | klein ist im Vergleich zu den 
Schwingungszustandcn von Molekulen und weil das Obergangsmoment /i 01 fur 
Protonenzustande wcsentlich groBer sein kann als fur Schwingungszustande von 
Molckiilcn, wie dies beispiclsweise im I-^Oj der Fall ist [6]. Der EinfluB eines 
clcktrischcn Feldes auf eine Wasserstoffbriicke ist aus zweierlei Griinden von 
Bedcutung: Durch ein auBercs elektrischcs Feld lassen sich einerseits die Polari- 
sierbarkeitstensoren dcr Briicken bestimmen, die ausschlaggebend flir die Raman- 
Aktivitiit sind. Andererscits laBt sich die Fcldabhangigkeit dcr IR- und Raman- 
Spcktren diskutieren. 


/. Die Termschemata 

In der Fig. 7 sind die Termschemata als Funktion der elektrischen Feldstarke 
dargestcllt. In beiden Fallen ist die Frequenz der asymmetrischen Schwingung 
groB gegen die Frequenz. dcr symmctrischen Schwingung. Beriicksichtigt man fur 
die symmctrischc Schwingung jewcils die vier tiefsten Terme, so treten selbst bei 
Feldern von 5 10 7 V/cm noch keine Termiiberschneidungen auf. Im gesamten 
Feldbereich konnen deshalb den Tcrmen Quantenzahlentupel zugeordnet werden. 
Die erste Quantcnzahl bezieht sich dabei auf die asymmetrische Schwingung, 
wiihrend die zweite Quantenzahl den symmetrischen Schwingungszustand kenn- 
zeichnet. Das System H...Cl _ ...H + ...Cr ...FI hat im Verhaltnis zu dem anderen 
System beziiglich der Briickenprotonbewegung die starkere Dipolmomentande- 
rung und somit das groBere Dipolubergangsmoment, was nach (9) eine starkere 
Feldeinwirkung auf die Terme verursacht. Demnach sind im System H + ...C1* ... 
...H + ...Cr...H + keine merklichen feldverursachten Frequenzverschiebungen 
zu erwarten. Im System H...Cr...H + ...Cl~...H dagegen bewirkt das elektrische 
Feld Frequenzanderungen, deren Auswirkungen auf das IR-Spektrum aber erst 
durch die Bcrechnung der Obergangsintensitaten ersichtlich werden. 

Bei der Betrachtung der symmetrischen Schwingungszustande des Systems 
H...C1 ...H 4 ...Cr...H fallt auf, daB die TermdifTerenzen nk + \-nk fur 
steigende k zunehmen, obwohl die hier beriicksichtigte mechanische Anharmonizi- 
tat einen umgckehrten Verlauf liefem miiBte. Auf Grund des Gliedcs a 2i x 2 y in 
der potentiellen Energie kann jedoch die Kopplung iiber die Anharmonizitat 
a o 3 .v 3 +« 04 .t' 4 dominieren. In der Energiematrix treten Beitrage der Gestalt 

<n k|.x 2 yl nfc+ 1> ~|/fc + 1 
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Fig. 7. a Termschema fur das System H + ... Cl... H + ... Cl... H *. Die erste Quantenzahl beziehl 
sich auf die asymmetrische Schwingung. die zweitc Quantenzahl bczieht sich auf die symmetrische 
Schwingung. b Termschema fur das System H... CP... H + ... Cl ... H 


auf, die fur stcigendcs k wachsen. Simuliert man eine Encrgiematrix, in dcr die 
Diagonalglieder propo rtiona l k sind und die Nichtdiagonalglieder benachbarter 
Indizes proportional fk + 1 gehen, so kann dcr Termverlauf in Fig. 7 b wieder- 
gegeben werden. 

Die Entwicklungskocffizienten der Schwingungszustande zeigen, dafl die 
Begriffe „symmetrische u und „asymmetrische“ Schwingung, die nur in der har- 
monischen Naherung streng giiltig sind, nicht mehr ganz zutreffend sind. T rotzdem 
lassen sich auf Grund dominierender EntwicklungskoefTizienten diese Begriffe 
noch sinnvoll anwenden. 


2. \K-€bergange 

Wie schon auf Grund des Termschemas zu erwarten ist, gibt es im System 
H + ...Cr...H + ...Cl - ...H + nur einen intensiven Dipoliibergang, namlich den 
fundamentalen Obergang 00-10, der bei 2098 cm -1 liegt (Fig. 8a). Wachst das 
elektrische Feld auf 5 • 10 7 V/cm an, so verschiebt sich die Frequenz des Cbergangs 
nur geringfiigig nach 2133cm -1 , wobei sich die Intensitat kaum andert. Die 
Intensitat des fundamentalen Dipoliiberganges ist temperaturabhangig, was 
jedoch im Experiment nicht beobachtet werden kann, weil im selben MaBe, wie 
die Intensitat des Oberganges 00-10 mit wachsender Temperatur sinkt, die 
Intensitat des Oberganges 01-11 steigt. 
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Im System H...CI ...H + ...Cr...H treten eine ganze Reihe intensiver Dipol- 
iibergange auf (Fig. 8 b). Dominierend ist wieder der fundamentale Obergang 
0(M0, der aber im Vergleich zum vorhergehenden Fall eine viermal starkere 
Intensitat hat und sich bei einem Feld von 510 7 V/cm von 1879cm' 1 nach 
2100 cm 1 verschiebt, wobei dieser Obergang noch intensiver wird. Gleichzeitig 
gibt es intensive kopplungsbedingte Obergange, die mit steigender Feldstarke 
an Intensitat verlieren. Alle Obergangsintensitaten sind stark temperaturabhangig. 
Der verschiedene Gang der Intensitaten mit der Temperatur wirkt auch hier 
ausgleichend, so daB insgesamt keine merkliche Temperaturabhangigkeit vor- 
liegt. Bei ciner Variation der elektrischen Feldstarke von 0 bis 5 -10 7 V/cm iiber- 
strcichen die Obergange cinen Frequenzbereich von 1600-2700 cm' 1 . Die 
Frcquenzen und Obergangsintensitaten in Abhangigkeit von der elektrischen 
Feldstarke und von der Temperatur sind in Tab. 3 aufgeflihrt. 


Tab 3a Irequen/en v 1( und relative Absorptionsintensitaten l tl fur das System H + ...C1~...H + ... 
('I . II * (I: lundamentale Obergange der asymmetrischen Schwingung; II: Kopplungsbedingte 

Obergange) 

Obergang f 0 F =• 5,14-10 7 V/cm 




''.i 

|cm 1 

1 

'] l(K) K 200 K 

300 K 

400 K 

>'./ 

fern 

A, 

'1 100 K 

200 K 

300 "K 

400 K 

00 

to 

2098 

545 523 

4X1 

435 

2133 

544 

522 

478 

4.3.3 

01 

II 

20X9 

1 21 

55 

X5 

2124 

1 

22 

57 

87 

02 

12 

2095 

0 1 

7 

17 

2134 

0 

1 

7 

18 

03 

13 

2193 

0 0 

1 

3 

222X 

0 

0 

I 

3 

00 

II 

2531 

II 10 

9 

X 

2562 

9 

X 

8 

7 


labellc 3b Irequen/cn t',, und relative Absorptionsintensitaten l tI fur das System H...CI . .H‘ .. 
...Cl . H. (I. fundamentale Obergange der asymmetrischen Schwingung: II: Kopplungsbedingte 

Obergange; III: Obergange der symmetrischcn Schwingung) 


Obergang 

/• - 0 

[cm '1 100 K 

200 K 

300 K 

400 K 

F - 5.14-10 7 V/cm 

A, 

[cm '] 100 K 200 K 

300 K 

400 K 

1 00 

It) 

1X79 

18X1 

1585 

1342 

1172 

2100 

2938 

2755 

2478 

2222 

01 

II 

20X3 

54 

222 

319 

362 

2285 

13 

175 

385 

541 

02 

12 

2325 

2 

49 

132 

206 

2474 

0 

9 

51 

117 

03 

13 

2620 

0 

4 

27 

66 

2704 

0 

0 

4 

17 

11 00 

II 

2303 

948 

799 

676 

591 

2659 

45 

42 

38 

34 

OO 

12 

2809 

37 

31 

26 

23 

3263 

0 

0 

0 

0 

01 

10 

1658 

41 

169 

243 

276 

1725 

0 

4 

8 

11 

01 

12 

2589 

25 

101 

145 

165 

28X8 

0 

5 

12 

17 

02 

10 

1394 

0 

3 

8 

13 

1310 

0 

0 

0 

0 

02 

11 

1818 

1 

15 

40 

63 

1870 

0 

0 

2 

5 

02 

13 

3001 

0 

5 

12 

19 

3236 

0 

0 

1 

2 

III OO 01 

221 

0 

0 

0 

0 

375 

17 

16 

14 

13 

00 02 

485 

0 

0 

0 

0 

789 

4 

4 

3 

3 

00 03 

866 

0 

0 

0 

0 

1322 

2 

2 

2 

1 
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Fig. 8. a Relative Absorptionsintensitatcn I,, der lR-Obergiingc im System H* ...Cl ...H ' ...Cl ...H f 
Fur die Feldstarken 0 und 5,14-10 7 V/cm (0.01 at.F.) - durch Pfeilc gekennzeichnet - fiir die Tempera- 
turen 100 und 400 K. b Relative Absorptionsintensitatcn 4/der IR-0bergange im System H ...Cl'... 
...H ’ ...Cl ...H fiir die feldstarken 0 und 5.14-10 ? V/cm(0.0l at.li.) dureh Pfcile gckcnnzcichnct 
Fur die Tempcraluren 100 und 400 1C 


3. Raman-Obergange 

Der Raman-Effekt war bis jetzt fiir quantenchemische Berechnungen unzu- 
ganglich. Der Grund dafur ist darin zu sehen, daB neben einer Energieflache fiir 
die Kembewegung die Polarisierbarkeitstensorflache zur Berechnung der 
Schwingungs-Raman-Obergange notig ist, was eine groBe Anzahl von Einzel- 
rechnungen zur Folge hatte. 

Fiir symmetrische Wasserstoflbriicken der Form A...H...A sind die Schwin¬ 
gungs-Raman-Obergange zur direkten Bestimmung der Frequenzen der sym- 
metrischen Schwingung von Bedeutung, da diese Schwingungen keine IR- 
Aktivitat aufweisen. Unter gewissen Bedingungen ist es moglich, fiir Wasserstoff- 
bruckcnsysteme Schwingungs-Raman-Obergange mit minimalem rechnerischen 
Aufwand zu bestimmen. Diese Bedingungen lauten: 

1. Der Polarisierbarkeitstensor hat extreme Excentrizitat, das heiBt, die 
Polarisierbarkeit in Briickenrichtung ist dominierend. 

2. Die Separation der Schrodingergleichung beziiglich der symmetrischen 
und der asymmetrischen linearen Schwingung ist wegen w a p a), moglich und 
wirkt sich nicht wesentlich auf das induzierte Dipolmoment aus. 

Beide Bedingungen sind bei den hier behandelten Fallen erfiillt. Die Bedin- 
gung 1 besagt, daB wahrend der Schwingung die Form des Polarisierbarkeits- 
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tensors erhalten bJeibt, so daB die eindimensionale Behandlung der Raman- 
Obergange moglich ist. Die Bedingung 2 gestattet es, die symmetrische Schwin- 
gung ungekoppelt mit der Protonbewegung zu behandeln und fur verschiedene 
A...A-Abstande die Polarisierbarkeit zu berechnen. Die Polarisierbarkeit kann 
bei WasserstofTbriicken beziiglich des A...A-Abstandes stark variieren, was eine 
extrem starke Schwingungs-Raman-Aktivitat zur Folge hat [6]. Die Frequenzen 
dcr Cl" Schwingungen, sowie die zugehorigen relativen Ramanintensitaten 
sind in Tab. 4 aufgefuhrt. Die Frequenzen I, die mit Hilfe eines eindimensionaien 
Potentials bestimmt wurden, zeigen den erwarteten Gang, der durch die Anhar- 
monizitat a ni y 3 bedingt ist. Die Frequenzen II wurden unter Beriicksichtigung 
dcr Ankopplung der asymmetrischen Schwingung berechnet, wobei der Term 
a 2i x 2 y in dcr potentiellen Energie Frequenzanderungen beziiglich der ein¬ 
dimensionaien Behandlung hervorruft, was in 1. bereits diskutiert wurde. Fiir 
das System H 4 ...CT ...H 4 ...Cl' ...H + , beziehungsweise fur H...C1~...H + ... 
...C1...H, wurden die Poiarisierbarkeitsoperatoren (6) zur Berechnung der 
Raman-lntcnsitaten verwendet, die nach Division durch F im einzelnen folgende 
Gestalt haben: 

«(>') = 11.840 + 16.475 y + 11.625 y 2 

beziehungsweise 

- «(y) = 54,970 + 108.450 y + 153,750 y 2 . 

Die Variable y bedeutet die Anderung des Cl"...Cl -Abstandcs beziiglich der 
Gleichgcwichtslagc, wobei atomarc Einheiten zu verwenden sind. 

Die Intcnsitatcn sind auf die Grundschwingung des ersten Systems bezogen. 
Bcim Vcrglcich der relativen Intensitiiten fur die beiden Wasserstoffbriicken- 
systemc fallt auf, daB die hohe Polarisierbarkeit in Briickenrichtung eine hohe 
Raman-Aktivitiit bewirkt. Die Polarisierbarkeit des ersten Systems ist von der 
GroBenordnung der iiblichen Elektronenpolarisierbarkeiten, so daB der Tab. 4 
entnommen werden kann, daB bei symmetrischen Wasserstoffbriickensystemen 
die Raman-Aktivitat der symmetrischen Schwingung um zwei Zehnerpotenzen 
starker sein kann als bei Molekiilen mit ausgepriigten Valenzbindungen. 


Tnbclle4 f-'requen/en und relative Raman-Intensitaten der Cl ...Cl -Schwingungen (I: eindimensio¬ 
nale Behandlung; II: zwcidimensionalc Behandlung) 


— 

h 4 ..cr...H’...cr...H + 

Frequenz [cm~'] 

Relat. Raman-Intens. 

Grundschwingung 

447 

1.0 

1. Obcrschwingung 

892 

0,07889 

2 Obcrschwingung 

13.76 

0,00178 


H...Cr...H\..CI ...H 



Frequenz [cm' ‘] 

Relat. Raman-Intens. 


1 II 


Grundschwingung 

237 221 

5,14968 

1. Obcrschwingung 

473 485 

4,79458 

2. Obcrschwingung 

707 866 

0,22878 
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4. Vergleich mit dem Experiment 

Wie bereits in der Einfiihrung erwahnt, beobachtet man bei waBriger Imidazol- 
losung fiir einen Protonierungsgrad von iiber 100% ein IR-Kontinuum von 
2600cm -1 bis zu den kleinsten beobachtbaren Frequenzen (Fig. I) 2 . Das System 
H...Cr...H + ...Cl~...H besitzt nach den hier diskutierten Rechenergebnissen 
ein IR-Kontinuum zwischen 2700 und 1600cm -1 . Beim Vergleich von Fig. 8b 
und Fig 1 stellt man fest, daB mit dem in dieser Arbeit verwendeten Mechanismus 
das IR-Kontinuum ofTensichtlich erklart und auch quantitativ beschrieben werden 
kann. Die wesentlichen Gesichtspunkte sollen noch einmal genannt werden: 

1. Die Modellsubstanz H...Cr...H + ...Cl"...H eignet sich gut zur Beschrei- 
bung der VorgSnge in waBriger Imidazollosung bei iiber 100% Protonierung, 
wenn man sich auf den IR-Kontinuumsbereich 2700-1600cm -1 beschrankt, der 
nach Fig. 1 als besonders glatt veriaufende Intensitatskurve aulfallt. 

2. Zur Beschreibung des IR-Kontinuums fiir den in 1. genannten Bereich 
reicht eine zweidimensionale Behandlung aus, wobei die Kopplung der sym- 
metrischen und der asymmetrischen Briickenschwingung Ursache fur das Auf- 
treten zahlreicher IR-Obergange ist. 

3. Mitentscheidend fiir das Zustandekommen eines IR-Kontinuums ist ein 
gewisser Feldstarkebereich, der durch die Ionenfelder der Umgebung verursacht 
wird. 

Der Verlauf der Intensitatskurven in Fig. 1 2 ist im Bereich kleinerer Frequen¬ 
zen als 1600 cm' 1 aufTallend strukturiert. Diese Banden riihren von Schwin- 
gungen benachbarter Systeme her, die mit denen der H-Briicke mehr oder weniger 
stark gekoppelt sind. Beispielsweise liegt bei 1588 cm' 1 eine Ringschwingung 
des Imidazolringes, wahrend bei 1180cm -1 die NH-Winkelschwingung in Ring- 
ebene liegt [2]. Der Intensitatsverlauf in diesem Frequenzbereich ist allerdings 


ibelle 5. Berechnete Eigenschaften von HO und von Cl ...H\..C1 -Briicken (gemessene Wertc in Klammei 


Cl 


H 1 ...Cl ...H 4 ... Cr...H + ...CI 

...cr...H + 


H...CI ...H\.. CI~...H + ...CI 

...CI~...H in Kristallen [I 


Cl: 1.345 

Cl ...Cl 

3,109 

3.155 

3,532 

(3.16) 

(1,275) 

[A] 





■3158 


447 

483 

221 

(210- 240) 

(2886) 

<». 

2098 

2133 

1879 

(730-1660) 

[cm' 1 ] 


1061 


(1050-1185) 


2635.536 

6a 

2634,368 

2634,574 

2636,420 


0,141 

6h 

[at.E.] 

0,073 

0,080 

0,110 



®o 

1,89 

2,21 

11,30 



10 -** 
cm 3 


li: 1,12 0 

(1,07) 

1 Siehe Fuflnote 1. 


74 


R. Janoschek: IR- und Ramanaktivit&t der WasserstofTbrUcke (CIHC1)" 


schon vor der Ausbildung symmetrischer C]~...H + ...C1~-Briicken deutlich 
erkennbar und ist deshalb fur den Nachweis dieser H-Briicken unbedeutend. 

Zum Vergleich der berechneten Eigenschaften der C1~...H + ...C1 _ -Brucken 
mit Messungen am Kristall sind die wichtigsten Ergebnisse in Tab. S zusammen- 
gefaBt. Neben dem bereits erwahnten System H + ...C1'...H + ...C1"...H + wurde 
auch noch die freie Cr..,H + ...Cl~-Brucke berechnet. Auffallend ist die Ahn- 
lichkeit der berechneten Eigenschaften dieser beiden Systeme. Vergleicht man die 
berechneten Eigenschaften mit an Kristallen gemessenen Werten, so stellt man 
nur fur den Cr...Cl*-Abstand und fur die Winkelschwingung a) b gute Ober- 
einstimmung fest [13]. Fur die anderen beiden Eigenschwingungen ist ein Ver¬ 
gleich nicht gerechtfertigt, denn einerseits hangt insbesondere die Frequenz der 
asymmetrischen Schwingung stark von der Art der Kationen des Kristalls ab, 
wahrend fur die symmetrische Schwingung nur in Einzelfallen eine IR-Aktivitat 
beobachtct werden kann, was dann auf eine unsymmetrische Lage des Briicken- 
protons schlieBen laBt. 
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An extension of the FSGO mode) is used to construct local bonding orbitals for ethane. These 
improved functions provide for a more accurate description of the internal rotational barrier in ethane, 
while retaining the computational simplicity and intuitive nature of the simple FSGO model. 

Fine Erweiterung des FSGO-Modells wir’d Air die Konstruktian lokalisierter Bindungsorbitale 
bei Athan angewendet. Die verbesserten Funktionen vermitteln cine genauere Beschreibung der inneren 
Rotationsbarriere in Athan; die einfache Berechnungsweise und die intuitive Natur des urspriinglichen 
einfachen FSGO-Modells bleiben jedoch erhalten. 

Unc extension du mode ( SCO est utiliscc pour construire les orbitalcs liantes loealisecs dc ('ethane 
Ccs nouvelles functions donnent une description plus exacte de la barrierc dc rotation interne de 
1’ethanc. lout cn retenant la simplicity de calcul et la nature intuitive du model FSGO original. 


Introduction 

Floating orbitals (orbitals not constrained to be centered on nuclei) have 
been used for many years as basis functions for quantum mechanical calculations 
on molecules. Early work [1,2] and some more recent investigations [3] have 
utilized Slater type orbitals which were allowed to float. However, the use of 
floating exponential functions have the disadvantage of putting cusps in regions 
between nuclei. Floating gaussian functions were proposed and developed by 
other investigators in the form of lobe functions (as opposed to the cartesian 
gaussian type functions) [4.5], More in the spirit of the earlier calculations, 
an attempt was made to use floating gaussians in a valence bond calculation 
on H 2 [6], Also attempts have been made to augment atomic orbital basis 
sets with floating gaussian functions [7-9], These investigations found that 
floating functions can be very efficient for obtaining polarization effects and for 
building-up charge in the bonding region. 

Several investigators [10-14] have developed methods where the concept of 
atomic orbitals is abandoned entirely in favor of floating orbitals. In particular a 
technique was developed [10] (the Floating Spherical Gaussian Orbitals 
Model-FSGO) using an absolute minimum basis set, where each orbital is 
doubly-occupied. As currently applied, the model has been used to predict the 
electronic and geometric structure of singlet ground states of molecules with 
local orbitals without the use of any arbitrary or semiempirical parameters. 
The local orbitals were constructed by using single normalized spherical Gaussian 
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functions 

/ 2 \ 3/4 

<P(f - /*,) = - — exp [(r - 

\ n er / 


with orbital radius, g,. and position, R,. A single Slater determinant represents 
the total electronic wave function. If S is the overlap matrix of the set of non- 
orthogonal localized orbitals <P, and T = S~ l . then the energy expression for a 
molecule is 


where 

and 


E = 2£(/|fc)T Jt + £ (kl\pq) [2T kl T pq — T lp 7J,] 

i.* l.t.p.q 

( j\k) = §4>jh <t> k dv(h = on-electron operator) 
(kl\pq) = f4> fc (l) <*>,(!)(l/r l2 ) <P p (2) <P„(2)dt x dv 2 . 


The energy is minimized by a direct search procedure with respect to all para¬ 
meters: orbital radii, q x , orbital positions, tf,, are nuclear positions. (Numerical 
difficulties have forced the inter-orbital distances for n-bonds and lone pair 
orbitals to be held fixed.) 

In all previous work each double-occupied orbital has been constructed from 
a single gaussian function (SC>). or at most a linear combination of two concentric 
gaussians (concentric double gaussian CDG) [15]. In light of the recent renewed 
interest in floating orbitals, it was decided to make an extensive investigation 
of an extended FSGO model. The orbitals for these calculations are made up of 
linear combinations of up to four gaussians. (One should note here the difference 
between the FSGO orbitals, which are “local” orbitals, and the more commonly 
used “localized” orbitals, e.g., localized orbitals obtained from an Edmiston- 
Ruedenberg localization scheme. The localized orbital schemes start with diffuse 
canonical molecular orbitals, and transform them, via a unitary transformation, 
to localized orbitals. The FSGO orbitals are centered in a restricted region of 
space in their makeup, and are therefore orbitals local to that area.) 

The first system to be investigated was the ethane molecule. This was 
done with the idea of improving upon the description given by the simple FSGO 
model. In particular the simple FSGO predicts a rotational barrier of 5.7 kcal/mole 
(concentric double gaussians give 5.0 kcal/mole), compared with an experimental 
value of 3.0 kcal/mole [16]. The idea was to obtain basis functions from simple 
systems and then transfer them to ethane. In particular methane and a “simplified” 
ethane molecule were used to develop the basis functions. 

Other models have been developed for transferring bonding functions to 
“large” molecules. In particular, Christoffersen and coworkers [11] have developed 
a modification of the simple FSGO model to obtain a basis set for such calculations. 
The problem of optimizing the wave function for changes in molecular environ¬ 
ment is handled via an SCF-MO procedure in Christoflfersen’s FSGO model, 
abandoning the concept of local orbitals. The calculations described in this paper 
retain the concept of non-orthogonal local orbitals, but optimize only the linear 
combination coefficients (a procedure borrowed from the SCF-MO method). 
(The effect of assuming local orbitals vs. the more general SCF-MO procedure 
was investigated, vide infra.) 
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Procedure 

The orbitals necessary for ethane are: inner shells, C-H bonding orbitals, 
and C-C bonding orbitals. 

Tests were made on methane with single (SG). double (DG), and triple (TG) 
gaussian inner shells. The nuclear geometry, and all orbital radii and orbital 
positions were optimized. 



Fig. 1. C H Bonding functions (Circle size proportional to orbital radius) 





Fig. 2. C-C Bonding functions (Circle size proportional to orbital radius) 
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The C-H bonding orbitals were likewise constructed from calculations on 
methane. The various basis sets that were used are described in Fig. 1. A DG 
was used for the inner shell in all cases, and the orbital radii, orbital positions, and 
nuclear geometry were all optimized. The idea of using some floating and some 
fixed gaussians, either centered on the proton or on the carbon nucleus, was also 
investigated. [It was thought that the use of a gaussian on the proton (to help 
build a cusp) or on the carbon (to simulate the effect of a 2s atomic orbital) was 
reasonable from a chemical point of view.] If fixing the gaussian did not signifi¬ 
cantly affect the results of the calculation (compared to the same calculation 
where the constraint was removed) then using these fixed gaussians would provide 
increased efficiency due to the decrease in the number of parameters. 

The C-C bonding orbitals (Fig. 2) were obtained from the ethane molecule, 
with SG everywhere except for the inner shells (DG) and for the C-C bond 
orbital itself. Again an attempt was made to fix some of the gaussians on the 
carbon nuclei. 

The inner shell orbitals and the C- H and C-C bonding functions were then 
transferred to ethane with only linear combination coefficient optimization. 
Nuclear geometry was held fixed to that of Clementi and Davis [17], and orbital 
radii and positions fixed from the calculations on the simpler systems. (For 
some of the simpler orbital schemes full optimization on ethane were performed.) 
Both the staggered and eclipsed conformations were investigated, assuming 
rigid rotation [18J. 


Results 

While the inner shell orbitals have little effect on the geometry, the energy is 
strongly dependent upon their form. (Table 1 shows results for methane with 
various inner shells.) A large decrease in energy is obtained from SG to DG inner 
shells. Compared to this decrease, adding a third gaussian improved the energy 
relatively slightly. It was also found that orbital and nuclear parameters were 
unchanged as the inner shell was improved. It was decided to use the DG inner 
shell representation in all further calculations - as it appeared that little was to be 
gained by using the TG representation. The lack of importance of the inner 
shell has been pointed out in several recent papers [19, 20]. In particular Hehre 
et ai. [ 19] found that going to a better form for the inner shells did not affect any of 
the chemically important properties (geometry, relative energies). 

The results for the C H bonding orbitals appear in Table 2. The following 
comments are applicable to this data. (I) Fixing an orbital of the DG set on the 
proton (DG-1 FL, double gaussian with one floating gaussian) is too restrictive, 
as the elimination of this constraint (DG-2 FL) gives a much different result. 
(2) Fixing one gaussian on the proton with a TG set (TG-2 FL) appears to be a 
reasonable restriction - as it differs very little from the result when the constraint 
is removed. With this in mind, it was assumed that the quadruple gaussian with 
no gaussians fixed (QG-4 FL) would be very nearly the same as that with one 
orbital fixed (QG-3 FL), and this simpler set was used in place of the more complex 
one. (3) In all cases where an attempt was made to fix one gaussian on the carbon 
(TG-1 FL, QG-2FL), results were very different from the cases without the 
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Table I. Inner shell orbitals from CH* 


Orbital type 





Inner shell 

SG 

DG 

DG 

TG 

C-H bond 

SG 

SG 

CDG 

CDG 

Inner shell 





Ci(a.u.) 

0.328 

0.148 

0.148 

0.074 

c, 

1.0 

0.267 

0.267 

0.056 

Ci 


0.389 

0.389 

0.193 

c 3 


0.830 

0.719 

0.365 

03 




0.441 

C, 




0.707 

C-H orbital 





Oi 

1.644 

1.698 

1.174 

1.161 

c, 

1.0 

1.0 

0.338 

0.329 

X.* 

0.598 

0.593 

0.405 


6i 



2.188 

2.178 

c 3 



0.719 

0.727 

x 2 ‘ 



0.537 

0.528 

C-H bond length (A) 

1.110 

1.115 

1.040 

1.036 

- E (a.u.) 

33.992 

38.246 

38.484 

39.250 


* X is the ratio of (carbon to orbital distance)/(C- H bond length). 


constraint, so these basis sets were regarded as unsatisfactory. (4) It would appear 
that at least a TG is necessary to give a resonable description of the electron 
density around the proton. Only with TG-2 FL, TG-3 FL, and QG-3 FL was a 
cusp-like condition developed at the proton. 

The results for the C^C bonding function are given in Table 3. One can 
make the following observations about this data. (1) The DG-2 FL set is judged 
to be unsatisfactory on the grounds that it gives a very poor approximation to 
the C-C bond length. One should be careful about using basis sets which lead to 
poor geometrical predictions. To try to circumvent this problem by attempting 
to calculate a rotational barrier with idealized geometry, for example, is a very 
unrealistic procedure. (2) As with the C-H bonding functions, fixing gaussians 
on the carbon nuclei (TG-1 FL, and QG-2 FL) gives results very different from the 
cases where the constraints are removed. (3) Three to four gaussians are necessary 
for a reasonable description of the C-C bond. Only then does one begin to obtain 
a cylindrical charge distribution along the C-C bond. 

Referring to Fig. 3 of the electron density along the C-H bond, only the 
TG-2 FL and QG-3 FL bond functions give the correct qualitative picture of a 
relative minimum near the midpoint of the bond and a “cusp” on the proton. 
(Densities for the CDG, DG-2 FL, and TG-1 FL resemble those of the SG and 
DG-1 FL.) Likewise in Fig 4 (the total electron density along the C-C bond in 
ethane), only the TG-3 FL and QG-4 FL bond functions approach the correct 
picture of a relative minimum at the midpoint of the C-C bond. (CDG, TG-1 FL, 
and QG-2 FL resemble SG and DG-2 FL plots.) 
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Ratio of (carbon to orbital distance)/(C-H distance). 
Apparently a local minimum. 
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Fig. 3. Total electron density along C-H bond in methane for SG(OX DG-1 FL( A), TG-2 FL ( + ), 

and QG-3 FL (x) 



.ISO 


.100 J-1-1-1-1-t- 

0.000 .COO .too .BOO .800 [.000 

RELATIVE DISTANCE ALONG C-C BOND 

Fig4. Total electron density along C-C bond in ethane for SG(OX DG-2FL(AX TG-3FL( + X 

and QG-4FL(x) 
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Table 3. C-C Bonding orbitals from C 2 H 6 ■ 



SG 

COD 

DG-2 FL 

TG-1 FL 

TG-3 FL 

QG-2FL 

QG-4FL 

0 i (a.u.) 

1.646 

1.300 

1.639 

1.745 

1.844 

1.725 

1.846 

c , 

1.000 

0.3)6 

0.587 

0.779 

0.886 

0.568 

0.452 

x," 

0.000 

0.000 

0.655 

0.000 

0.000 

0.600 

0.304 

1/2 


2.020 


1.382 

0.741 

1.959 

0.740 

C, 


0.740 


0.169 

0.110 

< 10 '* 

0.116 

X, 


0.000 


1.000 

0.562 

1.000 

0.561 

«((-<) (A) 

1.504 

1.487 

1.669 

1.553 

1.581 

1.660 

1.552 


* Sfif H orbitals, and DO inner shells, except for CDG calculations where CDG everywhere. 
All calculations had only ( t' geometry optimization, except for SO and CDG, where a full optimiza¬ 
tion was performed. 

h X is relative distance from center of C C bond. X = 0 at midpoint, X = I at carbon nucleus. 


Table 4. Barrier to internal rotation in C 2 H 6 from FSGO basis sets 


Bonding type 

I.S. 

C C 

Orbital C -H 

-Energy 

(staggered) 

la.u.) 

Rotational 

barrier 

(kcal/mole) 

IXi * 

SG 

SG 

75.5134 

6.3 

DG* 

CDG 

CDG 

75.8620 

5.0 

IXi 

TG-3 FL 

TG-2 FL 

76.5070 

3.7 

IXi 

QO-4 FL 

QG-3 FL 

76.5633 

4.0 

DG 

TG-3 FL 

TG-2 FL(SCF) 

76.8762 

3.8 

STO-3 G b 



78.8623 

3.3 

Experimental c 






* Optimized geometry. 

11 Pople. J. A., Radom.L.: J. Amer. chem. Soc. 92, 4786 (1970). 
c Lide,D.R : J. chem. Physics 29, 1426(1958). 


The results for the rotational barrier calculations appear in Table 4, These 
results show that acceptable values for the rotational barrier in ethane are obtained 
with the extended FSGO functions. Values of 3.7-4.0 kcal/mole are given by the 
three and four gaussian extended FSGO basis sets. 

To test the effect of the restriction of local orbitals, SCF-MO calculations 
(using POLY ATOM II) [21] were performed on the staggered and eclipsed 
forms of ethane, using the DG (inner shell). TG-2 FL (C-H), and TG-3 FL 
(C-C) basis set. (All gaussians were treated as uncontracted orbitals, except for 
the EX) inner shell gaussians which were contracted to a single orbital, with 
relative coefficients as found in the local orbital FSGO calculation.) The results 
(Table 4) show that while there is a considerable decrease in the total energy 
(0.37 a.u.), the rotational barrier is only very slightly affected (0.1 Kcal/mole). 
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Discussion 

The results of these calculations indicate that an extended FSGO model 
can be used to obtain local bonding functions. The main advantages in using this 
type of function are that they arc transferable, and that polarization effects can 
be accounted for with them. Other bond function approaches [22,23] have been 
built upon an LCAO framework. The LCAO framework has the advantage of 
being less arbitrary in choosing basis functions (for example where the extended 
FSGO method assumed fixed orbital positions). However the extended FSGO 
basis set is much more adaptable for including polarization effects. It is also 
encouraging to note that the restriction to local orbitals does not seem to invalidate 
the results. 

Work is continuing on developing computational procedures for handling 
the extended FSGO model and in the development of “bonding functions” for 
pi bonds and lone-pair orbitals. 
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thank the referee for several helpful suggestions. This research was supported by a grant from the 
National Science Foundation. O. H. Crawford suggested the expression "local orbital" in order to 
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Floating orbitals and the rotational projector operators defined by Percus and Rotenberg, are 
used to obtain approximate wavefunctions for the ground states of He-like ions and for the first 
excited 'P state of helium. 

Mit Hilfe von “Floating Orbitals" und Rotationsprojektionsoperatoren, wie sie von Percus und 
Rotenberg definiert worden sind, werden naherungsweise Wellenfunktionen fUr die Grundzustfinde 
von He-Shnlichcn Ionen und flir den ersten angeregten He-Zustand 'P erhaltcn. 


The present paper reports the results obtained with a simple procedure based 
on the idea of different orbitals for different spins [1] together with the “floating 
gaussian” technique [2], which is able to take into account part of the correlation 
energy. Some preliminary results obtained with this procedure were already 
reported for He [3]. Here the procedure is described in a more detailed way and 
results for He-like systems in their ground states and an application to an excited 
state of He, (Is 2p) l P are given. 

In the ground state of He-like atoms an easy way of introducing electron 
correlation, especially the angular correlation, is to displace the two space 
functions on opposite sides of the nucleus [3]. However this procedure involves 
two main difficulties: 1) a substantial loss in potential energy occurs as a result 
of taking away charge from the nucleus, and 2) the resulting wavefunction has 
no longer the required symmetry. As far as the first difficulty is concerned, a 
possible solution is to assume that the one-electron functions can be written 
as linear combination of the form 


<Pi= Y,ti<Pk(r- S k) 

k 

or more generally 


<Pi= ? ^(<5)4>(r- S)d6 


( 1 ) 

(la) 
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where <f> k (r - 5' k ) are orbitals centred at points, deflned by the vectors 5*, along 
an oriented line containing the nucleus and where A* and |5y are taken as vari¬ 
ational parameters. In the following we shall deal only with a discrete two-terms 
expansion, where one term is on the nucleus and the other at a distance S t : 


<Pi(r) = <l>io(r) + l. i <f> n {r-6 l ) (2) 

As far as the lack the correct symmetry is concerned one can solve the difficulty 
by averaging the rotations of the impure state, with a suitable weight factor. This 
can be accomplished by the use of the formalism of rotational projectors introduced 
by Pcrcus and Rotenberg [4] O ju , defined by the following equation: 

O jm V = ~~ /Jf { * + x, GOS 3M (6f2) 

on 

(3) 

■ F[M - J, 1 4- M + J, 1; sin 2 (0/2)] R„ x S Hx V sin 6 dip dOdx 

where V is the impure state function and O ju *P is the corresponding projected 
wavefunction of definite angular momentum J and its z component M. In Eq. (3) 
the integration variables <p, 0, j are Eulerian angles and R , S are rotation operators 
in the ordinary and spin space respectively. The calculation of the expectation 
value of the hamiitonian with the projected wavefunction can be greatly simplified 
since. 1) the hamiitonian operator commutes with the projector O jm [5]. The 
expectation value of the energy thus becomes 


, = <Ojh V\ H\OjmV > = 

; iOjv'PlOjHW <-P!O jm -P> 

2) the spin factor for singlet states is left unchanged by the projection; 3) the order 
of the integrations in Eq. (4) may be interchanged and one can integrate first 
over the space coordinates and then over the Eulerian angles if), 0 and x; 4) when 
states with M - 0 are considered, a significant simplification in the expression 
of the projector 0 Jki is obtained. In this case, as it has been pointed out in the 
previous paper [3], a suitable choice of the reference system for the Eulerian 
angles makes the integrations over the variables <p and x easily performed, resulting 
in a constant factor. 


Ground State 

In this section we describe the results obtained for some He-like systems in 
their ground state l S. According to Eq. (2) the orbitals <p t are taken to be linear 
combinations of two STO - Is, the first at the nucleus and the second at distance 
<5, from it. Therefore we will write the total (unnormalized) wavefunction in the form: 


V(r„ r 2 ) = O 00 A i(e + 2, e-«• 1---»*l) ( e + X 2 e -«l p »-*»l)] 

• [*(1) 0(2)—0(1) a(2)] 


(5) 
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where Ooo and A stand for rotational projector and antisymmetrizer respectively. 
If the C/s, A/s and 5/s are considered as adjustable parameters, function (5) contains 
as particular cases: 1) the uncorrelated single determinant for A, = A 2 = 0 and 
Ci =C 2 ; 2) the conventional DODS approach of Hylleraas and Eckart [1] for 
A, = A 2 =0 and Ci # C 2 .1° our case the optimisation of variational parameters is 
performed after the projection, and when function (5) is optimized it corresponds 
to a restricted form of the Extended Hartree-Fock for He-like ions. Therefore 
one cannot expect to obtain from (5) the exact value of the energy, which requires, 
in that scheme, the use of hypercomplex spin orbitals [6], It is easy to see that 
many centre integrals are needed for the computation of the energy in the present 
scheme. Therefore it was found convenient to expand each STO appearing in 
Eq. (5) as a linear combination of gaussian-type orbitals (GTO). A three term 
expansion according to McWeeny and Huzinaga [7] was considered adequate 
to approximate each STO for the present purposes. The optimisation of non¬ 
linear variational parameters was carried out by a simple modification of the 
procedure used by Roos et al. [8]. 


Table 1. Optimum values of variational parameters, computed total energy and correlation energy 

(a.u.) for H', He, Li* 



H- 

He 

Li* 

c, 

2.636 

5.712 

12.884 

c\ 

0.372 

2.086 

3.290 


1.991 

0.167 

0.127 

^1 

21.831 

11.348 

20.187 

Ci 

3.768 

3.547 

6.831 

Ci 

1.051 

1.265 

2.050 

6z 

- 0.550 

- 0.601 

- 0.201 

X 2 

16.159 

9.712 

15.513 

Total energy 

- 0.51693 

- 2.88780 

- 7.26258 

Correlat. energy 

0.02910 (73%) 

0.02613(62%) 

0.02618 (60%) 

Exact energy Till 

- 0.52775 

- 2.90372 

- 7.27993 

Radial limit [12] 

- 0.51449 

- 2.87903 

- 7.25249 

Best single ( 

- 0.4727 

- 2.84765 

- 7.22266 

Conventional DODS [9] 

- 0.5133 

- 2.8757 

- 7 2490 


In Table 1 the computed total energies and correlation energies are reported 
together with optimum values of variational parameters. The comparison of 
total energies with the uncorrelated best-C single determinant and the DODS 
values of Shull and Lowdin [9], reported in the same Table 1, is satisfactory. 
The fraction of correlation energy here computed are beyond the limit of radial 
correlation. This means that, as expected, the procedure here proposed allows 
the introduction of a significant amount of angular correlation. In the case of 
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H~ the present results (—0.5169 a.u.) are better than the value (—0.5150 a.u.) 
computed by Banyard [10] by his configuration interaction-floating-orbital 
(CIFO) method. The wavefunction considered by this author is closely related 
to (5), buth with important differences. The CIFO function is a complete configura¬ 
tion interaction built from three ls-STO, one of them centred on the nucleus, 
the other two being symmetrically placed at the two opposite sides of the nucleus 
itself. Thus the main differences between Banyard's and the present function 
can be summarized as follows: 1) function (5) has the correct spherical symmetry; 
2) function (5) is equivalent to a restricted rather than to a complete Cl; 3) the 
STO displaced from the nucleus are free to have different exponential factors and 
distances from the nucleus. 

As far as the wavefunctions are concerned, qualitative information can be 
obtained by examining the shape of the two optimized orbitals for each system. 
In Fig. 1 are reported the sections of orbitals <p, and <p 2 for He in a plane containing 
the three centers of the STO’s, together with the corresponding sections of the 
orbitals optimized by Shull and Lowdin in the conventional DODS scheme [9], 



Fig. 1. Sections of the optimum orbitals in a plane containing the centers of the STO’s, in case of He. 
Full lines refer to the orbitals described in this paper and dashed lines to the orbitals of Shull and 

Lowdin 
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Fig. 2. Sections of the optimum orbitals in a plane perpendicular to that of Fig. 1. Full lines: this paper; 

dashed lines: Shull and Lowdin 


One of the orbitals is more contracted and localized near to the nucleus, while 
the other is diffuse and has its maximum at large distance from nucleus. This is 
certainly related to the requirement of introducing radial correlation. In Fig. 2 
are reported the sections of the same orbitals in the plane perpendicular to that 
of the previous figure and containing the nucleus. In this case the differences 
among the orbitals are less pronounced. 

It should be pointed out that, relaxing the restriction that <f > 0 and <f> t in Eq. (2) 
are STO’s, one can obtain better energies than those reported above. A simple 
example of such functions was obtained by arbitrarily putting in Eq. (2) 

3 5 

<Pi= Z c J exp(-a J rf i r 2 ) + k l £ c,exp[- 

1=1 1=4 

2 5 

<P 2 = £ c ^exp(— a^ 2 r 2 ) + k 2 £ Cyexp[-a^i(r-^ 2 ) 2 ] 

1-1 1-3 


(6) 
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where the coefficients c j and a } are chosen in such a way as to give, for r], = t\\ =>1, = 1 
and £, = 0, a five terms gaussian expansion of the two “different orbitals for 
different spins” of Shull and Lowdin [9]. The A, rj and 8 parameters were optimized 
for He and the corresponding minimum energy was found to be - 2.89170 a.u. 
corresponding to the 71% of the correlation energy, to be compared with 62% 
reported in Table 1. The function defined by orbitals (6) could certainly be improved 
or extended. Unfortunately this problem appears to be complicate and brute 
force optimisation of many non linear parameters seems to be unavoidable. For 
these reasons it was decided not to pursue this approach further. 

Application to Excited States 

It follows from the previous discussion that the present method, in principle, 
can be applied to states of symmetry different from that of the ground state as 
well. To test the applicability of the method, we have computed the total energy 
of the ' P state of He atom. The trial function used is again of the type (5), with 
the projector replaced by the appropriate one for this state, O l0 . The Is function 
centered on the nucleus has been approximated again by a three term gaussian 
expansion according to McWeeny [4] and Huzinaga [5], while the orbitals at the 
distance 8, have been approximated by the following two-term expansion 

tp, =0.82018exp[ -0.131373(r—a,) 2 rjf]+0.274057 exp[ -0.852787(r-a,) 2 ] (7) 

where r\, is a scaling parameter. This two-term expansion roughly simulates the 
radial part of a 2 p Slater orbital. With this simple wave-function a total energy 
of -2.10768 a.u. has been obtained 1 , which compares favourably with the 
experimental value of -2.12384 a.u. It must be underlined that the value com¬ 
puted here was obtained from an impure state function *P built on only with 
Is Slater functions. Nevertheless the projected wavefunction O 10 'F can be 
considered, on the basis of the energy value obtained, a reasonably accurate 
wavefunction for 'P state of He. The energy value could certainly be improved, 
using in the wavefunction orbitals of p type together with orbitals of s type. 
Here we wanted only to show that the method can be satisfactorily applied 
to states of symmetry different from that of the ground state and we believe 
that the computation just described fulfills this purpose. 

Acknowledgments. The authors thank the CNR of Italy for financial support The numerical 
computations were carried out on the CDC 6600 Computer of Bologna University. 
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STO double-zeta SCF wavefunctions for various configurations of the H,0 2 associate have been 
computed. Results are discussed and compared with other authors' similar calculations on gaussian 
bases. 

An electrostatic picture of the monosolvation of H 3 0 + is proposed as a fairly satisfactory one. 


In a previous paper of this series [1], hereafter referred to as I, a simple electro¬ 
static procedure for obtaining a first order picture of the conformational energy 
of hydration adducts was tested on the water dimer, where the association energy 
is about 5kcal/mole. In the present note we make a similar test on H 3 0 f H 2 0 
where the association energy is considerably larger, about 40 kcal/mole. 

As in Paper 1, the test is performed by comparing the results of the electrostatic 
procedure with a picture of the conformational energy obtained by “ ah initio ” 
SCF LCAO MO calculations on the whole associate. 

In contrast with / the internal geometries of the partners are not kept fixed 
at the experimental ones because the association energy range does not allow one 
to neglect the hypothesis of sensible deformations. 

All SCF calculations have been performed on a double-^ STO basis set 
(( values for O in Ref. [2], for H in Ref. [3]). Such results may be used as a control 
of the compatibility of SCF geometry optimization via limited basis sets. There 
are, in fact, analogous investigations on the same associate relying on GTO basis 
sets of different complexity [4-6], The essential information of the search for the 
best geometries is collected in Table 1. 

The results on H 2 0 and H 3 0 f show that double-^ STO basis sets give 
sufficiently correct geometries which compare well with the best calculations 
[7-8], 

The optimized structure of H 5 0 2 belongs to the D 2i symmetry group, i.e. 
it is linear with staggered terminal hydrogens, the other hydrogen lying at the 
molecular centre (see the model at the top of Fig. 1). The same disposition was 
found to be the optimum one also in Refs. [4-6], Optimization of geometry was 
made in Ref. [6]: the best values quoted are Jot, = 0.95 A, r 0 _ 0 = 2.36 A, a- 115". 
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Eig. 1 lrcnd of the interaction energy Tor rotations of the liOIl molecule, as shown at the lop of the 
figure. The curves may be fitted by the following quartics (0 in radians, energy in atomic units): Eq. 1 
/v w '* /•**((» ~ 0.012736 fl J +0.002487 0*. Eq. 11 £ R, (0)- £ m (0) = 0.006561 0 2 + 0.005519 0*. Eq. Ill 

E"(0) - E"(0) - 0.011706 0 2 + 0.003010 0* 


Table 1 



HjO 

H s O * 

h,o 2 ' 

E(a.u.) 

- 76.00574 

- 76.30141 

- 152.37793 

r o ii(A) 

0.962 

(0.958) 

0.970 

0.966 

^HOH 

108.8 
(104.52 ) 

120' 

114 4" 

r o o(A| 



2.36 

hydration energy d 

- 

185.5 

44.4 

(kcal/mole) 


(172* \ 




\188.4 **/ 

138.57 


Experimental values in parenthesis. 

Ref. [9|. b : [10],[11], all corrected Tor zero-point energy. 
J W.tH,.. 1 0. , ) = tlHj.. 1 0.'l-ElH,. 


The total energy of H s 0 2 and binding energy AE relative to H 2 0 and H 3 0 + re¬ 
ported in Table 1 are to be compared with those found by Kollman and Allen [4]: 
£=- 152.36230 a.u.. AE = 36.9 kcal/mole. by Kraemer and Diercksen [5]: 
- 152.42848 and 32.3. by Newton and Ehrenson: - 152.1791 and 44.0. 
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The influence of the optimization of the internal geometry of the partners 
may be illustrated by examining the investigation made by Kraemer and Diercksen 
[5] on two possible reaction paths: a) H 2 0 and H 3 0 + approach each other 
retaining their internal geometries, b) two water molecules (at fixed internal 
geometries) approach each other keeping a proton fixed midway between the 
two O atoms. The minima they found are at r 0 _ 0 = 2.47A for case a) and 
r 0 _ 0 = 2.39 A for case b), their difference in energy favouring b) by 0.6 kcal/mole. 
Furthermore a displacement of the proton along the 0-0 axis in the b) structure 
shows a very slight double well character. 

Our results are very similar to those of Ref. [5] for large 0-0 distances. 
Near the equilibrium, if one releases the internal geometries of the partners, 
the difference between a) and b) structures increases notably. According to our 
calculations the difference between b) (r 0 _ 0 = 2.45 A) and a) (r 0 _ 0 = 2.36A) is 
about 4 kcal/mole and further, the double well character of the proton displace¬ 
ment curve in b) structure disappears, leaving a very flat minimum. Such differences 
in stability between the two structures a) and b) show how in the present case 
geometry deformations are essential: it is, therefore, questionable whether the 
electrostatic assumption of Paper 1 may be still supported. Since the associate 
considered here may be regarded as a limiting case in the set of monohydration 
associates M + H 2 0, where M + is a molecular ion, it is convenient to elucidate 
to what extent the electrostatic approximation is still valid. Simple estimates 
based on the interaction of a point dipole (H 2 0) with a point charge (H 3 0 + ) 
have already shown [6] how it is possible in such a way to allow for about 70% 
of the interaction energy. A less naive approximation considers the two entities 
H 3 0 + and H z O at the geometries of the associate (see Table 1) and calculates 
fully the electrostatic energy between them. Rotations of one of the partners 
around the corresponding O nucleus give an electrostatic picture of the potential 
energy hypersurface around the minimum. Such a picture is in fairly satisfactory 
accordance with the SCF one. 

As an example Fig. 1 shows the energy hypersurface section corresponding 
to the rotation of H z O around the axis visible in the figure. Curve I provides the 
SCF section, curve II the electrostatic one. 

The application of point charge models performed in Paper I would not be 
appropriate in this case. A larger interpenetration of the charge clouds leads to the 
possibility of there being different models of the H 2 0 molecule, all reaching the 
same degree of reliability, as defined in 1, which gives erratic results. Introduction 
of polarization effects is more influential in the present case. Curve III of Fig. 1 
corresponds to a picture allowing for also the polarization (Hartree SCF function). 
The larger difference of £„, — £, with respect to £„ — £, is offset by a better ap¬ 
proximation to I as far as curvature in the minimum region is concerned (compare 
the fitting with quartic curves reported at the bottom of Fig. 1). 

In conclusion, it seems that the validity range of the electrostatic assumption 
may be extended to associates involving also “strong” hydrogen bonds, whereas 
the ultrasimple charge point model of Paper I seems to be too poor an approxima¬ 
tion in such cases. 

Acknowledgments. It is a pleasure for the authors to thank Professor E. Scrocco and Professor 
J. Tomasi for continuous and stimulating discussions throughout this work. 
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In this paper we present a theoretical study of radiationless transitions in a small molecule em¬ 
bedded in a dense inert medium. Two extreme situations of the molecule-medium coupling were 
considered, involving the case of zero displacements of the medium modes between t.\e two electronic 
states (i.e. the Shpolskii matrix) and the limit of strong molecule-medium coupling. The Fourier 
transform of the non radiative decay probability of a small molecule in a Shpolskii matrix involves 
exponential damping, while for the strong coupling situation Gaussian damping is involved. In the 
case of the Shpolskii matrix the decay rate of a small molecule can be expressed in terms of an infinite 
series where each term corresponds to a product of an (intramolecular) Poisson distribution and a 
(medium induced) Lorentzian distribution. The Lorentzian widths were explicitly expressed in terms 
of the vibrational relaxation widths. The Robinson-Frosch formula can be obtained for the extreme 
case of near degeneracy in a Shpolskii matrix. In the limit of strong molecule-medium coupling the 
decay rate of a small molecule can be recast in terms of an infinite sum where each term involves a 
superposition of a Poisson distribution and a Gaussian distribution. The medium induced Gaussian 
distribution is determined by intramolecular phonon broadening. We have elucidated some new 
features of the electronic relaxation of a small molecule in a dense medium pertaining to the problem 
of off-resonance intramolecular coupling which modifies the energy gap law and the deuterium iso¬ 
tope effect. 

Strahlungslosc Obergange in cinem kleincn Molckiil. das von cinem dichten inerten Medium 
umgeben ist, werden untersucht, wobei zwei GrenzfHlle bei der Kopplung Moleklil/Medium zu- 
grunde gelegt werden: keine Verschiebungen der Medium-Bewegungen beim Obergang (d.h. der 
Shpolskii-Matrix) einerseits und starke Kopplung Molekiil/Mcdium andererscits. Die Fouriertrans- 
formierte filr die Wahrscheinlichkeit des strahlungslosen Zerfalls eines kleincn Molekiils in Form 
einer Shpolskii-Matrix schlieBt exponentielle Dampfung ein, wohingegen bei starker Kopplung die 
Diimpfung einer Gauss-Funktion entspricht. Im ersteren Fall laOt sich der Zerfall als unendliche 
Reihe von Produkten einer intramolekularen Poisson-Verteilung mit einer vom Medium induzierten 
Lorentz-Verteilung formulieren, wobei die Lorentz-Breite explizit mittels der Schwingungsrelaxations- 
breiten angegeben wird. Die Robin-Frosch-Formel ergibt sich lur den Grenzfall dcr Fastentartung 
der Shpolskii-Matrix. Bei starker Molekiil-Mcdium-Kopplung laBt sich der Zerfallsverlauf als unend¬ 
liche Summe von Cberlagcrungen von Poisson- und Gaussverteilungen angeben. Dabei wird die 
Medium-induzierte Gauss-Verteilung durch die intramolekulare Phononen-Verbreilerung bestimmt. 
In diesem Zusaramenhang zeigten sich einige neue Gesichtspunkte fUr die elektronische Relaxation 
kleiner Molekillc in dichten Medien, wie z. B. das Problem von Nicht-Resonanz bei intramolekularer 
Kopplung, wo der Satz vom Energie-Sprung und der Deuterium-lsotopie-Effekt modifiziert werden 
miissen. 

!. Introduction 

In considering the implications of intramolecular interstate coupling on the 
radiative decay of electronically excited states of polyatomic molecules, it is 
important to realize that the existence of interstate coupling provides a necessary 
but by no means a sufficient condition for the occurrence of an intramolecular 
electronic relaxation process. Intramolecular non-radiative decay is exhibited in 
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the statistical limit for excited state of “isolated” large molecular which are cha¬ 
racterized by a large energy gap (~ 1 eV) [1], In the case of small molecules in the 
low pressure gas phase no intramolecular relaxation occurs, while the effects of 
intramolecular coupling are exhibited as follows: a) A complex molecular absorp¬ 
tion spectrum of some triatomic molecules [2] (i.e. N0 2 ) is observed, which 
may be sensitive to external fields ( 2 Z - 2 /7 mixing in the CN molecule [3]). 
b) Anomalously long radiative decay times of the first spin allowed excited states 
of some triatomic molecules (i.e. N0 2 , S0 2 and CS 2 ) [4] are observed, while the 
emission quantum yields are unity. 

One can extend the concept of the decay of electronically excited states of a 
“small molecule" to include the following two categories: 

1. Electronically excited states of diatomic and triatomic molecules (i.e. N0 2 , 
S0 2 and CS 2 ), which are characterized by a small number of vibrational degrees 
of freedom. 

2. Electronically excited states of some large molecules which are characterized 
by a small electronic energy gap. Such excited states will exhibit the small molecule 
case encountered within a large molecule [5]. Experimental verification of this 
theoretical prediction was recently obtained for the radiative decay of the second 
excited singlet state of 3,4 Benzopyrene [6] and of naphthalene [7] (where the 
S 2 ~S, energy gap is ~3000cm“’) and of the lowest excited singlet state of 
Bcn/ophcnonc [8, 9] (where the S t — T, energy gap is 2800cm ') in the low 
pressure gas phase, which exhibit anomalously long radiative decay times (rela¬ 
tive to the expectations on the basis of the integrated oscillator strength). 

Most of previous theoretical work on electronic relaxation in large molecules 
focused attention on the "isolated" molecule in the statistical limit [I]. Little 
theoretical attention has been devoted to medium effects on electronic relaxa¬ 
tion of a guest molecule. Consider the simplest model for an “inert" medium 
which is characterized by the following features: 

1. It docs not modify the relevant energy levels. 

2. It does not affect the interstate coupling matrix elements. 

3. It docs not provide promoting modes for electronic relaxation. 

Thus the electronic wave functions of the guest molecule are practically invariant 
with respect to charges in the medium nuclear coordinates. 

Such an “inert" medium may affect the electronic relaxation of a guest mole¬ 
cule as follows: a) It may provide accepting modes for the intramolecular decay 
process. The equilibrium configurations of the medium phonon modes (and 
their frequencies) usually vary between different electronic states of the impurity 
molecule. Indirect information concerning this effect may be obtained from the 
phonon broadening of optical lines of impurity molecules in inert matrices [10]. 
It is well known that the low lying excited electronic states (where the contribu¬ 
tion of intramolecular decay to the linewidth is small) in mixed crystals and in 
hydrocarbon matrices exhibit appreciable phonon broadening, and only in 
special cases [11] (which are referred to as Shpolskii matrices) the equilibrium 
configurations of the medium phonons do not vary between the ground and the 
electronically excited states. We may conclude that in many cases of physical 
interest low frequency medium vibrations may act as accepting modes in the 
electronic relaxation process, b) The medium provides a heat bath for vibrational 
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relaxation of the intramolecular vibrations. This vibrational relaxation (and vibra¬ 
tional excitation) processes may occur both in the initial and in the final electronic 
manifold. 

In the statistical limit the non-radiative decay probability (in the weak elec¬ 
tronic vibrational coupling limit) is dominated by the high frequency vibrational 
modes [12], whereupon the contribution of the low frequency medium accepting 
modes is negligible. Furthermore, it is asserted that in the statistical limit the 
vibrational relaxation in the final dense electronic manifold does not affect the 
non-radiative transition [13]. Thus the non-radiative decay of an individual vib- 
ronic level in the statistical limit is unaffected by an inert medium. From the 
experimental point of view provided that the vibrational relaxation process (in 
the initial electronic manifold) is fast on the time scale of the electronic transition, 
the non-radiative decay probability in an inert medium is obtained in terms of a 
thermal average over the decay of the individual vibronic levels of the isolated 
molecule. 

The situation is drastically different in the small molecule case. As is well 
established both experimentally and theoretically an isolated small molecule 
does not exhibit intramolecular electronic relaxation [4], while external pertur¬ 
bations (in the gas phase or by a dense host matrix) may induce a non-radiative 
decay process [14- 22]. The relevant experimental evidence may be summarized 
as follows: a) From the study of the emission spectra of NO in rare gas solid 
matrices experimental evidence was obtained for the a 4 /7-x 2 /7 intersystem 
crossing [14], The lifetime of the quartet state in Ne, Ar and Kr was found to be 
156, 93 and 35 msec respectively, and this shortenting of the lifetime can be assig¬ 
ned to externally induced spin orbit coupling which enhances the non-radiative 
decay. It should be noted however that this interpretation is not conclusive as 
the enhanced spin orbit coupling can also reduce the pure radiative decay time 
of the « 4 /7 state, and quantum yield experiments are required to resolve this 
point, b) A strong temperature dependence of the phosphorescence (T,->S 0 ) 
intensity of S0 2 in inert rare gas and molecular matrices intitially excited to the 
S, state was reported [15], while the T, -*S 0 radiative decay times were tempera¬ 
ture independent. These results were interpreted in terms of the temperature and 
medium effects on the rate of the T, ->S 0 intersystem crossing, c) The S, state of 
the benzophenone molecule, which is separated by a small (~ 2800cm' 1 ) gap 
from the T, state, exhibits ultrafast S, - T, intersystem crossing in solution [16] 
(fluorescence quantum yield ~ 10 6 , non-radiative decay rate from the vibra¬ 
tionless S, level ~5psec). On the other hand efficient fluorescence from the S, 
state is observed from the isolated benzophenone molecule [8], which exhibits 
predominantly the features of strong interstate S, — T t coupling as is the case 
for small molecules. 

The theoretical treatment of the non-radiative decay of a small molecule 
embedded in a medium pertains to the following theoretical problems: a) The 
conventional golden rule rate formula, or related expressions, which are ade¬ 
quate for the treatment of the statistical limit, are not of general applicability 
for the electronic relaxation of a small molecule embedded in a medium. This 
point was not always realized and some authors [17, 18] have used second order 
perturbation theory to handle non-radiative processes in small molecules with- 
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l r > I" 1 ) 

tig. 1. Scheme for consecutive decay. |s> initial molecular state; |r> - radiative continuum; |l> 
sparse intramolecular manifold; |m> medium states 

out proper modifications. It should be pointed out that the pioneering work of 
Robinson and Frosch handled the vibrational relaxation in the final manifold. 
The Robinson-Frisch formula [19] for the non-radiative decay probability 
W = {2nlh<x)Y.I% (where /!„ are the intramolecular coupling matrix elements, 

if 

while x is the vibrational relaxation width in the final manifold) is valid only 
for special cases and is inadequate for the small molecule case. Recently Taka- 
hashi and Yokota [20] attempted to consider the decay of small molecules by 
an ad-hoc inclusion of a vibrational relaxation rate into the Kubo-Toyozawa 
generating functions formalism, and provided a distinction between the small 
molecule and the large molecule case in terms of the corresponding vibrational 
relaxation width, b) When the medium does not supply accepting modes, the 
non-radiative decay rate of a small molecule may be considered in terms of a 
consecutive decay prcccss. Flere the initial molecular state is intramolecularly 
coupled to final molecular states which in turn decay by vibrational relaxation 
which originates from inlermolecular coupling to the medium states, c) The con¬ 
secutive decay process for a small molecule can be described phenomenologi¬ 
cally (sec Fig. I) by assigning a vibrational relaxation width to the final molecular 
states. A more elaborate model should involve the details of the vibrational 
relaxation process [21], 

In this paper we explore the problem of electronic relaxation of small mole¬ 
cules in a dense medium. In the first stage of this treatment we consider the idealized 
situation of a Shpolskii medium [10] whereupon the medium vibrations do not 
provide accepting modes. In this context we shall attempt to resolve the following 
problems: a) To establish the criteria for the validity of an exponential decay 
law (described in terms of the golden rule rate constant) for a small molecule 
subjected to a consecutive decay process, b) To elucidate the effects of vibrational 
relaxation on electronic relaxation of small molecules. We shall demonstrate 
that in general the decay rate of a small molecule will exhibit a linear depend¬ 
ence on the (medium induced) vibrational relaxation width, c) To clarify the 
connection between the consecutive decay scheme and the Robinson and 
Frosch expression [19], Only in the rare and special case of accidental degeneracy 
between the initial and the final molecular vibronic states, a reciprocal relation 
is expected to exist between the decay rate and the vibrational relaxation width, 
d) To study the contribution of the vibrational relaxation width to the non- 
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radiative decay rate of a small molecule in terms of a harmonic model which 
considers vibrational relaxation as a ladder process. 

In the second stage of the present treatment we shall relax the restinction of 
a Spolskii medium and consider the role of medium modes as accepting modes 
for the electronic relaxation of a small molecule. This physical situation will 
bring back the features of the statistical limit whereupon the electronic relaxa¬ 
tion rate will be independent of the vibrational relaxation rate for intramolecu¬ 
lar and intermolecular vibrations. 

2. Model System 

We consider non-radiative relaxation of a molecule embedded in an inert 
dense host matrix. We do not need to concern ourselves with the relatively com¬ 
plex description of relaxation by collisions but rather consider coupling of the 
guest molecule to the medium phonons. The Hamiltonian of the system may be 
conveniently factorized into the molecular Hamiltonian (which in itself consists 
of the Bom Oppenheimer Hamiltonian, H bq, and a term H v responsible for the 
non-adiabatic coupling), the medium Hamiltonian // Med , an interaction term, 
ff“,, between the medium and the molecule 

f/ = « B0 + f/ v + // Med + //" (2.1) 

Our molecular model will be similar to that presented in previous work. We 
shall also apply the same notations (see Ref. [21], Section 2). 

Utilizing some approximate symmetry arguments it may be demonstrated 
that within our model: a) Interference effect resulting from the coupling of different 
levels to the same medium levels, are negligible, b) Intramolecular interference 
effects will be neglected, c) We consider the fast vibrational relaxation limit, 
whereupon electronic relaxation is slow on the time scale of vibrational relaxation. 

These basic assumptions will be utilized to handle the phenomenology of the 
non-radiative decay of a (large or small) molecule in an inert medium which 
does not provide accepting modes (Section 3). These results are then applied in 
Section 4 for the non-radiative decay of a small molecule in a Shpolskii matrix. 
In Section 5 we consider the details of the vibrational relaxation (induced by the 
term) and its effect on the electronic relaxation of a small molecule in a 
Shpolskii medium. Finally we consider (Section 6) a medium which provides 
accepting modes, whereupon the electronic relaxation of a small molecule is 
now reminescent of the statistical limit. 

3. Theory of Consecutive Decay 

In this section we shall briefly consider the problem of the time evolution of 
an “initially prepared” state |s/> subjected to a coupling scheme represented by 
Fig. 1, which has been previously handled by Freed and Jortner [22] who utili¬ 
zed the Green’s function technique, and more recently by Nitzan et al. [5], using 
the Wigner-Weisskopf method. The Green’s function method is based on the 
observation that the time evolution of an initially prepared state |si> is given 
by the Fourier transform of the diagonal element <si|G|si> of the Green’s operator 
for the system, G = (E —H+ irj)~ l , and that the decay characteristics 
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of this state arc determined by the complex poles of this diagonal matrix element, 
whose explicit form in our model is (see Appendix A) 


<s/|G|si> = (E— £ u .+ i-r, 


„(£)+y AJE) 


- 1 


(3.1) 


where /’„(£) is a smooth function of the energy E which is nearly a constant in 
the vicinity of £ « E sl and whose magnitude for £ = £ sl corresponds to the radia¬ 
tive width of the state |.s/>; and where d H (E) is given by 


d„(E) = 2£ 

j 


ir^HXu/ 

(£-£,/ + irfj 


(3.2) 


is the width of the state |/ ( > due to its coupling with the medium states (strictly 
speaking this is a smooth and nearly constant function of £, near £ = E u ). £,, and 
E h arc the modified (by the appropriate level shifts) energies of the states |si> 
and \lj/ respectively. 

The crucial point is now the form of /!„(£) as a function of £. Freed and 
Jortner [22] have demonstrated that the statistical limit corresponds to the 
case in which this function is a smooth and nearly constant function of £. In 
this case it may be shown that the function G sl Eq. (3.1) has only a single pole 
£ -- £, - i i(f„ f AJ. In this case the decay will be smoothly exponential in time, 
and /l„ is the non-radiative contribution to the decay rate. 

A more interesting behaviour results in the situation where A %i {E) is not a 
smooth function of E, which corresponds to the case where the density of states 
in the manifold {|//>} is low. This case is much more difficult to mathematical 
treatment (a general exact solution has been obtained [5] only for the case where 
the manifold {]//>} consists of one state only). However it will be sufficient to 
consider the time evolution of the system in two important limits, a) The strong 
intramolecular coupling limit characterized by 

(W,)«.(, I M£,y-£./l (3.3a) 

where )//> and |//') are two adjacent levels in the {|//>} manifold, b) The weak 
intramolecular coupling limit which is defined by the inequality for all j. 




Eji ~ Ely + — 


(3.3b) 


A small molecule embedded in a dense medium where fast vibrational relaxa¬ 
tion occurs can be often described by the weak coupling limit. If the density of 
states in the {|//>} manifold is low (for example in a diatomic or in a triatomic 
molecule), the term j E ti - £ (J | is sufficiently large to satisfy condition (3.3b) (ex¬ 
cluding cases of accidental degeneracy). Even if this is not the case, the other 
term If,,— r 0 | in which r tj ~ 1 — 10cm -1 > r ti will in most cases be much greater 
than KHpL.iil- We may thus conclude that the relaxation of a molecule in a medium 
will correspond in most cases to the weak coupling situation. 1 

1 In the case of a strong coupling situation a prediagonalization of the strongly coupled levels 
should be performed. A discussion of this situation is provided in Refs. [S. 9]. 
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The time evolution of a prepared |si> state in our model has been evaluated 
by Nitzan et al. [5], and is given by 


I<V(0 l*'>l 2 = e*P(-/*)+£ TF}r ~ F\ T + interference terms (3.4) 

where ip(t) is the state vector of the system at time t given that y>(0) = |si) • f* 
is given by 


j 






(3.5a) 


(see also Eq. (A.l 1)), while y lJ takes the form 


i) _ r I (HX./ir.j-rj 
7 ,j (E'-Etf + ttr^-r ,,) 2 ' 


(3.5b) 


The interference terms in Eq. (3.4) decay as exp( — \y lJ t). Now 
ling limit, we have 


y v> = T tj P f‘ 


in the weak coup- 
(3.6) 


which is also consistent with the restriction that vibrational relaxation is faster 
than the electronic transitions. In this case the time evolution of our system will 
be essentially characterized by the exponentially decaying term exp( - y*'f), as 
the other terms in Eq. (3.3) are characterized by much smaller amplitudes and 
also decay much more rapidly. 

We conclude that our model molecule subjected to weak coupling conditions 
and to the restriction that relaxation due to the coupling with the medium is 
much faster than the radiative decay, i.e. r tj P /" J( for allif prepared initially in 
the state |s/> will decay exponentially with a decay rate given by Eq. (3.5a). The 
non-radiative decay rate is thus 


w = Lv_ \(H Xjj\ 2 r u 

” h ^ (E^-V + ir ,,/ 2 ) 2 


(3.7) 


where T,, has been neglected relative to r tJ . The result (3.7) is a slight generaliza¬ 
tion of Fermi’s golden rule. The latter is obtained in the limit r l} — 0 and when 
{(//)} is a continuous manifold of states. An alternative derivation of (3.7) using 
sum rules for non-radiative decay is given in Appendix B. 

Returning to Eq. (3.7), it is easy to show that with the simplifying assumption 
that r,j is a constant over the manifold {]//>} 


r tj = f, for all j . 


(3.8) 


Eq. (3.7) may be expressed as a Fourier transform of a generating function. To 
achieve this goal we note that a Lorentzian may be expressed as a Fourier trans¬ 
form in the following way 


(E si - £,/ + (F/2) 2 


= r J ^ ex P 
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where the variable t has dimensions of time. Thus Eq. (3.7) may be recast in the 
form 




1 T 

p S dte *p 

1 ■* 

p j dt exp 


(- I IW.k// exp [y(£«j- 

EJ 


( h 1 2h w)lKH.lrf.wl 2 « p 

-(E'j-V) 


(3.9) 


where 


AE — E, o — £((, 


(3.10) 


corresponds to the energy gap between the pure electronic origins of the two 
electronic manifolds, and where E\ and £;’ are vibrational energies above the 
corresponding electronic origins. 

Averaging now over the initial distribution, we obtain 


where 


<wOr = 



® I Pi 11<exp 

i J 



it 

h 


(E'i~E’)\ 


P, = Z 1 exp (-//£)) 

Z= £exp(-//£*); /? = (*,£)-£ 

i 


(3.11) 


(3.12) 


We note that Eqs. (3.9) and (3.11) yield rigorous expressions for the non-radia- 
tive decay rate also for the statistical limit case. It also applies for the isolated 
molecule case, where now £ will correspond to the infrared and or radiative 
width of the levels |//>. The results previously obtained [12, 23-24] which have 

not included the factor exp|- ^ |f|j in the generating function where concep¬ 
tually deficient as, bearing in mind that we actually handle a quasicontinuum 
and not a real continuum, the result with £ = 0 will diverge at any point where 
exact conservation of energy occurs, as is easy to see from Eq. (3.7). However, 
as wc shall demonstrate elsewhere, the non-radiative transition probability in 
the statistical limit does not depend on £ and reduces to the previously obtained 
results of Lin and Bersohn [24], Englcman, Freed and Jortner [12] and Fisher 
[23]. 

The sum over / in Eq. (3.9), and over / and j in Eq. (3.11) may now be evaluated 
using the Green’s function (or density matrix) expression for the harmonic oscil¬ 
lator. or alternatively the Feynman’s operator calculus together with a simple 
closure relation. 

The result may be written generally in the form 


] dt exp | — i t —~ |t|j F(f), (3.13a) 

Wr- p- [ ^exp(-i-- £ f- |f|j<E(f)> T (3.13b) 
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where expressions for F(t) and F(t) have been previously obtained [12b, 25] for 
a molecule characterized by identical displaced potential surfaces: 


F(t ) = i£ IC5I 2 «P (~ X J 4/ 

» \ * ! -«■ 


■ {[(”«+ l)exp(ift) x f)+r Jx exp(-i{o x f)]} exp 


X (^d^/2) exp(*co M r) 
- * 


® n (»«,>* x (-^) 2r 

r - 0 


[1 — cos (a>,t)] r 
(^-r)!(rf) 2 


(3.14a) 


<F(0>r- iX ICSI 2 ex P j- i X ^ 2 (2<®„>r + »J 


(3.14b) 


Ti 

<g) f dt |{[coth(/Ma> J(/2 ) + l]exp(ico„r) + [cothO?/ito„) - l]exp(- iw x f)} 

® expp X dj «»„> + l)exp(ia)/) + iX * 1 ? O,.) exp(-ioy)]} 


and for a molecule characterized by displaced potential surfaces which differ 
also in the frequencies of the normal modes [12b, 26], The result for this case in 
the zero temperature limit is 


<F(t)> 0 = i I |Q| 2 n (/*,)' 1/2 exp[ia) lK t-i6 M t] 

K H 

® [I j 1 + (1 4 Cl - exp(2ico„t)]J 


<g> exp 



__ P* A llL~ exp(»%03 ) 

1 + + l)exp(/ftj ((J t)J 


(3.15) 


An approximate result for for any i is given in Ref. [26]. In these expressions 
v m is the initial population in the mode n while <r M > r = [exp(/tow,,) - 1], CJ, is 
the electronic matrix element [12], u>, x and co J(J are the frequencies of the mode 
(i in the l-t h and .s-th electronic states respectively. Finally, <5„ and /?„ are defined 
by 

It is important to note that expressions (3.14) and (3.15) are valid for both large 
and small molecules interacting with an inert medium and subjected to the con¬ 
ditions (3.8) and (3.3b) (the last condition is not important for the large molecule 
case). We now turn to study the particular characteristics of the small molecule 
case. 
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4. The Small Molecule Case 

It has been asserted in Section 3 that within the restrictions imposed by the 
weak coupling limit, a small molecule embedded in a medium, if initially pre¬ 
pared in some excited electronic-vibrational state will exhibit an exponential 
non-radiative decay (basides its radiative decay). The non-radiative decay rate 
is given by Lq. (3.13b). 

In order to handle F.q. (3.13b) analytically we shall consider the simple mole¬ 
cular model system characterized by identical frequencies in the two electronic 
states which just differ in their origins. The non-radiative decay probability in 
the zero temperature limit is (taking for the sake of simplicity the contribution 
of only one promoting mode) 

exp^-X^J (4.1) 

where the vibrational integral has the form 

J - J dt exp | - ‘ (A E- h(uj t + £ exp(/w„f) - 

1 ' ( | 

J dx exp ( - ii:x -t- £ exp(tw„x) - - y|.x| 

f, *N i \ n 



here we have set - - j £ A 2 U . The intramolecular frequencies have been norma- 

ii 

lized by a common divider <% so that v> = --- arc integers and where y = r/w N 

0) N 

while i: = E — ho>Jio N . 

In the small molecule case the exponential damping factor in the integral 
(4.2) cannot be neglected and thus the saddle point method which was popular 
in the statistical limit is now inapplicable. To proceed we now expand the expo¬ 
nent in (4.2) in the form 

N 

exp j£fl (1 exp(f<iJ (1 .\)j = fi exp[a„exp(/«)„x)] 

- £ £ - £ n ££«P0'.w> (4.3) 

"i "0*2-0 ritv-O/i 1 -! 


£exp 

In} 


‘•(l «« 


n 


(n„)! 


where N is the number of vibrational degrees of freedom and £ is a sum over 

(») 

all the sets of any N integers (including zero). We thus obtain 


J = 


1 


to 




n ~rj 1 dxexp|i€x + i £ w - ylxlj 
fi * 1 riji • / — ar l a 1 ^ J. 


(4.4) 
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The integral in Eq. (4.4) is easily performed to give a Lorentzian of width y, so 
that J takes the form of a superposition of Lorentzians 


J = 



(V ! 


(4.5a) 


This expression can be easily transformed to an alternative form which contains 
the conventional energy parameters. Multiplying the numerator and the deno¬ 
minator by h 2 a>l Eq. (4.5a) then takes the form 


J — hY. ( n \2 n 

[AE-hio x -h £ voJ +(r/2) 2 " 


«=i 


CggT l 

V 


(4.5b) 


Eqs. (4.1) and (4.5b) provide an explicit expression for the non-radiative 
transition probability (Eq. (3.7)), where the widths r„ are assumed to be inde¬ 
pendent of the particular vibronic levels |//>, and where the coupling matrix 
elements have been evaluated for the simple model at hand. These expressions 
are still general being applicable for both the small molecule case and for the 
statistical limit. The statistical limit is characterized by the relation 
(where e is the density of states in the |//> manifold). In this case the overlapping 
Lorentzian peaks in (4.5b) yield a smooth function of the energy so that J (and 
<WO) is a smooth function of the energy, being independent of T [13]. 

Turning now the small molecule case we specialize in the simple situation 
where only a single intramolecular vibrational mode acts as an accepting mode. 
This physical situation prevails for spin orbit coupling in a diatomic molecule 
(i.c. A T1 — 2 fJ coupling in NO). Eq. (4.5b) takes the form 


J = h 


I 


r 

TZE-ntitof + [r/ 2 f 



(4.6) 


Provided that the widths of the final states originate from vibrational relaxa¬ 
tion then for the low temperature limit the vibrationless level n = 0 does not 
contribute to the final result and the sum in (4.6) has to be taken over n = 1 ■ • • oo. 

The following comments are now in order: a) The decay rate of a small mole¬ 
cule in a dense medium is expressed in terms of an infinite series where each term 
corresponds to a product of a Lorentzian distribution and of a Poisson (Pekerian) 
distribution, b) In the simple case considered herein the density of vibronic states 
in the final electronic manifold is constant, whereupon only the magnitudes of 
the Lorentzian and of the Pekerian will determine the relative contributions of 
the various terms in Eq. (4.6). For a <, 1 it may happen that the largest contri¬ 
bution to the decay rate of the |s0> level will not originate from the close lying 
10) levels, but rather from low lying |(/> states which contribute via the tails of 
their Lorentzian (uncertainty) distributions, c) In the case of accidental degene¬ 
racy when (d£ - fiaj) 4 F, and provided that a is not too small 2 , the dominating 

J Reasonable order of magnitude estimates are d£=10 4 cm" 1 , hu> = KPcm" \ a~ 1 and 
T~ lcm" 1 . This value of F corresponds to fast vibrational relaxation. 
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contribution to J originates from a single level, whereupon one gets 


and 


J= ~[d d£/na) /(AE/hu})l] 




2 

hr 


|c,,| 2 e- a [a 4E/ha, /(AEfh(o)l]. 


(4.7a) 

(4.7b) 


Eq. (4.7) corresponds to the Robinson-Frosch formula, obtained for our simpli¬ 
fied model system. The main feature of this result is the dependence of on 
the reciprocal of the width r. It is also easy to verify that the result (4.7) is model 
independent, for the case of accidental degeneracy one gets 


J = \{HXuj\ 2 /r,j. 


(4.8) 


Thus the Robinson-Frosch formula is applicable only for the case of near degen¬ 
eracy in a small molecule embedded in a Shpolskii matrix. This theoretical 
result is of little use in real life, d) When accidental degeneracy is not encountered 
i.c. A E — nhu) r, we have 


j-a/T 

it 


i 

(AE - nhot) 2 


a ■ 
n! 


(4.9) 


st> that the non-radiativc probability is linear with the coupling to the medium, 
expressed in terms of the width T. This physical situation may be encountered 
in real life for small molecules in a Shpolskii matrix, e) The energy gap law for 
the non-radiative decay of a small molecule in a dense medium is not expected 
to be of general validity, as in the case for large molecules. If the major contri¬ 
bution to J (and to W) originates from off resonance low lying levels. If will 
vary as (AE) 2 . On the other hand only when the major contribution will origi¬ 
nate from near resonance coupling the usual energy law W ~ a Mtv *“)/(<4£/7ia>)! 
will apply. 


5. Details of Vibrational Relaxation 

Up to this point we have been concerned with a phenomenological description 
of the vibrational relaxation widths of the final molecular states involved in the 
electronic relaxation process. The details of the vibrational relaxation process 
and its effect on the electronic relaxation of a small molecule can be handled 
by considering a simplified model of a harmonic molecule interacting with a 
harmonic medium via interaction terms which are linear in the molecular nuc¬ 
lear coordinates and of arbitrary order (within the rotating wave approximation) 
in the medium phonons [21, 27], The limit of fast vibrational relaxation which 
is of interest for us can be defined in terms of the relation [21] 

> 1 

for all n = 1 N. 

Where r is the time scale and the indices n refer to the vibrational mode. The 
thermally averaged non-radiative transition probability for spin allowed internal 
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conversion in the fast vibrational relaxation limit is [21] 


<WOt= I 2 exp 

<8> | coth 




+ 1 


J dr exp 


— i 


AE 


-4+?(4) 


•«0„> r + l)exp^r- |r|j + y X^<tV> T exp|-ioy- “|f|j 


coth 


m- 


® f dr exp 


— i 


AE 


+•».)>+z(-f-) ,5 ' 


1) 


■ «v„> T + 1) exp |i«y - |f|j + £ d*<t> M > r exp i(o„t - |f|| 


Where CJJ is the intramolecular electronic coupling matrix element induced by 
the y, promoting mode. a> u is the frequency of the /r-th vibrational mode charac¬ 
terized by the displacement A^ and by the thermal occupation number <r„> r . 
The effective electronic energy gap A E x = AE — h(o x is reduced by the promoting 
mode frequency. Eq. (5.1) bears a close resemblance to the thermally averaged 
non-radiative transition probability in the statistical limit except that each fre¬ 
quency is now replaced by the complex frequency u>„ + iy„. 

To simplify matters we consider the electronic relaxation probability of the 
vibrationless level (corresponding to the zero temperature limit of Eq. (5.1)) 
which is given by 


= 2 J,*" Z IQI 2 exp | ■ - £ A * j ) dx |exp - ~ x --~ - y x |x| 


® exp 


T Z cxp(ia) H x - |.x|) 1. 

~ \L J 


(5.2) 


Utilizing the expansion of the exponential function 


exp 


-Z^exptfoyc-yJ.vl) 


= z ex p p (Z n M x ) - z w* w j n -^ti- 


^ = t!tZ IQ! 2 exp - \ I Al 


Eq. (5.2) takes the form 

2i h 

i») 


y*+ Z v* 


H + x 


(AE — hta x — h £ V°mV +Uy*+ Z wy 

V n*x J \ V+* J 


(5.3) 


(5.4) 
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We have thus obtained a generalized microscopic expression for the non-radiative 
decay probability in the fast vibrational relaxation limit. The width of the Ij 
level characterized by the vibrational occupation numbers j = {M} (for the har¬ 
monic model) is given by 

r u = 7* + X %'U < 5 - 5 ) 

ft* H 

The linear dependence of the thermal relaxation widths of the multimode 
harmonic oscillator on the population number is well known [28]. It should be 
noted that Eq. (5.4) is equivalent to the phenomelogical equation (3.2) except 
that now an explicit expression has been obtained (Eq. (5.5)) for the level widths. 
Thus in the small molecule case when a small number of vibrational modes contri¬ 
butes to (5.4) the conclusions derived in section 4 are of general applicability. 

6. The Contribution of Medium Modes 

lip to this point we have disregarded the displacement of the origins of the 
medium modes, assuming that the inert medium does not contribute accepting 
modes for electronic relaxation. In order to extend the relaxation theory of a 
small molecule in a medium we shall consider the small number of intramole¬ 
cular vibrations and the intcrmolecular vibrations on the same footing. Our 
model system consists of a supcrmolcculc with a single intramolecular vibratio¬ 
nal mode (specified by the frequency w and the reduced displacement A) and N 
intcrmolecular modes (characterized by frequencies w, and reduced displace¬ 
ments A,: % - I ••• N). The physical situation now corresponds to the statistical 
limit, whereupon the non-radiative decay probability is independent of the 
vibrational relaxation widths y M . Separating the intramolecular and the inter- 
molecular contributions the transition probability (Eq. (3.13)) takes the form 

---- y, IK’;,| 2 exp - l A 2 - ' X A l 
® J dx exp | .vj ® exp * A 2 expfiVu.v) (6.1) 

1 c- 

<8> exp - ^ A, cxp(i(u,.v) . 

“ X 

The non-radiative decay probability can be expressed in terms of separate 
contributions of the intramolecular high frequency mode and intcrmolccule low 
frequency modes. Utilizing the expansion (4.3) we now have 

W<d = J |2 - I ICS 1 X exp | - ~ 2 d 2 ) ( F(A E„ - no) (6.2) 

where 

1 -* i 

F{A E x — no) = exp — - X A 2 j dx exp - {A E x — no>)x 
“a J - x n 

<8> «p -- X exp(/ru a .v) . 


(6.3) 
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Thus the non-radiative transition probability can be recast as a sum of products 
of the intramolecular Franck Condon factors and the medium contributions (5.3). 
The F functions (5.3) just correspond to the line shape functions at the energies 
(AE X — nw\ which were previously treated in detail [29], Thus the effect of the 
accepting medium modes, amounts to the replacement of the Lorentzian distri¬ 
butions Eq. (5.4) by the equivalent medium line shape functions. 

As is well known from the theory of radiative and non-radiative processes 
in molecules and solids Eq. (6.3) can be considerably simplified in the limit of 
strong coupling to the medium phonons whereupon 

M/2)>1. (6.4) 

OL 

In this case the exponential function in the integral can be expanded in a power 
series of X retaining terms up to X 3 [12]. This procedure leads to the well known 
Gaussian line shape 

* /2n\ 1/2 

F(e) = j dxcxp(ir.x/h)cxp(-D 2 X 2 )= exp[- (e- E M ) 2 /D 2 ] 

where 

D 2 = fth<olAl 

a 

is the second moment of the distribution, while the Stokes shift is 

= (66b) 

a 


(6.5) 

(6.6a) 


Utilizing Eqs. (6.2). (6.3) and (6.5) the transition probability in the strong mole¬ 
cule-medium coupling limit takes the form 


"-(t) 

(g) exp [ — (A E — nfuo — E M ) 2 /£) 2 ] . 


(6.7) 


Thus the non-radiative decay of a small molecule strongly coupled to the medium 
can be recast in terms of a superposition of a Poisson and a Gaussian distribu¬ 
tion. It is important to notice that as in the case of the Shpolskii matrix the non- 
radiative decay probability (6.7) may be dominated by off resonance coupling to 
the tails of the distributions of low lying states in the final manifold. 

To conclude this discussion we would like to point out that a phenomeno¬ 
logical model can be provided which accounts simultaneously for the medium 
broadening D (Eq. (6.6a)) and for vibrational relaxation broadening y„ (Eq. (4.1)). 
Provided that medium accepting modes are not active in intramolecular and 
intermolecular vibrational relaxation the non-radiative decay probability is 
given by Eq. (6.2) which includes both the intramolecular mode and the inter- 
molecular mode. It is easy to demonstrate that when the y„ terms are retained 
Eq. (6.3) will include additional contribution of the form exp £ y.|xfj in 

the integral. In the case of strong molecule medium coupling the Gaussian distri- 
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bution (6.5) is replaced by a Voigt line shape function [30]. Now in this limit the 
phonon broadening will appreciably exceed the vibrational relaxation broaden¬ 
ing, i.e. D > y„ for all n, the Gaussian distribution (6.5) will be regained. 


7. Discussion 

In this paper we have considered the features of the electronic relaxation of 
a small molecule in a dense medium. We have focused attention on two limiting 
cases and considered the limit of zero displacements of the medium modes be¬ 
tween the two electronic states (i.e. a Shpolskii matrix) and the case of strong 
molecule-medium coupling. In both cases we were able to recost the non-radiative 
decay probability in terms of a sum, where each term is a product of an intra¬ 
molecular Franck Condon factor and a medium assisted distribution function. 
In the case of the Shpolskii matrix the latter term involves a Lorentzian distri¬ 
bution while in the limit of strong molecule medium coupling ‘his term involves 
a Gaussian distribution. From the mathematical point of view we can assert 
(hat the I'ourier transform of the non-radiative decay probability of a small 
molecule in a Shpolskii matrix involves exponential damping while in the strong 
molecule medium coupling Gaussian damping is involved. 

The main new features of the decay of a small molecule can be summarized 
as follows: 

a) Interaction of the small molecule with a medium via vibrational relaxation 
or phonon broadening is a prerequisite for the occurrence of non-radiative 
relaxation. 

b) The non-radiative relaxation probability of the small molecule in a medium 
is dominated by the coupling to the medium, being determined by the vibrational 
relaxation width in the Shpolskii matrix or by the distribution width, £>, in the 
strong coupling case. 

c) The electronic relaxation of a small molecule may involve non-resonant 
coupling originating from overlapping widths of low lying final state. 

d) The popular energy gap law will not hold when off resonance coupling 
dominates. 

e) In the case of dominating of resonance coupling the deuterium isotope 
effect in the electronic relaxation will be negligibly small. 

These features drastically differ from the decay characteristics in the statisti¬ 
cal limit occurs via near resonance coupling, which are independent of the medium 
induced widths (y^ or D), which exhibit the energy gap law and the large deuterium 
isotope effect. 


Appendix A. 

Sequential Decay by the Green’s Function Method 

To verify Eqs. (3.1) and (3.2) we start from a model (see Fig. 1) where a single 
molecular vibronic level |s> is coupled to a radioactive continuum |r> and to a 
discrete molecular manifold |/>. The (/> manifold is in turn coupled to a conti¬ 
nuum of level states |m>, assuming that the levels {|/>} do not interfere through 
their interaction with the medium, so that each |/> level is coupled to a different 
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set of (|m)} states. Making use of the Dyson equation 

G + G 0 + G 0 VG (A. 1) 

we obtain the following forms for the matrix elements of the Green’s function 

G„ = + ^ 7 - S (Hl t )„G n + —1— Y (HX G „. (A. 2) 


E — E, E-E, t 


£-E,t 


1 


£-£ f 


(^fnl)rjG u , 


G,.— 


1 («,kc.+ -rVE(«!lG. 


E — E, 


1 


G ~ E-E m *i 


Inserting Eq. (A.5) into Eq. (A.4) we get 
1 


E-£i 


G„ = 


E—E, 


{HXG U + I G r , X (fllkdlUW ® 


£- £„ 


If interference between different 1 and 1' states is neglected we obtain 


G “ E-E 


(H\ c i r V 

+ G|, 2. £ £ 


(A. 3) 
(A.4) 
(A.5) 

(A.6) 

(A.7) 


which after some algebraic manipulations results in 

(HX 


Gi,= 


E-E, + ir, 


FF G » 


where the modified energy 


E, = E, + ppY 


\(H?J , m \ 2 


and the width 


r,-2*2:KHiyi 2 «£-£j 


(A.8) 


(A.9) 

(A. 10) 


are assumed to be weakly dependent on the energy variable E. Inserting now 
Eqs. (A.8) and (A.3) into Eq. (A.2) we obtain after some further algebraic mani- 


pulation 

1 

Gu ~ E-E. + * r.(£) + 4.(£» 

(All) 

where 

. v r.rnj 2 

■ r (e - e,) 2 +(e //2 ) 2 ’ 

(A. 11 a) 


r.=2;rX !(«*„,)J 2 ^(£-£,) 

(A. lib) 
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and where 


£, = £, + pp £ 

r 


E-E, 


2 (E-Emx, 2 

r (£-£«) 2 +(r, /2 ) 2 ' 


(A.12) 


The radiative contributions to the width and level shift of the state s are usually 
nearly constant functions of the energy variable £. Eqs. (3.1) and (3.2) are now 
obtained by replacing the notations |s> and |i> by |si> and |//> respectively. 


Appendix B. Stan Rules for Non Radiative Decay 


The effect of the broadening of the “final" molecular levels |f/> on the non 
radiative decay rate may be obtained in the following less concise but simpler 
procedure. As a starting point we take the well known expression [31] for the 
probability distribution in the dissipative manifold. The probability to be at 
time / = 4 in a particular state |/> of this manifold is given by 


\K 


p __■ */1 

/ (E f -E k ) 2 +(r kl2 ) 2 


(B.l) 


where |/c> is the initial metastable state, with the corresponding decay width 
r k and the (shifted) energy denotes the coupling between the states k 

and /. Summing over all the final states / we obtain (assuming that f is the only 
decay channel) 3 


y p _ y.. _ _ _ j 

7 f ? (£,-£»)*+(r k/2 ) 2 


(B.2) 


This trivial sum rule may be applied to derive an expression for r k provided 
that is may be assumed that F k is weakly dependent on E { . This restriction should 
be recognized as the condition for an exponential decay of the state \k). Assuming 
that this condition is satisfied we may apply Eq. (B.2) to our model taking |fc> 
to be our initial state |.vi> and taking the states {(/)} to be the states which result 
from a partial diagonalization of the “final" molecular levels (1 //>} and the conti¬ 
nuous manifold of medium levels. Denoting the (continuous) medium levels by 
dm)} we have 

!/> = <#./>+ (B.3) 

m 


where the absolute square of the amplitudes afj is given by Fano [32] to be 



\Kj.m\l m = E f _ 

iE,-E tj ) 2 +{r IJI2 ) 2 


(B.4) 


where r l] = 2nQ m J 2 is the width of the level \lj) and where level shifts have 
been neglected. To derive these results one should invoke the assumption that 
each molecular level |/j> decays into its own set of levels {|m>}, namely, that the 
levels |0> do not interfere through their interaction with the medium levels. The 
same assumption has been invoked in deriving Eq. (3.7). 


3 Other independent decay channels will contribute in an additive manner. 
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Assuming further that there is no direct interaction between the initial mole¬ 
cular state|s/> and the medium levels {|m>} (so that the only interaction occurs 
through the molecular levels |//» and utilizing Eq. (B.3) we obtain 4 


Inserting this result into Eq. (B.2) we now have 


(B.5) 


PUu/Kl 2 , 
177 + ~ 


(B.6) 


where y* now replaces r k in order to match the notation in Section 3. 

Utilizing Eq. (B.4) and replacing the summation over / by an integration 
over E f with the corresponding density of states, Eq. (B.6) takes the form 


-L 

2n 


Ef *E, 

u 


m),i.,j\ 2 r tJ _ 

[(£/ - E,i) 2 + (run he, - E tJ ) 2 + (r IJ/2 ) 2 ] 


= 1 . 


(B.7) 


The integral over E f is easily evaluated assuming that r, } does not depend on 
this variable leading to 


r.i _ i y (y* +r u ) 

h ft tT (£„-£,/+ [i(/‘+r I /]- 


(B.8) 


This result corresponds to the physical situation only in the limit r, J <y u . 
Neglecting y* relative to in the r.h.s. of Eq. (B.8) we regain Eq. (3.7). It should 
be noted that if y*' and r tJ were comparable in magnitude, the present procedure 
which is basod on the condition (3.6) leads to an incorrect result as is seen by 
comparing Eqs. (B.8) and (3.5a). 
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The single determinantal Virtual Orbital description of the excited state is compared with the 
excitonic description for an homogeneous chain of n subunits. The single determinant built from 
canonical delocalized MO’s represents the excited state as a "democratic" mixture of Charge Transfer 
excitations; the long distances electron jumps art highly probable while the local excitations within 
the bonds have a vanishing weight when the dimension increases. On the contrary the excitonic treat¬ 
ment (and therefore the Configuration Interaction between singly excited configurations) describes 
the excited state as mainly built from local excitations and Charge Transfer excitations between adja¬ 
cent bonds; the long distance electron transfer probability decreases exponentially with the amplitude 
of the electron jump. Therefore one may say that the Orbital description of the excited state over¬ 
estimates the electronic delocalization in the excited state. It is shown that the fluctuation of the dipole 
moment in the excited state varies as it 1 in the Orbital description while in the excitonic model this 
fluctuation is bounded. 

On compare les descriptions excitonique ct monodeterminantale (dite Approximation d'Orbitale 
Virtuelle) des etats excites d'une chalne homog4ne de ft sous-unit4s. La representation A un scul diter- 
minant A l'aide d'orbitales SCF canoniques d4crit P4tat excitd comme un melange «d4mocratiquc» 
d'«excitations» de transfert de charge: les transferts d'dectrons A longue distance y sont tr4s probables, 
tandis que le poids des excitations locales a Pinterieur des liaisons tend vers zero quand n augmente. 
Au contraire le traitement excitonique (et done Pinteraction de configuration des configurations 
monoexcities) deent Petat exciti A Paide d'excitations locales et d'excitations de transfert de charge 
A courte distance: la probabiliti de transferts A longue distance dfcroit exponenticllement avec Pam- 
pleur du saut. On peut done dire que la description 4 un seul determinant surestime qualitativement 
la delocalisation ilectronique dans Petat excite. On montre que la fluctuation quantique du moment 
dipolaire dans Petat exciti crolt comme n 1 dans la description orbitale. tandis qu'elle reste horn6c 
dans le modile excitonique. 

Die Bcschreibung eines angeregten Zustandcs einer homogenen Kette von n Untcreinheiten durch 
cine Determinante mil virtuellen Orbitalen wird mit der excitomschen Beschreibung vergliehen. 
Die einzclne Determinante, die aus kanonischen delokalisierten MO's aufgebaut wird, stcllt den angc- 
regten Zustand als eine Mischung von Anregungen mit Ladungsiibertragung dar: die Obertragungen 
von Elektronen Ober groBe Entfemungen sind sehr wahrscheinlich. wahrend lokale Anregungen 
innerhalb der Bindungen ein verschwindendes Gewichl haben. falls die Zahl n ansteigt. Im Gcgensatz 
dazu beschreibt die excitonische Darstellung (und somit die Konfigurationenwechselwirkung mit 
einfach angeregten Konflgurationen) die angeregten Zustande hauptsachlich durch lokale Anregungen 
mit Ladungsiibertragung zwischen benachbarten Bindungen: die Wahrscheinlichkeil der Obertra- 
gung iiber groBere Entfemungen nimmt exponentiell mit der Weite des ..Elektronensprungs" ab. 
Man kann deshalb sagen, daB die Orbitalbeschreibung eines angeregten Zustands die Elektronende- 
lokalisierung Uberbewertet Es wird gezeigt, daB die Fluktuation des Dipolmoments im angeregten 
Zustand wic it 1 in der Orbitalbeschreibung variiert, wahrend sie im excitonischen Model) beschrSnkt 
bleibl. 
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Localized Molecular Orbitals are beginning to be widely used for the study 
of ground state properties (total ground state energy 1 , conformational proper¬ 
ties 2 , Electron Spin Resonance 3 and Nuclear Magnetic Resonance 4 coupling 
constants). They have even been used for the study of the stereoselectivity of con¬ 
certed reactions [7,8], i.e. outside of the ground state equilibrium region, for nucle¬ 
ar configurations where the bond definition begins to be ambiguous. 

The main objection against the localized MO's concerns the representation 
of excited and ionized states [9], The idea that the ESCA or ESR experiments 
show the orbital energy or the orbital repartition as physical features, can only 
be regarded as naive. But it is clear that the use of symmetry delocalized MO's 
allows a rather satisfactory single determinantal representation of the excited or 
ionized states, and the adequacy of the delocalized symmetry MO’s for a simple 
single determinantal representation of the delocalized spectroscopic phenomena 
certainly explains the complete domination of the delocalized MO’s methods 
over the research and pedagogic works of quantum chemistry [10]. 

The excited or ionized states may be represented as well from the equivalent 
sets of localized MO’s, using then multideterminantal wave-functions; the exci¬ 
ted state appears then as a linear combination of local single excitations, the 
coefficients of (his combination resulting from a partial Configuration Interaction 
between the local excitations. This is simply the “excitonic" representation of 
excited states, which has received some applications in molecular physics [11-14], 
In some sense the situation may be summarized as follows. 

The use of symmetry delocalized MO’s, generally implies the variational 
diagonalization of a one-electron effective hamiltonian (a Hiickel type one, or 
an Hartree-Fock hamiltonian, with possible modifications of the internal field 
representation in order to get better representations of the excited state). This 
rather blind procedure allows a single determinantal zeroth order representation 
of the excited state. 

- The excitonic model may use chemically meaningfull localized MO’s, atomic 
core orbitals, bonding and antibonding bond MO’s and lone pairs but the 
description of the excited state requires the diagonalization of a partial Cl matrix; 
the blind procedure is simply displaced from the MO construction to the total 
WF construction. 

In the present paper the two descriptions will be compared on a simple model 
case, the case of linear homogeneous polymer. It will be shown that the charge- 
fluctuations (i.e. the probability electron transfers between distant bonds) are 
overestimated in the single determinantal orbital description of the excited state. 

1 For single determinantal approximation, see Ref. [la]; for multiconfigurational perturba¬ 
tive method from SCF' localized MO's, ah initio calculations, see Ref. [2a], semiempirical calculations, 
sec Ref. [2b]; for multiconfigurational perturbative method from non-SCF bond MO's, one must 
quote the scmi-empirical POLO method, see Ref. [3], and a few ub initio calculations, see first Ref. 
of 12a] and last Ref. of [ 3]. 

*’ Ah initio calculations, see Ref. [4]; for semiempirical calculations, the applications of the 
1*01.0 method (Ref. [3]) are too numerous to be quoted here. 

1 The fundamental McConnell relationship was already based on the use of localized MO's, 
ISa]; for some recent ah initio calculations see Ref. [5b]; for semiempirical calculations see the PCILO 
method for localized free radicals [5c]. 

* For ah initio calculations, sec Ref. [6a]; for semiempirical calculations, see Ref. [6b]. 
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1. Tnuntathn of the Sfagte-Detenniwurtal Delocalized Description of the Excitation 

in Terras of Local Excitations 

Let us consider a regular chain of n equivalent bonds. This might be a chain 
of H 2 molecules, or the n bonds of a linear polyene. Let us consider the (SCF) 
localized MO’s on these bonds, p„ and the corresponding antibonding (SCF) 
localized MO’s in the valence shell p r 5 . One may establish easily the expression 
of the occupied delocalized (SCF) MO’s, by diagonalizing the Fock operator 
between the bonding localized MO's. Neglecting end effects, and assuming that 
the Fock operator between non adjacent bonds are negligible in comparison of 
the Fock operator between adjacent bonds. 


<P.|F|P,) = £Vs 

<P.\F\p,+ 1 > = <P.\F\p,- l > = FVs (1) 

<P,|F| P,+r> < F Vs and |r| > 1 

one gets a Fock operator which keeps the form of a Hiickel type topological 
matrix, and the delocalized MO’s Pj are given by 

c * = |Arrf sin 7?r (2) 

The corresponding energies increase when j varies from 1 to n. The form of the 
Fock operator between the virtual orbitals would be the same 


<priFipr>=E*vs 

<Pf 1^1 P?+,) = F*Vs (3) 

<p*|F|p* + ,> = 0 Vs, r> 1 


and the delocalized HF MO’s are given by 


3 



(4) 


The corresponding energies now decrease when n varies from 1 to n, because 
FF * < 0, as may be easily understood by considering the respective phase beha¬ 
viour of the occupied and virtual localized MO’s. 


+ + + + 

Pi Pi + 1 

_+ - _+ _ 

Pf P*+ 1 

Therefore the ordering of the delocalized SCF MO’s is given by Fig. 1, which 
shows the “pairing” of occupied and virtual MO’s. 

5 These SCF localized MO's may be obtained from the usual canonical MO's through any 
localization process, see Ref. [IS], 
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•n«rgi*s 



localized delocalized 

picfur* picture 


Fig I Ordering of the delocalized MO's obtained from the diagonalization of the Hock operators 
lor the occupied and virtual (HF) localized MO's. The dashed lines represent the limit of the orbital 

energies when n tends to infinity 


The canonical and localized descriptions of the SCF ground state determinant 
are given by 

np.^^ru (5) 

i - 1 r * i 

These two descriptions are equivalent since the two sets { p r } and \P t } are obtai¬ 
ned from each other through a unitary transformation [16]. 

N.H. If the p, MO's are SCF localized MO's, the Fock operator is zero be¬ 
tween occupied and virtual MO's (due to the Brillouin's theorem). This is the 
reason why we diagonalized separately the two blocks of the Fock operator. If 
the p, MO’s where fully localized MO’s (as in the PC1LO method and the usual 
excitonic treatments), the Fock operator would not split in two blocks, but the 
diagonalization of the two blocks for occupied and virtual MO’s would still 
give delocalized MO’s very close to the SCF ones, since the SCF localized and 
fully localized MO's are very close [2], 

Then the unoptimized single determinantai representation of the excited state 
(which is frequently called the Virtual Orbital approximation) is obtained by 
the substitution of a virtual MO Pj. to an occupied one In the 2 nd quanti¬ 
zation formalism, this may be written as: 


<P 



= a/. a 0 <P 0 . 


( 6 ) 


Expressing the canonical creation and annihilation operators in terms of local 
creation and annihilation operators (through Eqs. (2) and (4)) one gets an equiv¬ 
alent expression of the excitation procedure 


<P 



2 

n+ 1 


IX sin 


inr 

7T+T 


sin 


jns 

n + 1 




(7) 
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where <P 0 may expressed now as the antisymmetrized product of local MO’s 



2 

n+1 




iitr 
n + 1 


sin 


jus 

n+1 



( 8 ) 


The single excitation from P, to Pj. appears as the linear combination of local 
excitations from the bonds r toward the antibonding MO of the bonds s. These 
excitations may be described in general as electron transfer from one region to 
another. Some of the local excitations, for which s = r, do not imply such an 
electron transfer since they simply represent a (nn*) excitation in the ethylenic 
system of a (double) bond. These excitations (r = s) will be called local excitations 
(LEs) while the former ones (r + s) will be called Charge Transfer excitations 
(CTEs). The CTEs will be characterized by the amplitude of the electron jump 
through the quantity p = |r - s| and identified as P CTE. 

Let us analyze now the relative weight of local and charge transfer excitations 
in the (lowest) excitations. The weight of LE is given by 


^LE 




' . jnr 

sm-— sin 

n+1 


inr \ 2 
n + 1/ ‘ 


(9) 


Since sin 2 a ^ 1 



( 10 ) 


A more accurate calculation gives 



1 

n + 1 


, + /+M 

n+1 


where / is 


bounded by a constant whatever Lj, n. 

Therefore the relative weight of LE in the Virtual Orbital description of 
excited states decreases as 1/n when the dimension n of the conjugated system 
increases 6 . 

On the contrary the weight of the CTE increases towards 1. The excitations 
are treated almost democratically, whatever the distance between the departure 
and arrival bonds, i.e. the amplitude of the electron jump. It will be seen in Appen¬ 
dix 1 that a jump over p intermediate bonds becomes as probable as the local 
excitations when n is much larger than p. 


2 . The Excitonk Wave-Function 

Let us turn back now towards the excitonic model, in order to analyze the 
structure of the lowest excited states. The excitonic matrix appears as built from 

several blocks. One block deals with the LE excitations ^ j and their matrix 

6 These results are not modified by considering the proper S 1 eigenfunctions for the excited state 

<r-'^K,vo 

instead of the single determinant <t> ^ j of Eq (6) 
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elements. For singlet states these matrix elements are essentially transition 
dipole-transition dipole interactions 

) H ^( S s )) =2 (PrP?'P.P?)-(PrP?'P,P ,*)• ( 11 ) 

The second term decreases exponentially with the distance R n between the bonds 
r and s, and the first one decreases as l/R„. For the triplet state the dipolar inter¬ 
action disappears. In both cases one may consider that the only important off 
diagonal elements occur between excitations on adjacent bonds 

(PrP*« Pr 4 lPr* l) ~ (.PrP? > P, - \ P?-l) = t . (12) 

The LE are less energetic than the CTE, as may be seen from the zeroth-order 

A E (**) = <p? | F\p*} - <p r | F|p r > - Jp r p \• + Kp r p* ± Kp r p* . ( 13 ) 

In this expression the difference between the diagonal elements of the Fock 
operator are independant on the distance between r and s, while the charge- 
charge interaction Jp r p* decreases as R~\ Kp r p* decreases exponentially with 
R n but remains always much smaller than Jp r p* and the localized transition 
energies may be ordered in the following way: 


h-MD) < [ AE ‘- jE ( r± rl < V)) 

< • • • < [a E p = A E ( ( ' r ^ P) *)) < < «p*| F|p*> - <p r | F|p r ». 


One may build therefore the excitonic matrix in a basis of localized excited 
determinants in which the LE occur first, followed by CTExcitations between 
adjacent bonds, and so on ... The LE determinants are coupled with the CTE 
ones, through 

(* = <P,P«*I P,*P,> ■ 

If r, s and t are all different this matrix element may be approximated through 
the Mulliken’s approximation 

(* Q H <P ^ = l/2<p,j p*> [<r.v| r*s> + <rt*| r*r*>] (15) 

<p.v| pf*> decreases exponentially as exp(- R„\ and the two integrals decrease 
as R ri 2 and R„ 2 respectively. The matrix element will be negligible except when 
t = r or s* = r *. In such a case 

(+ ( r *)| » (f)) = <F*I F~Jr Ipf > 


( 16 ) 
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If s and r arc adjacent bonds (s = r ± 1), these matrix elements are rather important 

^( r r ')|lf|*( (r *'!-)) 

( r *)l W K(|r ± 1,)) - - < Pj F + 

and we shall keep only these interactions, as we did when diagonalizing the 
ground state Fock operator. In the same way the CTE between adjacent bonds 
are coupled with some CTE at two bonds distances. 

(* + r 1} *)| » j*( (r + r 2) *)|) = < Pr * + ,| F-J r |p r \ 2 > = A 2 

(of'" 1 '/’*) H ^rVij) = ~<Pr\F + n +l) \P^2>=B 2 . 


The structure of the excitonic Cl matrix is shown in Fig. 2. Then, taking benefit 
of the fact that A E 0 < A E\ < A E 2 etc... one may try to search the eigenfunctions 
of the Cl matrix by a two steps procedure. 

a) diagonalization of the Cl matrix of the LE only. This is the original exci¬ 
tonic treatment proposed by Simpson [11]. This step gives some zeroth order 
wave-functions 



Fig. 2. Structure of the excitonic matrix 
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b) perturbation of these zeroth order wave functions under the influence of 
the CTE, through a classical RS procedure. 

Since the Cl matrix restricted to the LE has a Hiickel-type structure, one 
knows its eigenfunctions and eigenvalues 

C ~*('r) ™ h c --l/v?T sin ^T' |19) 

AE^ = /}E 0 + 2b cos . (20) 

n+ 1 

Then one may perturb V'" under the influence of the CTE. The theoretical 
details of such a procedure may be found elsewhere [17], Due to the structure of 
the Cl matrix when one neglects the long distances overlap distributions, the 
first order wave-function Y'J, will only involve the 'CTE, i.e. the CTE between 
adjacent bonds. 


*1=1 \{K h * 




+ VlH * 


(r-l r\\J(r-\r 


x (dE° — dE,)' 1 . (21) 

In order to analyse the relative weight of the LE and CTE in that model, we 
must calculate the norm of the first order perturbed wave-function. 


<ki 2 i<V*»*( 


(r+l)< 


+ ( fJtf# 


(r-lT 






C w ,4 j +■ c m(r 11( B[ 


<^in>= , (AEl-AE 

n + 1 


.r a ‘l (»« ” 

r - i \ n 


mm , m(r+ 1 ) 7 i _ y .. .. 

,+T A ' +Sm it+1 7 ,24 » 


This summation is easy to perform through elementary trigonometrical transfor¬ 
mations and gives 


■ r ‘' r ‘ >- 4 hz 


i \ 2 


+ — 77 - /(«. m) = Af, + -4- /(«, m) (25) 
n + 1 n + 1 


where /(n, m) is a trigonometric function of n and m bounded by a constant. 
Therefore the weight of the CTE in the first order perturbed wave functions 
tends towards a constant when n increases. Since <!P°| IP°> = 1, the ratio of the 
LE in the first order perturbed wave function tends towards a constant 


_ i 

lK\K> + <K\K> 1+*I 


when n -»oc . 
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The further P CTE excitations would appear with exponentially decreasing weights: 
in the first order wave-function the coefficients would imply exponentially decreas¬ 
ing overlap distributions (p r (p ir+p) , and if one only keeps the interactions be¬ 
tween adjacent bonds, they would only appear at the p ,b order of perturbation 
with a weight proportional to x” (See Appendix 2). 

3. Discuss km of the Electronic Delocalization in the Excited State 

This analysis rests upon the convergence of the perturbation expansion. 
This convergence is questionable for the higher eigenfunctions of the LE Cl 
matrix, but is certainly valid for the lowest excitations. The numerical diagona- 
lizations of the full excitonic matrix actually show that the relative weight of LE 
tends towards 45 % in the series of linear polyenes [18]. 

The result of the Cl procedure gives therefore a description of the excited 
states which differs qualitatively from the Virtual Orbital single determinant 
description. The single determinant built from canonical delocalized MO’s 
represents the excited state as a “democratic” mixture of Charge Transfer Exci¬ 
tations. The long distance electron jumps are highly probable while the local 
excitations in the bonds have a vanishing weight when the dimension increases. 
On the contrary the excitonic treatment describes the excited state as mainly 
built from local excitations in the bond (the corresponding probability decreases 
but tends towards a constant when the number of equivalent bonds increases) 
and from ‘CTE between adjacent bonds. The electron jumps probabilities decrease 
exponentially with the amplitude of the jump. 

It had been noticed already that in the Hticket theory the Orbital description 
of the excited state only involves exchange or delocalization effects which are 
therefore overestimated to reproduce implicitely the bielectronic effects 7 One 
sees here that going from the Hiickel to the SCF model does not change quali¬ 
tatively the validity of the single determinantal description of the excited state as 
regard the electronic delocalization. 

This result concerns not only the excitonic treatment but the usual Configu¬ 
ration Interaction between the singly excited configurations; since the canonical 
MO’s are obtained from the localized ones by two unitary transformations in 
the spaces of occupied and virtual MO’s, the space of the singly excited determi¬ 
nants is invariant in these changes of the MO’s, and the eigenvectors of the Cl 
matrix of singly excited determinants are the same, regardless of the localized 
or delocalized character of the MO’s. The excitonic treatment gives therefore 
some insight upon the physical effect of the Cl of singly excited states, which, in 
the delocalized scheme, seems rather intricate and difficult to analyse, since all 
the matrix elements loose their local character. Once again the localized picture 
demonstrates its higher handiness and its interpretative power. 

But the most surprising result is that the canonical orbital model of the exci¬ 
tation in a certain sense overestimates the electronic delocalization in the excited 
state. Of course quantum mechanics describes the excitation as delocalized. 
In the statistical interpretation of quantum mechanics [20] the Hamiltonian 
and the wave-function only deal with a set of similarly prepared systems, not 

~See Refe. [12] and [19]. 
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with a unique system, and we cannot know what happens in the excitations 
of a given molecule. The delocalization is linked to the symmetry properties 
of the Hamiltonian and does not prove anything about the local or global 
character of the excitation in each molecular system. Even in the excitonic 
model which only implies the local excitations, the excitation is delocalized, 
and, this “delocalization" due to the basic principles, cannot be removed in homo¬ 
genous symmetrical systems. 

But the delocalization of the electrons is completely different from the delo¬ 
calization of the excitation. In this loge theory [21], Daudel has proposed some 
intrinsic criteria to analyse the extent of electronic delocalization; the probabi¬ 
lity of finding two and only two electrons in each loge of a partition of space 
may be maximized with respect to the definition of the loge and this maximum 
gives an estimate of the physical electronic localization. The higher this proba¬ 
bility. the less probable are the situations with 1 electron in loge i and 3 electrons 
in loge j. 

Along the same direction, and according to the statistical interpretation of 
the wave-function we proposed to study the fluctuation of the number of electrons 
in each loge [22]. When the fluctuations are important, the system is not well 
localizable. One may also consider as a measure of the electronic delocalization 
the fluctuations of the dipole moment; in a symmetric or non polar system, the 
"permanent" or mean dipole moment will be zero but the ionic structures in 
which one electron has jumped from its box i to the box j introduce some tran¬ 
sient dipoles. This concept may be applied to the excited states, and from that 
point of view it is clear that the orbital description of the excited state overesti¬ 
mates the electronic delocalization. This description (Eq. (8)) is very close the 
"fully democratic” delocalized description of the excited state where each con¬ 
figuration <P |' V j would appear with a probability 1/n 2 . 

(27) 

for a linear system, the configuration |‘ s j introduces a dipole moment equal to 

= cRrs - ef(r- ,s) (28) 


where / is the standard distance between two bonds (f.r + 1). We shall neglect 
here the transition dipole moment between different CTE excitations, even when 
they differ by two adjacent MO’s 


( 



n 


<p 


(s+l)j* 

r 


= <s*|f?|(s+ 1)*>^0, 


as would be done in the CNDO hypotheses for fully localized MO’s. All the 
configurations where r — s = q contribute to the same value = elq, which 

appears with the probability p, = . One knows therefore the full histo¬ 

gram of the dipole moment of the excited state, i.e. the spectral decomposition 
of the dipole moment in the excited state, which is reported in Fig. 3. 
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Fig. 3. Distribution of the dipole moment of the excited state for the delocalized single determinantal 

description 
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Fig. 4. Appearance of the ^ ^ j CTE's configurations from the ^ + ^ J LE s configurations 


The fluctuation of the dipole moment in the excited state may be calculated 
immediately 

n - I 


^-2 l .<p, = 2Z(e/)V --/»2(e/) 2 £ (nq 2 -q>). 




Since 


i 

4 


n - 1 „3 #t - 1 

^ <? 2 a: —- and Y. Q 3 ~ r 
.P = 2(el) 2 n 2 /6. 


The fluctuation of the dipole moment increases as n 2 when the dimension of the 
system increases. One may see easily that this feature is kept when one uses 
Eq. (8) for the wave-function, instead of the “fully democratic" single determinan- 
tal representation of Eq. (27). 

On the contrary the excitonic model (i.e. the full Cl of singly excited deter¬ 
minants, whatever the basis set of MO's) will give a completely different histogram. 
Since the wave-function appears as mainly built from the LE and 'CTE between 
adjacent bonds, in a ratio which tends towards a constant, the histogram tends 
towards a constant shape and the fluctuation of the dipole moment also increases 
towards a constant when n increases. 

This result remains valid when one takes into account the long distances 
P CTE with their exponentially decreasing weight e“ p (cf. Appendix 2). Their con¬ 
tribution to the fluctuation of the dipole moment is indeed proportional to 

H- 1 

2 Y P 2 ^ p - This sum may be bracketed through the integration 
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\ p 2 e ap dp = e a * - 

O \ A 


is bonded whatever n and therefore the fluc¬ 


tuation of the dipole moment is bonded, a being negative as may be seen from 
Appendix 2. 

The configuration Interaction between the singly excited configurations quali¬ 
tatively changes the picture of the excited state. In the Orbital description, the 
mean number of electrons per bond is correct, but the fluctuations of electronic 
positions are much too large. The Cl tends to bring back the electrons two by 
two in each loge. One may say that the orbital description of the excited state is 
too disordered, and that the Cl brings some order in the excited state, diminishes 
the entropy of the description. The excitonic model looses the single determinantal 
character and its related advantages, but it gives immediately a more correct 
representation of the excited state. Table 1 summarizes the main conclusions of 
this work. 

In the following paper, we shall demonstrate that the qualitative differences 
between the Orbital and Excitonic descriptions of the excited state imply some 
qualitative differences in the descriptions of the a - n coupling effect on the nn* 
transition, and in the orbital reorganisation of the excited states. 


1 able 1 Summary of the comparison between delocalized and localized pictures of the excitation 


Delocalized picture 


Localized picture 


Delocalized l\. P r 


Localized p,, p^[p\ = U [P| U unitary 


ind State determinant 


identical 


:cd determinants 


escmation of the excited 


Local excitations 0 ( 


charge transfer excitations 


ions 


c determinantal approx Virtual orbital approximation 


no single determinantal approximation 


n*\ is * 

0 may be ex pressed in terms of 0 

\i I \ r 


The weight of LE's — 01 

> when n-r x 
of PCTEs -11 

The fluctuation of the dipole moment in the 
excited state behaves like n 1 


:tween the single excited 
minants 


( suaf CIS approximation 
This treatment is identical to the exci¬ 
tonic one.The conclusions obtained for 
the excitonic treatment hold for the 
CIS approximation, which therefore 
rclocalizes the excitation with respect 
to the VO approximation 


Excitonic method 
The weight of 

LE's — constant C (~ 50"ni 
'CTEs-lC | — 50°oi 
when n — <x. 

The fluctuation of the dipole moment 
in the excited state — constant. 
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Appendix 1 

Weight of the p CTEs in the Orbital Model 
According to Eq. (8) the weight of the p CTEs in the orbital model is given by 


Q(tu p) = 


8 


n-p 


sin 


2 inr - in 2 Mr + P) 


(n+l) 2 ,Ti n+1 


n + 1 


for the transition For sake of simplicity, the analysis will be limited to the 
lowest transition, the N - V transition, corresponding to i=j— n. Then 

8 VV . , nnr . , 2nn(r + p) 

— - ' -sin 2 - 


ni . ° T' • 1 niu 

® ( "’ p “ ‘n+T r “ n+1 


n+ 1 


8 


(n+D 2 

2 


V7• nr 

2_ sin—— simr 


n+1 


r + p\ 2 
n+1/ 


(n+1) 


*^, p / up 2n \ 2 

"n+T _ nTT <r + *®) 


x I («» 


+ cosi 2 -< r + P /21 _ 2cos ’P_cos2*(r ±! /2) 
n+1 n+1 n+1 n+1 


np 


(n+D 2 r e, 

Z cos 2 = (n — p - 1) cos 2 n 

n+1 F n+1 


Zcos 


2 *(2 r+p) n-p -I , 2 pn _ 2pn ( 

- —+ sin-- - cos —— 

2 n+1 n+1\ 


n+1 
pn 
n + 1 


2 n 

' +, "-n + 1 


pn (2r + p)n 
— Z 2 cos-- cos 


,r + p)7r 2pn , 2pn / n \ 

-r/ = sm —2_- - 1 + cos —f - 1 + tg-- . 

n + 1 n+1 n+l\ 6 n+1 / 


Therefore 


Q(n, p) = 


(n + 1) 2 


(n 


-P- 1)( 


1/2 + cos 


2np 

nTi 


+ fin, p) 


where /(n, p) is a trigonometric function bonded by a constant. Q(n, p) behaves as 

—— -rx- (1 + 2 cos 2 |, and when n increases for a fixed value of p, this 
(n+1) 2 \ n+1/ 

quantity tends towards 3/n. 


Appendix 2 

Weight of the Long Distances Charge Transfer Excitations in the Excitonic Model 


The configuration 



may 


be 


reached from the LE 



in «F° 


(where O^sgp) by changing progressively the hole from r to r + s through s 
hole-hole interactions, and by changing progressively the particle from (r + s)* 
to (r + p)* through (p — s) particle particle interactions. The corresponding diagram 
is drawn in Fig 4. For a given value of s, the s hole-hole interaction lines and the 
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p - s particle-particle interaction lines may have any relative position. The number 
of relative positions of s balls in p - s + 1 boxes is (*) 


and the total number of 


corre- 


different diagrams is N= Y ( S ) =2 P . One may have an estimate of the 

3~0 \PI 

sponding propagator by assuming all the denominators to be equal to AE X 
(which is a minorant). If one takes 



Vu, t 


as occurs in the CNDO hypotheses, the 



diagrams with s hole-hole interaction 


lines give a contribution 



B‘A P V AE p . 


The coclTicient 
equal to 


of the configuration 



in the p'" order correction is 




B'A P M AE p 


= [_(A + B)/d£] p . 


Therefore the '’CTF.’s appear with coefficients exponentially decreasing with the 
amplitude of the electron jump. Their weight in the perturbed wave function 
follows the same variation. 
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CNDO/2 calculations performed on a scries of carbonyl-containing compounds have shown that 
inductive effects by electronegative substituents with respect to hydrogen play the major role in 
determining the height of the inversion barrier relative to formaldehyde. The change in density flow 
at the central carbon atom for different carbonyl substituents parallels the calculated inversion barriers 
in accordance with Walsh’s rules. 

Mil Hilfe von CNDO/2-Rechnungen wurde fur eine Reihe von Verbindungen mit Carbonyl- 
gruppen gezcigl. daB die Hohe der lnversionsbarriere rclativ zu Formaldehyd vorwiegend durch 
induktive bffektc der elektronegativen Substituenten in bezug auf Wasseretoff bestimmt wird. Die 
LadungsfluBanderungen am zentralen Kohlenstoffatom entsprechen in Obereinstimmung mit den 
Walshschen Regeln den berechneten Inversionsbarrieren. 

Des calculs CNDO/2 effectuis sur une sirie de composts carbonyles ont montrc que I® elfets 
inductifs dfls & d® substituants ilectronigatils par rapport i lTiydrogine joucnt un rfilc cssentiel dans 
la determination de la hauteur de la barriire diversion par rapport au formaldehyde. L® variations 
de transfer! de charge sur I'atome de carbone central selon 1® different* substituants carbonyfes sont 
parallel® aux barriir® d’inversion calcultes en accord avec I® rigl® de Walsh. 


Introduction 

During the past several years optical spectroscopists have studied the electronic 
transitions from the ground electronic state to the first 1 nn* states of simple 
aldehydes and ketones such as formaldehyde [1], formyl fluoride [2], propynal [3], 
phosgene [4], and cyclobutanone [5]. While infrared and microwave studies have 
established that these molecules are planar in the ground electronic state, evidence 
has been provided to show that the excited state structures of these molecules are 
pyramidal. One interesting observation that can be made when looking at the 
excited state structures is that there is a great variation in the barrier heights 
to molecular inversion. For example, the inversion barrier for propynal is close 
to Ocm -1 , whereas for H 2 CO it is 356cm -1 and for Cl 2 CO it is 3170cm *. It 
appears, then, that the barrier to inversion is very sensitive to the type of substituent 
on the carbonyl group. 

In view of the success of the CNDO method developed by Pople, Santry, and 
Segal [6] in the calculation of a number of properties of simple polyatomic 
molecules, we thought that we could use it to obtain an understanding of the role 
that the substituents play in determining the height of the inversion barrier. 
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Calculations 

For the ground state and for the first triplet state. CNDO/2 calculations were 
performed for the molecules F 2 CO, HFCO, H 2 CO, C 4 H 6 0 (cyclobutanone), 
CHjCHO. and HCCCFIO. The CNDO/2 program as introduced by Pople and 
Segal [7] was not modified for our purposes. The out-of-plane angle, which is 
defined as the angle between the C=0 bond and the projection of the C=0 bond 
onto the molecular plane, was varied in each calculation, while the XCY angle 
(where C is the carbonyl carbon atom and X and Y are the substituents) and the 
0=0 bond length were clamped at their ground state values throughout the 
inversion process. While Kroto and Santry [8] have demonstrated, through 
calculations on the formaldehyde molecule, that the barrier is sensitive to the 
choice of inversion coordinate, we felt that this procedure was acceptable, since we 
were concerned only with the relative barriers to inversion. The geometries used in 
the calculations for the molecular series F 2 C0/HFC0/H 2 C0/C 4 H 6 0/CH 3 CH0/ 
HC'CCHO arc found in references [9] to [14] respectively. 


Results and Discussion 

Tabic 1 presents the calculated barrier heights and out-of-plane angles for the 
molecules studied, along with the experimental values for comparison purposes. 
It is evident that the C’NDO method is successful in predicting the relative order 
of the barrier heights to molecular inversion, with the exception of cyclobutanone. 
A direct comparison of the calculated and experimental data should not be made, 
though, since the calculated data refer to the triplet excited state, while the experi¬ 
mental data refer to the corresponding singlet state. For planar nn* states, how¬ 
ever, the exchange integral vanishes in the CNDO approximation, and the two 
states become degenerate [15]. 

To obtain an insight into the factors responsible for the variation in barrier with 
change in carbonyl substituent, we attempted to extend Walsh’s rules to the 
series of substituted carbonyl compounds. In 1953 Walsh [16] qualitatively 


Tabic 1 Calculated and experimental barriers to inversion and out-of-plane angles for the (nn*) states 

of some carbonyl compounds 


Molecule 

Barrier (cm 
expt.* 

') 

calc. h 

Angle (degrees) 
expt.* calc. h 

Ref. 

F.CO 

>4000 

4600 


40 

[19] 

HFCO 

2K00 4200 

1900 

30-35 

38 

[2] 

HjCO* 

356 

760 

33.6 

35 

[20] 

C*H„0 

1550 

180 


23 

[5] 

CHjC'HO 


50 

— 

18 


HC’CCHO 

-0 

0 

04 

0 

[21] 


* For the '(nn*) state. 
h For the 3 (nrt*) state. 

‘ A value of 776 cm" 1 has been calculated [20] from the observed 
inversion levels of Vt 2 H 2 CO. 
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Table 2. Electron densities at the C«=0 group 


Molecule 

Ator 

n Ground state 



Planar excited state 


Non-planar excited state 

2i 

2 P, 

2 P, 

2 P, 

2s 

2 P x 

2P, 

2 P, 

2s 

2p, 

2ft 

2 P, 

F,CO 

C 

0.9950 

0.7791 

0.7344 

0.8299 

0.9208 

1.2548 

0.7357 

0.7471 

1.1101 

0.9984 

0.7370 

0.7714 


O 

1.7144 

1.3631 

1.8841 

1.3118 

1.7251 

1.8410 

1.0105 

1.4607 

1.7298 

1.6604 

1.0172 

1.6417 

HFCO 

C 

1.0394 

0.8211 

0.8273 

0,8828 

0.9897 

1.2457 

0.8322 

0.7923 

1.1227 

1.0497 

0.8322 

0.8123 


O 

1.7202 

1.2419 

1.9065 

1.3584 

1.7308 

1.7990 

1.0525 

1.4646 

1.7323 

1.6517 

1.0620 

1.6021 

HiCO 

C 

1.0888 

0.8358 

0.9321 

0.9245 

1.0505 

1.2356 

0.9298 

0.8467 

1.1389 

1.0858 

0.9271 

0.8794 


O 

1.7281 

1.1642 

1.9188 

1.3738 

1.7364 

1.7644 

1.0833 

1.4610 

1.7371 

1.6443 

1.0945 

1.5703 

C.H.O 

C 

1.0175 

0.8183 

1.0363 

0.8728 

0.9719 

1.1919 

1.0203 

0.7914 

1.0222 

1.1177 

1.0176 

0.8106 


O 

1.7357 

1.2415 

1.9425 

1.3391 

1.7438 

1.8019 

1.1082 

1.4453 

1.7444 

1.7295 

1.1110 

1.5172 

CH,C'HO 

C 

1.0429 

0.8258 

0.9569 

0.9244 

1.0049 

1.2063 

0.9509 

0.8399 

1.0249 

1.1603 

0.9675 

0.8435 


o 

1.7318 

1.2118 

1.9367 

1.3506 

1.7406 

1.7947 

1.0806 

1.4540 

1.7408 

1.7686 

1.1053 

1.4558 

IICCCHO 

c 

1.0219 

0.8385 

0.9623 

0.9165 

0.9897 

1.1737 

0.9640 

0.8416 






o 

1.7312 

1.1936 

1.9368 

1.3497 

1.7393 

1.7899 

1.0786 

1.4479 






correlated molecular geometry and orbital energy for a variety of molecules. For 
H 2 CO, the Walsh diagram correctly predicts a non-planar excited state equi¬ 
librium structure. The main principle on which he based his correlation is the 
following: whether or not an orbital becomes more tightly bound with change of 
angle is determined primarily by whether or not it changes from being built from 
a p orbital on an atom to being built from an s orbital on that atom. The .s and 
p orbital character at each atomic center is given by the elements of the CNDO 
density matrix. An interpretation of the CNDO density matrices for the ground 
and excited electronic states of the series F 2 C0/HFC0/H 2 C0/C 4 H 6 0/CHjCH0/ 
HCCCHO from the viewpoint of the Walsh postulate should provide information 
about the non-planarity of the upper state. Table 2 compares the electron densities 
at the carbonyl group for each of the molecules studied in their ground, planar 
excited, and non-planar excited states. For the planar configurations the coordinate 
axes were set up such that the C=0 bond is parallel to the z axis, and the x axis 
is perpendicular to the molecular plane. In the calculations on the non-planar 
configurations, the XC Y framework was taken to be in the yz plane. 

In a n* <-n electronic transition, an electron is promoted from a filled n orbital 
to a previously unoccupied n* orbital. The electron densities listed in Table 2 for 
the carbonyl group illustrates this clearly, in that for H 2 CO, the n orbital on 
oxygen [2p y (0)] has a density of 1.9188 for the i A l state, while for the 'A 2 state 
it takes a value of 1.0833. The ground state density in the n orbital for the carbon 
and oxygen atoms is given respectively as 0.8358 and 1.1642. The corresponding 
densities for the excited electronic state are 1.2356 and 1.7644. The loss in density 
for the n orbital is therefore -0.8355, while the gain in density in the x direction 
for carbon and oxygen is, respectively, 0.3998 and 0.6002. These density differences 
for the series of molecules studied are given in A, of Table 3. The A 2 values in this 
table are the differences in electron densities which result from a transition from 
the ground state to a non-planar excited state, and were obtained from the first 
and third sets of data listed in Table 2. d 2 - d 2 , then, gives the difference in electron 
density between the non-planar and planar excited states. 
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Table 3. Density differences 


Molecule 

Atom 

A, 


a 2 


-A, 



2s 

-Pi 2 p, 2 p, 

2s 

2 P. 2 p, 2p. 

2s 2p, 

2 P, 

2 P, 

h 2 CO 

C 

-0.0742 

0.4757 0.0013-0.0828 

0.1151 

0.2193 0.0026 -0.0585 

0.1893 -0.2564 

0.0013 

0.0243 


O 

0.0107 

0.4779 -0.8736 0.1489 

0.0154 

0.2973 -0.8679 0.3299 

0.0047-0.1806 

0.0057 

0.1810 

HFCO 

C 

-0.0497 

0.4246 0.0049-0.0905 

0.0833 

0.2286 0.0049 -0.0705 

0.1330 -0.1960 

0.0000 

0.0200 


o 

0.0106 

0.5571-0.8540 0.1062 

0.0121 

0.4098-0.8445 0.2437 

0.0015-0.1473 

0.0095 

0.1375 

11 2 C O 

c 

■0.0383 

0.3998 -0.0023 -0.0778 

0.0501 

0.2500 -0.0050 -0.0451 

0.0884-0.1498-0.0027 

0.0327 


o 

0.0083 

0.6002 0.8355 0.0880 

0.0090 

0.4801 -0.8243 0.1973 

0.0007 -0.1201 

0.0112 

0.1039 

t 4 H„0 

( 

0.0456 

0.3736 -0.0160 -0.0814 -0.0047 

0.3014 -0.0187 -0.0622 

0.0409-0.0722-0.0027 

0.0192 


o 

0.0081 

0.5604 0.8343 0.1026 

0.0087 

0.4880 - 0.8315 0.1781 

0.0006 -0.0724 

0.0028 

0.0755 

CM, (HO 

c 

0.0380 

0.3805 0.0060 0.0845 

-0.0180 

0.3345 0.0131 -0.0809 

0.0200 -0.0460 

0.0191 

0.0036 


o 

0.0088 

0.5829 0.8561 0,1034 

0.0090 

0.5568 -0.8314 0.1052 

0.0002 -0.0261 

0.0247 

0.0018 

IKT'CHO 

t 

0.0322 

0.3352 0.0017-0.0749 







o 

0.0081 

0.5963 0.8582 0.0982 







For H,CO. the A 2 - A , values for the 2pJC) orbital and the 2v(C) orbital are, 
respectively, -0.1498 and 0.0884. That is, when planar formaldehyde in the nn* 
configuration is distorted from the plane by 35°, there is a shift in electron density 
away From the 2 p x orbital on the carbon atom into the 2s orbital. This is in agree¬ 
ment with the Walsh postulate, in that a gain in s density leads to a more stable 
configuration, which in the case of H 2 CO corresponds to a non-planar structure. 
Since Walsh’s rule states that the degree of non-planarity in the nn* states depends 
upon the amount of s character acquired by the n* orbital, the height of the inver¬ 
sion barrier should then parallel the 2p x and 2s density changes at the carbonyl 
carbon atom. Hence, it should be possible to establish a correlation between the 
A 2 - A, values and the inversion barriers for the series of molecules studied. From 
Table 3, A 2 - A, values for the 2p x orbital for the molecular series F 2 CO/HFCO/ 
H 2 CO/C 4 H,,0 /CHjC'HO/HCCCHO are. respectively, -0.2564, 0.1960, -0.1498. 
-0.0722, -0.0460. and 0. The corresponding gain in carbon 2s electron density 
for the same series is 0.1893,0.1330, 0.0884, 0.0409,0.0200, and 0. 

The orbitals on the oxygen atom also show significant density changes. The 
A 2 ~A { values for the 2pJO) orbital for the series are -0.1806, -0.1473, -0.1201, 
-0.0724, -0.0261, and 0. The corresponding gain in the oxygen (2s + 2pj density 
is 0.1857,0.1390.0.1100,0.0749,0.0020, and 0, with nearly all of this density going 
into the 2p z orbital. This indicates that density flow on the oxygen atom, as on the 
carbon atom, is in the direction from the n to the a framework. 

Brundle el al. [17] have recently demonstrated in a photoelectron study of 
H 2 CO and F 2 CO that the effect of substitution of fluorine for hydrogen has a 
much larger stabilization effect on the a MO’s than on the n MO’s. Therefore, the 
2p,(C) AO which goes to form the it MO is relatively unaffected by substitution on 
the carbonyl group. The a MO’s in these compounds belong to the representations 
Ai and fl 2 , while the n MO belongs to the B, representation. When the molecule 
is distorted from the planar (C 2 „) to the non-planar (C,) form, the A t and B, 
representations correlate with A\ and the A 2 and B 2 representations correlate 
with A". Therefore, in a non-planar system, the a - n distinction is no longer valid. 
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and it follows that the 2p x (C) orbital can be perturbed by an electronegative 
substituent. In the case of F 2 CO, the carbon 2p x AO responds to fluorine induction, 
with the result that there is a net charge flow from the 2p x (C) into the 2s(C) AO. 
From the viewpoint of the Walsh postulate, a change in electron density in this 
direction would result in a non-planar distortion at the carbon center. The height 
of the inversion barrier and the out-of-plane angle can be considered, then, to 
result from an inductive effect of the attached group. 

In the case of propynal, the it and it* orbitals are delocalized over four atomic 
centers, and consequently the necessity for a density flow from the 2p x (C) to the 
2s(C) AO is reduced. Both the calculated and observed barrier heights for propynal 
reflect this. The lack of agreement in the data for cyclobutanone may be attributed 
to molecular strain arising from the four-membered ring. For the case of inverting 
nitrogen heterocycles [18], however, this deficiency has been overcome by a 
reparametrization of the CNDO electronegativities. 
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The problem of relating solvent-shift effects to excited-state polarizabilities is discussed. It is found 
that the chief difficulty is that of estimating the dispersion term in the interaction energy between a 
solvent molecule and a solute molecule, and it is shown that the differences in the values of cxcitcd- 
stute polarizabilities which have been deduced from solvent-shift data are due to widely differing 
estimates of this dispersion term. In order to obtain meaningful results it is found necessary to assume 
that the change in the dispersion term is related to the change in the polarizability of a solute molecule 
on excitation. On the basis of this assumption, the use of a semi-empirical formula which connects 
solvent-shifts with these changes in the polarizability is discussed and it is found that the accuracy is 
such that very little useful information can be obtained. 

Das Problem. Ldsungsmittelverschicbungen mil dcr Polarisierbarkeit angcrcgtcr Zustiinde in 
Verbindung z.u bringen. wird diskutiert. Dabei zeigt sich. daB die Hauptschwierigkeit im Abschiit/en 
des Dispersionsterms der Wechselwirkung Solvcnt-Solut-Moleklil liegt und daB die Unterschiedc in 
den Polarisicrbarkeiten, die sich aus Dalen fur Losungsmittelverschiebungen ergeben. auf die sehr 
unterschiedliche Abschatzung dieses Dispersionsterms zuriickgehcn. Urn sinnvolle Resullale zu 
erhalten, muB angenommen werden, daB die Andcrung des Dispersionsterms mit dcr Andcrung der 
Polarisierbarkeit eincs angeregten Solulmolcktils zusammenhangt. Auf dieser Grundlage wird eine 
entsprcchcndc semiempirisebe Kormcl diskutiert: jedoch deren mangclndc Gcnauigkeit liiBl kcinc 
eindeutigen Aussagcn mchr zu. 


1. Introduction 

When a conjugated molecule - the solute molecule - is placed in a solvent 
there will be interaction effects between the solute and the surrounding solvent 
molecules. These effects will change the solute energy levels and, since they arc 
not all changed by equal amounts, there will be a change in the excitation energies 
between the ground and excited states, which can be observed in the spectrum. 
These changes, called solvent shifts, can clearly be related to the basic interaction 
terms between the solute and the solvent molecules, and these, to a certain degree 
of approximation, can be expressed as electrostatic type terms depending on the 
dipole moments and polarizabilities of the solute molecule in both ground and 
excited states and the solvent molecules in their ground state. In this way the 
solvent shifts can, so it is believed, give information on the difference in the dipole 
moment and polarizability of the solute molecule in its ground and excited states. 

Unfortunately, while this seems to work none too badly for dipole moments, 
the results have been interpreted in very different ways in the case of polarizabilities 
so that, for example, one authority believes that the polarizability change between 



140 


A. T. Amos and B. L. Burrows: 


the ground and the lowest excited state of naphthalene is small [ 1 ] while another 
believes it is very large indeed [2]. The purpose of this note is to try to examine how 
far the solvent-shift effects can be related to polarizability changes and, in passing, 
to resolve these apparent contradictions. Although in a fairly ad hoc way it is 
possible to find a rough correlation between theoretical values of excited-state 
polarizabilities and solvent-shift effects the approximations involved are so 
dubious that we tend to doubt whether any really convincing evidence on the 
magnitude of polarizability changes can be obtained in this way. 

2. Electrostatic Interpretation of Solvent-Shift Effects 

T here have been many reviews and original papers (Refs. [T 8] are a small 
selection) giving detailed quantum-mechanical derivations of the equations 
relating solvent shifts to the electric properties of the solute and solvent molecules, 
so wc shall only quote the main results here. However, in passing, we ought to 
point out that these results are based on quite a severe approximation, namely 
that solvent and solute molecules are sufficiently far apart for exchange of electrons 
to be neglected and for the interaction potential to be expressed as a truncated 
dipolar expansion. In many cases this will hardly be the case and one can only 
hope that any errors due to this fortuitously cancel. 

If p' u , fi t . <, a, refer to the dipole moments and the polarizability tensors of the 
solute molecule in the state s and the pth solvent molecule dp) in its ground state, 
the change in the energy of the s slate of the solute due to the interaction with 
the solvent is 

p i 

- 5 £ (i) 

r i 

- ] X W As* ■ ■ < ■ P""' • A,,, + 

p.<l I 

where the solute is assumed to be placed with its mean centre of charge at the 
origin and R r is the distance from the origin to the mean centre of charge of 
the pth solvent molecule, is an angular term taking into account the relative 
orientations of the solute and solvent molecule and the sums are over all N 
solvent molecules in the system. In (1) terms which depend on solvent molecules 
only have been omitted since they cancel when the solvent shift is calculated and 
terms depending on higher powers of R 1 than the sixth are ignored. 

In Eq. (I) D 4 is the dispersion-interaction term and is given by 

„ . £ v v <01 /.,., P ,|e><r| 

2- 2- 2- F r _ p° -U r f — r* ^ 

p - 1 »' # 0 t * S *’r **r ' 

where, for example, <0|/*,., |)| | e*> is the transition dipole moment between the pth 
solvent molecule ground stale |0> of energy r° amd the excited state |e> of energy el 
and similarly for <s|/i u lt>. 



Dispersion Interactions and Solvent-Shift Effects 


141 


As it happens many conjugated hydrocarbons have zero dipole moments in 
their ground and lowest excited states. Therefore Eq. (1) will simplify considerably 
because the first two terms will vanish. Even with this simplification, however, 
Eq. (1) is not yet ready for use. This is because it it obtained on the basis that 
all the molecules are rigidly fixed in position and orientation, as is indicated by 
the presence of the R p and the in the formulae. The true energy change of the 

liquid system ought, therefore, to be computed by a statistical averaging over the 
various possible configurations, each weighted by the appropriate Boltzmann 
factor. In practice, of course, this is too difficult so one can either use an approach 
in which the solvent is replaced by a continuous dielectric or else use a semi- 
classical result and compute < V exp( — V/kT )) where V is the angular-dependent 
interaction term [9]. The latter, which will not be valid for low temperatures 
but should be reasonably accurate for normal laboratory temperatures, gives: 

AE,= - £ K; 6 {(a>< p) ) 2 ^ + C} (3) 

P~ 1 

where a„ = j trace «„ and <£,. is the van der Waals coefficient between the solute 
molecule and a solvent molecule: 

<.-411 K t |0 ^ >|J ■ « 

3 t*t t*o £ e E o + e j 

In (3) we have assumed the molecules are isotropic so that both a„ and tf ul , represent 
average values. This actually, is neither necessary nor true, but the approximations 
made in the theory are, in our view, too drastic to allow anisotropic effects to be 
estimated with any sort of accuracy so that we prefer not to include them. 

There remains the evaluation of the sum Z R p 6 . It is probably simplest to 
assume that the solvent molecules are distributed uniformly outside a spherical 
cavity of radius a (the cavity radius) which contains the solute molecule. This 
gives the result 

lR p f ' = 4nAd/3Ma i (5) 

where M and d are the mass and density of the solvent molecules and A is Avogadro 
number. Alternatively one can use the method of Abe [10] who places each 
solvent molecule inside a sphere of radius r,. = (4 tcA d/3 Af)' which arc closely 
packed around the sphere of radius r u = (4nAdJ3M u )* containing the solute 
molecule, where M u and d u denote the mass and density of the solute. As we have 
pointed out elsewhere [4] the two approaches give much the same results if one 
assumes not that r„ = a, as might be expected, but rather that a w r y + j r„. The 
basic reason for this is that the sum Z R p 6 dies off so quickly with distance that 
only the solvent molecules close to the solute contribute strongly. In fact more 
than 90% of the whole solvent-shift effect arises from interactions between the 
solute molecule and the solvent molecules forming the first “layer” around it. 

This gives, therefore, 

4 7i Ad _i, _ ,, ,,, 

AE,= - —-- a 3 {<£„ + (xIOO } • 


(6) 
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Table 1. Experimental values for the solvent-shifts of the two lowest excited states of naphthalene in a 

number of solvents 


Solvent 

Solvent shift in cm ' [13] 
'Bl. 

n-pentane 

-258 

-870 

n -hexane 

- 288 

-912 

n-heptane 

-287 

-917 

n-nonanc 

-322 

-951 

Cyclohexane 

-296 

-954 

Cyclopentane 

-2% 

-950 

Lthyl ether 

-236 

-919 

hthanol 

- 256 

-979 

Acctronitrilc 

-266 

-1189 


I he solvent shift between the ground state (» and the excited state E will be 


A hi; — A E t A E (i 


AnAtl 
3 Mu s 


[dd + (/i,.) 2 A a] 


(7) 


where Ad represents the change in the dispersion term between ground and 
excited state, and da the similar quantity for the polarizability. Clearly if (7) is 
to be used to estimate A a from the experimental values of A EU , some method of 
estimating the change in the dispersion term Ad must be found. We now turn to 
this problem. 


3. The Dispersion Term 

The contribution of dispersion forces to the solvent-shift effect is most difficult 
to estimate since we require the dispersion interaction between a solvent molecule 
and the solute molecule. liven for very small atomic systems the calculation of 
the <£,. term is by no means easy and any hope of computing it accurately for 
the type of complex molecules we are interested in must be abandoned. This is 
particularly so since we require it not only for the ground state of the solute but 
also for its excited state, and, as far as we know, there has been no attempt to 
compute iP m . for excited states even for small systems except, that is, for degenerate 
excited stales where the problem is altogether different [11], Thus if we are not 
to give up the problem as altogether intractable, there are only three reasonable 
ways to proceed. 

Firstly we could try to eliminate the dispersion term from the problem. This 
is basically what is done by Suppan in order to estimate excited state dipole 
moments [1, 12] and he does this by the simple expedient of subtracting the 
solvent shift for two separate solvents. On the assumption that the dispersion 
term is the same for both it is eliminated from the problem. To examine how this 
would work for naphthalene consider the data given in Table 1. For the three 
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solvents, ethyl-ether, ethanol and acetronitrile with non-zero dipole moments, 
there will be, according to Eq. (7), two terms in the solvent shift, the dispersion 
term and the term involving (n v ) 2 da. If we assume that the dispersion term is 
more or less the same in all three polar solvents then talcing the difference of 
any two X and Y say will give 


dgc ' 


jY AnA [ d y 

— a EG ~ < 


3 1 M Y a\ ™ M x a\ 




da 


( 8 ) 


Now these differences A* a — d£ C are of the order of 20 cm’ 1 for the l B lu excited 
state of naphthalene and 60-200 cm ~ 1 for the 'B lu excited state. (Results given by 
Weigang [13] show the same trend of results for phenanthrene and azulene.) 
However, if we now examine the non-polar solvents where the solvent shift is 
caused entirely by the dispersion term, we see that here, too, there are differences 
of the order of 20 cm’ 1 for the lowest state and 40-80 cm~ 1 for the l B 2u excited 
state. Thus the errors involved in assuming the dispersion terms cancel, so that 
Eq. (8) is obtained, are the same order of magnitude as the differences (d£ c — d| c ) 
themselves. For this reason we do not believe that the dispersion term can be 
eliminated from the problem in such a way as to enable estimates of da to be made. 
[The case of dipole-moment changes is, of course, entirely different since the 
differences between solvent shifts of a polar solute in different polar solvents is 
much greater than those for non-polar solutes so that the error in cancelling the 
dispersion term is relatively unimportant.] 

The second possible way to proceed is to use semi-empirical methods to 
estimate the value of (T ur . By this we mean that the wave functions for the solute and 
solvent molecules could be divided up into bond-orbitals and pi-type orbitals. 
The dispersion forces could then be written as the sum of bond interaction terms, 
pi-sigma and pi-pi terms [14]. Such a procedure would be difficult but by no 
means impossible. However, one thing is quite clear: such semi-empirical estimates 
could only give order of magnitude results and the errors would be quite large. 
Since the estimated dispersion term would have to be substituted into (7) and the 
difference between this and the experimental shift used to determine A a, the 
value of da thus determined would be subject to such possible error as to be 
practically useless. 

In fact both the two methods just discussed fail for very similar reasons. 
In Eq. (7) the two terms which together contribute to the solvent shift are of 
very different orders of magnitude, the term proportional to da being, in our view, 
only about 10% of the dispersion term. Thus, if Eq. (7) is to be used to determine 
da, then either the dispersion term must be estimated accurately to within a few 
percent, which we have shown to be impractical or else, and this is the third 
possible method of procedure, the dispersion term must be related to polarizability 
changes. 

Almost from the first introduction of the idea of dispersion interaction, it has 
been believed that they can be approximately related to the polarizabilities of the 
molecules involved. In their recent book on Intermolecular Forces [11], Margenau 
and Kestner list various of these approximations and show how they can be 
derived. The more important and most useful of these when applied to the inter- 
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action between a solvent molecule and the solute molecule in the state s take 
the forms: 


(i) = 




3 

2 F -t- 




(9) 


where rj, and i:, are “average” (or Unsold) energy denominators which are often 
identified with ionization potentials. 


(ii) <,.= 


3 

2 



00 ) 


where N u and N, are the “average” number of electrons in closed shells. This is the 
Slater-Kirk wood formula. A modification of this is 


(iii) dh = 


B 


aX_ 

x'Jxl + *Jx r 


(ID 


where j' u and x, are the diamagnetic susceptibilities. 

liquations (10) and (11) can be considered as modifications of (9) in which the 
average energies and i:,. are related to the polarizabilities and susceptibilities. 
In particular it should follow that 



( 12 ) 


This equation shows quite clearly that to a large extent the results for the change 
in a„ between the ground and excited state depends on the assumption made 
concerning the variation in the value of il„ between these two states. Since N u will 
remain constant, the first proportionality sign indicates that a decrease in £„ in 
going from the ground to excited state implies an increase in a„. The second 
proportionality sign indicates that the change in a* is proportional to the change in 
the square of the diamagnetic susceptibility. The latter should be proportional to 
the mean value of r l for the molecule, i.e. should vary with molecular size. Generally 
the bond lengths of a conjugated molecule increase on excitation but not by very 
much [ 15]. This suggests a small increase in (xJ) 2 on excitation and hence a small 
increase in On the other hand if the is approximated by ionization potentials 
there will be a large change in r. m in going from the ground to the lowest excited 
states. 

To summarize, therefore, the results obtained from solvent shift data using 
these approximate forms for the dispersion energy will depend on how the ‘average’ 
energy denominators are varied from the ground to the excited state. A small 
change will lead to a small change in the polarizability whereas a large change will 
lead to a large change in the polarizability. 

In the theory developed by Abe [10] it is assumed that large changes in the 
F, do occur and that is why calculations based on Abe’s method do indeed give rise 
to such large values of excited-state polarizabilities [2, 16]. On the other hand 
those calculations which obtain relatively small excited-state polarizabilities 
[1. 12, 18] in one way or another are assuming the dispersion terms are not very 
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different in the ground and excited states which is equivalent to the assumption 
that the ^ are roughly the same in the two states. If simple dispersion formulae 
like (9) are to be used in this field, therefore, it is essential to decide whether the 
average energies are changed by large or small amounts in going from the ground 
to the excited state. 

To resolve this crucial point let us set out the arguments for the two possible 
choices. Firstly the reasons for making a small change in F u : 

(a) Equation (12) suggests that Al u should depend on and since the 
molecular size varies only slightly on excitation so should x* and, hence, a„. 

(b) Equation (12) also suggests Az u should change with (a„)~* and theoretical 
calculations imply relatively minor changes in a„. 

(c) A large change in a u would imply that the assumption that polarizability 
terms could be ignored, which is made in deriving dipole-moment changes from 
solvent-shift data, would have to be revised. Yet the dipole-moment results seem 
consistent and acceptable (c,f. Ref. [12]). 

(d) Attempts made to find excited-state polarizabilities from the electro¬ 
static terms by considering non-polar solvents and also non-polar solutes in 
non-polar solvents suggest that dj,. is roughly proportional to the polarizability 
change and that this is relatively small [1]. 

The main arguments for making a large change in e„ are: 

(a) For atoms in their ground states, i® is often replaced by the ionization 
potential and the ionization potential of a conjugated molecule in its excited 
state is much less than in its ground state. 

(b) An examination of (4) shows that the energy denominators are decreased 
in going from the ground to the excited state. 

We believe these last two points are not really valid. Point (a) assumes that 
the results for atoms will apply equally to molecules which may well not be the 
case. Even if the result does hold for most molecules, conjugated hydrocarbons 
provide a special case where there are relatively low-lying excited states with 
large transition moments connecting them to the ground state. Point (b) is valid 
only if the energy denominators are the determining quantity, i.e. only if the 
numerators remain the same for the ground and excited state which is not the case 
since the transition dipoles |<r|/jjs)| 2 will vary depending on whether s is the 
ground or excited state. The effect of this is almost impossible to determine 
which is why the whole problem is so difficult. 

Our opinion at the moment is that what evidence there is suggests that the 
energy denominators c' u should be given approximately the same values for both 
the ground and excited states. Further evidence that this is so can be obtained 
by comparing values of excited-state polarizabilities obtained from solvent-shift 
data with theoretical values. There have been two sets of theoretical calculations 
of the polarizabilities of the p-excited states of a number of conjugated hydro¬ 
carbons. Those of Trsic et [16] were made for quite a large number of molecules 
and were based on the Hiickei method. We ourselves [17] have made calculations 
on a restricted number of molecules but have used relatively sophisticated methods. 
The results obtained in the two sets of calculations are given in Table 2 and are 
in quite good agreement. (Note that the values of Trsic et al. are given in units 
of e 2 d 2 p~ l and a conversion factor of 100 was used to bring them into units 
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Table 2. Polarizabilities of tbe ground and excited states of a number of conjugated molecules (units 

of 10' 11 cm s ) 


Molecule Excited state polarizabilities Theoretical Ground state 



obtained from solvent-shift 
data 

excited state 
polarizabilities 

polarizabilities 

? = £ (ground)* 

£=I.P. 

[16] 

[17] 

Experiment* 

Theory [20] 

Naphthalene 'B lu 

223 

346* 

_ 

206 

175 

194 

Naphthalene ‘Bi, 

337 

556* 

257 

256 

175 

194 

Anthracene 

391 

685 b 

429 

461 

259 

289 

Phenanthrene 

332 

d 

488 

322 

247 

278 

Azulene 

d 

201 h 

224 

229 

180 

212 


* Computed from experimental data in [13] and [19]. 
b Quoted in [16]. 

' Quoted in [2], 
a Not available. 

* 1- or experimental references sec [20], 


of 10 J1 cm 3 , the reasons for this choice being discussed in Ref. [17]). In Table 2 
we also give the values of the excited-state polarizabilities for the same molecules 
(in the case of naphthalene results are given for the two lowest excited states) 
computed from solvent-shift data using formula (9) for the dispersion interaction. 
In column 1 the energy denominators are assumed to be the same for the excited 
state as for the ground state (i.e. to be the ground-state ionization potentials) 
while in column 2 the values of ej for the excited states are the ionization potentials 
of those states and are, therefore, much smaller. Thus the second column results 
are based on Abe’s formula [10] without any qualification. The table makes 
explicit the point we have made earlier that the use of the same in the ground 
and excited states leads to excited-state polarizabilities which are relatively close 
to the groundstate values (these are quoted in columns 5 and 6 of Table 2) while 
the very different values for i? u used in Abe’s formula leads to large changes. 
Clearly the former case gives “experimental” values in better agreement with the 
calculated ones (columns 3 and 4). 

However, although, at least on empirical grounds, it seems that the average 
energies in the formula (9) for the London coefficient should be the same or ap¬ 
proximately the same in the ground and excited states, we are not entirely happy 
with the choice of the ground-state ionization potentials for these average energies. 
This may not be too bad an approximation for the solvent molecules where the 
ground state is well separated from the excited state but the solute conjugated 
hydrocarbons have many low-lying excited states so that it is not so clear what 
would be a reasonable value of <4 in this case. Another difficulty is the proper 
choice for the cavity radius. Although the choice a * r ¥ + ] r„ is the proper one for 
spherical molecules which are well separated; in practice we have large planar 
molecules with certain regions of the solute and surrounding solvent molecules 
very much closer together than the distance, a , between the molecular centres. 
On the whole, therefore, it would seem better to try and replace both by some 
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Table 3. Comparison of a-pentane solvent shifts of a number of conjugated molecules and the HUckel 
polarizability changes between the ground and the excited p-states 


Molecule 

N 

Experimental 

4*o (cm - ') [19] 

Theoretical 

4«(10" J5 cm s )[16] 

Jot 

Act 

Naphthalene 

2 

902 

68.5 

26.3 

516 

Anthracene 

3 

866 

138.2 

18.8 

56.4 

Naphthacene 

4 

854 

266.9 

12.8 

51.2 

Phenanthrene 

3 

1012 

215.5 

14.1 

42.3 

Pyrene 

4 

1061 

73.3 

57.9 

289.5 

Chyrene 

4 

1030 

383.4 

10.8 

42.4 

1-2 

Benzanthracene 

4 

884 

284.3 

12.4 

49.6 

1.2.5.6 5 

Di benzanthracene 

3706 

509.9 

36.3 

181.7 


type of semi-empirical parameter. Certainly it is the case [13] that the dispersion 
part of the solvent shift of any particular solute molecule in a number of solvents 
can be represented quite well by the relation 


where 


A EG = c u 0(n 2 )/t a 


4>{n 2 ) 


n 2 — 1 
n 2 +2 


4 itAd 
” 3 M~* v 


(13) 

(14) 


represents the solvent property and C u depends only on the solute and is equal to 


3 

2 


K + 


(15) 


We say that C. depends on only the solute even though (15) contains e„ and a 
which actually do depend on the solvent because this dependence, at least for 
commonly used solvents, is so slight that it can be ignored. An examination of the 
solvent-shift data for a number of molecules shows that Eq. (13) gives a good 
representation of the dispersion effect. However to use this equation to obtain 
Act from the experimental A EG values an estimate of C. must be found. 

It would clearly be most satisfactory if the same value of C„ could be used for 
all solute molecules but this cannot be correct, for, even if the were independent 
of the solute molecule, the cavity radius would not be. If we use the ground-state 
ionization potentials for ej the quality SIE 1 /e , h + c v shows some relatively slight 
dependence on the particular solute. For polyenes and polyacenes there is a 
slight decrease as the size of the molecule increases. Similarly, since a 3 depends 
on the size of the molecule, the term a _J decreases as the molecular size increases. 
Therefore, the value of C„ varies inversely with molecular size. If IV is the number 
of rings in a solute molecule and we take no account of the variation of the average 
energies, we would expect C„ to be proportional to 1 /N. This suggests that a 
reasonable procedure is to try and fit the experimental and the theoretical 
da by a relationship of the form: 

d eG = ^*(n 2 )A<t 


(16) 
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Table 4. Predictions of Act from Eqs. (16) and (17) 


Molecule 

Aa 

[C4>(n 2 )= 16 
(from (16))] 

An 

|C<&(n J )=50 
(from (17))] 

Aa 

(theoretical [16]) 

Naphthalene 

112.0 

72.1 

68.5 

Anthracene 

162.4 

155.9 

138.2 

Naphthacene 

21.1.5 

273..1 

266.9 

Phenanthrenc 

189 8 

182.2 

215.5 

l 'hyrcnc 

257.5 

329.6 

383.4 

1 2 Hcn/anthracenc 

221.0 

282.9 

284.3 


where C is some constant more or less independent of solute and solvent. C should 
be fixed empirically and, for this to be done in a satisfactory way, it is clearly 
best to use a large number of molecules. Unfortunately, self-consistent calculations 
of /la have been done only for a very few conjugated molecules so for the theoretical 
values wc have used the Miickel calculations of Trsic el al. [16]. We have assumed 
that these theoretical values correspond to the p-bands. For the A E( , values we 
have considered only the solvent-shift effects in n-pentane. We do not anticipate 
that the choice of one solvent only is very significant since variations in A EG for 
different solvents will be adequately taken care of by the <T>(n 2 ) term. 

In Table 3 wc compare values of the experimental A EG with theoretical Ax 
and the measure N of molecular size. The ratio NA EG /Ax. which should be a 
constant ( <P(n 2 1 if the expression (16) is correct, is also computed and the values 
given in Table 3. Even if we exclude the two highly anomalous results of pyrene 
(where la seems anomalous) and I. 2. 5, 6 dibenzanthracene (where A EG seems 
anomalous), the values of C4>(n 2 ) for the different solute molecules are not by 
any means constant. 

The problem is clearly that while the values of A EG do not vary in any significant 
way with the size of the solute molecule and indeed are fairly constant for all 
of them, the values of Aa display a size dependence greater than A a proportional 
to N which is implied by liq. (16). Indeed, if we replace (16) by 

A eg = ( P(n 1 )Ax. (17) 

then as Table 3 shows the resulting values of C<P(n 2 ) are very much more constant. 

Using these two different formulae, Eqs. (16) and (17), with the value of 
f <P(»r) = 16 in the first and C <P(n 2 ) ~ SO in the second we have used the experimen¬ 
tal values of A EG to find values of A x to compare with the theoretical ones. These 
values are given in Table 4. It is fairly clear from that table that the second formula 
(17) gives decidedly better results. Taking the average energy for naphthalene to 
be its ground state ionization potential these values of C correspond to a cavity 
radius of 5.35 A and 4.607 A respectively. These are not out of line with previously 
used values. 

The results in Tables 3 and 4 are not very encouraging. Provided we use 
Eq. (17) there is a correlation between A tc and A a but not a good one. Essentially, 
since the A^ do not vary very much, the formula is really giving a correlation 
between Ax and N 2 rather than Ax and the solvent shift. A better test of this type 
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of relationship could be made if values of da were available for the a and /? bands 
of the solute molecules since A EG for the a band is smaller (approximately 300 cm ' 1 ) 
than for the other two bands. Actually we do have a calculated value for the a band 
of naphthalene of da = 12.10" 2S cm 3 which does fit the expression (17) (c.f. 
20.64 x 10" 25 cm 3 ) reasonably well but it would be unwise to draw any conclusion 
from this one value. On the whole therefore one would have to conclude that 
Table 4 shows that very little useful information on excited state polarizabilities 
can be gleaned from solvent shift data. 

4. Summary and Conclusions 

We have examined the possibility of using solvent-shift data to obtain “semi- 
experimental” values for the polarizabilities of excited states of conjugated 
molecules. We decided that for this to be done in a satisfactory way the dispersion- 
interaction term had to be related to the polarizability changes of the solute 
molecule between its ground and excited state. This can only be done by assuming 
that the dispersion interaction can be approximated by a London-type formula 
involving average excitation energies. The use of this formula involves the crucial 
decision of whether the average solute excitation energy should have approximately 
the same value for the solute in its ground state as in its excited state or whether 
the values in the two states should be very different. This is crucial since the 
former choice will inevitably mean that the polarizability changes deduced from 
the solvent-shift data will be small while the latter choice will lead to large changes. 
This explains the very different values which can be found in the literature. For a 
number of reasons, the most important of which was comparison with theoretical 
values, we decided that the average energies ought to be taken the same for both 
ground and excited state When this is done the final relation between the ex¬ 
perimental solvent shift d iG and the polarizability change A at takes the form 

^G=-~*(n 2 )Aoc (18) 

where /(IV) is a function of the solute molecular size (measured by the number of 
benzene rings N) which takes account of the cavity volume occupied by the 
solute and the variation of the average energy between the different molecules. 
One might expect that the dominant term in f(N) depends on the cavity volume 
which, in turn, should vary as N. However, we have found that this choice of f(N) 
proportional to N docs not lead to very good agreement between A sa and the 
Hiickel values of da. It turned out to be much better to take f{N) proportional 
to N 2 . It is difficult to see, using the usual cavity-field type arguments, why the 
volume should depend on a higher power of N than the first. The extra power 
of N could come from the average energy, which, since it is something of an 
unknown quantity might perhaps vary in this way, although it is rather unlikely. It 
may well be, however, that with increasing size of the solute molecules the whole 
basis of the usual theory of solute-solvent interaction breaks down. It is not, 
after all, very realistic to replace the interaction between two large molecules by a 
dipolar expansion in terms of the distance between their centres when, in fact, the 
periferies of the two molecules are in closer contact than either perifery to their 
respective centres. The rather odd variation with molecular size which we appear 



150 


A. T. Amos and B. L. Burrows: Dispersion Interactions and Solvent-Shift Effects 


to have found may well be an indication that these considerations are becoming 
important. Using Eq. (18) with theoretical values of excited-state polarizabilities 
and experimental solvent-shift values it has proved possible to obtain at least 
some indication of the empirical status of the relationship between solvent shift 
effects and polarizability changes. It seems quite clear that for the p-bands of 
conjugated hydrocarbons the relationship is not very good The solvent shifts 
do not vary very much for the different solute molecules, whereas the polarizabili¬ 
ties vary considerably more or less as the square of the molecular size. This is 
why, in order to get any sort of correlation, we are forced to include a term propor¬ 
tional to N 2 in the formula relating A EG and da and this is not easy to justify 
theoretically. 

Our general conclusion is that, while it is possible to find a rough correlation 
between theory and experiment, the exact basis of this relationship is hard to 
understand. Moreover, the crudity of the correlation is such that the values of da 
obtained from the solvent-shift data are very approximate indeed. Thus such 
values are not very useful for confirming and comparing theoretical calculation. 
As a final point, however, we recognise that these disappointing conclusions are 
based only on results for the p excited states. It would be useful to have more 
theoretical values of excited state polarizabilities, particularly of the a and p 
excited states, available to make a more extensive comparison in order to try to 
confirm our findings. However, there are beginning to become available direct 
measurements of excited state polarizabilities [18] which can be used to confirm 
the theoretical calculations directly and so make it unnecessary to use the solvent- 
shift data in this way. There will, of course, still remain the problem of estimating 
the dispersion contribution to the solvent shift theoretically. The results in this 
paper certainly suggest that the use of the London approximation is not a suitable 
way to do this. 
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A graphical representation of matrix elements of spin-free one- and two-electron operators is 
used for deriving a simple algorithm for the evaluation of their values. The method covers all the 
cases which may occur when wave functions are taken as mutually orthogonal antisymmetrized 
products of spinorbitals (which are assumed to form an orthonormal set) and are eigenfunctions of 
y 2 and y t operators. The resulting formulas are suitable as well for computer programming as for 
hand calculations. 

Mit Hilfe einer graphischen Darstellung wird ein einfacher Algorithmus zur Bestimmung der 
Werte der Mairix-Elemente von spinfreien Ein- und Zweielektronenoperatoren abgeleitet. Durch 
diese Methode wcrdcn alle Falle erfaOt, die auftreten. wenn die Wellenfunktionen wcchselweise 
orthogonale, antisymmetrisierte Produkte von Spinorbitalen (von denen angenommen wird. daB sie 
einen orthogonalen Satz bilden) darstellen und Eigenfunlction der y 2 und y, Operatoren sind. 
Die erhaltenen Formeln eignen sich fur Rechnungen mit und ohne Verwendungeines Computers. 


1. Introduction 

Although the multiexcited configurations were shown to be fundamentally 
important in the energy levels calculations, they are included rather exceptionally. 
One of the most important barriers for extension of configuration interaction 
expansions by inclusion of multiexcited configurations presents the problem 
of evaluation of matrix elements for open shell configurations. A simple method, 
originally formulated by Pauling [10], was further extended by numerous authors 
in spin-dependent [11] as well as in spin-free [8] formulation of quantum 
chemistry. However an applicability of the algorithms obtained is limited to the 
valence-bond wave functions. In the case of spin-projected wave functions the 
problem has been solved in its general form by Harris [2]. Evaluation of the matrix 
elements is considerably more troublesome when the wave functions (being 
antisymmetric eigenfunctions of if 1 and if. operators) are mutually orthogonal. 
Tables of formulas for different types of the matrix elements, published occasionally 
by various authors [9] are really convenient in some special cases, but are 
completely insufficient for an authomatic construction of configuration inter¬ 
action matrices. The main source of difficulty lies in an enormous number of 
different types of formulas, which rapidly grows up with the number of singly 
occupied orbitals. The tables of Yamazaki [16], probably the most complete in 
this type, cover the configurations with at most six singly occupied orbitals and 
contain a few thousands of formulas. Another, signiflicantly more condensed 

* Sponsored by the Mathematical Institute, Polish Academy of Sciences. 

'* Temporary address (till October 1973): Division of Theoretical Chemistry, Department of 
Chemistry, University of Alberta, Edmonton. Canada. 
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type of formulas, however limited to the singlet configurations being no more 
than doubly excited relatively to a closed shell ground-state, was derived by 
Cizek [1], A very interesting algebraic approach making use of the permutational 
symmetry of the space part of the wave function was recently given by Kaplan [4]. 
The method enables to evaluate all the types of diagonal and some types of the 
off diagonal matrix elements. Recently, the second quantization formalism has 
been used for evaluation of the matrix elements by Kuprievich etal. [7] 1 . 

A different and probably the most general is the Serber-Yamanouchi-Kotani 
approach [6] which may be easily applied in the case of an orthogonal set of 
antisymmetric configurations being eigenfunctions of if 1 and if, operators. 
The most important obstacle in its direct application is that the matrix elements, 
in the case of /V-electron system, are expressed as sums over JV! terms. However 
when the wave functions are taken as linear combinations of antisymmetrized 
products of orthogonal one-electron spinorbitals. these sums contain only a few 
non-zero terms [2, 5, 12]. An efficient method enabling to select the nonvanishing 
terms and to determine the coefficients with which the appropriate integrals 
there appear was recently presented in two different versions by Ruedenberg, 
Salmon and Poshusta [12-14]. An alternative handling of the subject was 
independently proposed by the author [5]. In the present paper the Ruedenberg’s 
formulas are rederived using a diagram technique 2 which is shown to be a very 
useful tool as well for general considerations as for practical calculations. An 
example of such calculation is given as an illustration of the method. Moreover 
a further simplification of these formulas, being particulary important from the 
point of view of an applicability of the method to computer-programming, is here 
performed. 


2. Formulation of the Problem 

We are concerned with one-electron operators 

■*i = t 0) 

i — I 

and two-electron operators 

■* 2 = 1 . Z 'M'Vj) (2) 

j-i+j i=i 

where r, denote the spatial coordinates of electron i, N means number of the 
electrons and // 2 (r,, r J ) = // 2 (r j , r t ). In particular, Hamiltonian of a system of N 
electrons can always be written in the form 

.* = Jf, + ,r 2 . (3) 

1 A very complete review of literature concerning the subject is presented in an article of Rueden¬ 
berg and Poshusta [13] where the reader is referred to. 

J This paper was completed before the Ruedenberg el al. results [12 14] have got to the author's 
knowledge. Therefore an approach of Kotani et al. [6] was taken as a starting point in this discussion 
and the notation used here is as close as it is possible to that of Kotani and rather different from the 
Ruedenberg's one 
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Let us define a primitive function Vf as a product of N one-electron orbitals 
chosen from an orthonormal set 


N 

.»■*)= n ^ 2 ,(»■,)• (4) 

i «*1 

Every primitive function corresponds to an electronic configuration A, described 
by the set of indices [A,. A 2 ,.... A N ], Some orbitals can be doubly occupied. Then 
they appear twice in the product (4) and are there written after the singly occupied 
orbitals. Moreover, both kinds of orbitals are put in (4) in the growing order of 
their indices. It means that 

Ai <A, <- <A„ 

_ _ _ (5) 

where p denotes the number of singly occupied orbitals in configuration A. 

In order to construct a wave function with the proper spin and space symmetry 
properties, based on the orbital product (4), it is convenient to follow the work of 
Kotani et al. [6] 3 . For this purpose we introduce an orthonormal set k 
of all the linearly independent N-electron eigenfunctions of .‘S’ 2 and ■S'. operators 
corresponding to the eigenvalues S(S + l)fe 2 and Mh, which span a subspace 
of the whole 2 N dimensional Al-spin space. This subspacc is called the SM sub¬ 
space. Its dimension /* can be evaluated from the formula [6]: 


(25-H)AM 

Js (N/2 4-54- 1)1 (AI/2 — 5)! 


( 6 ) 


Index k numbers the basis functions of SM subspace and varies from 1 to /*. 

The SM subspace is invariant in respect to permutation operators acting 
on the spin coordinates of electrons 

^< 9 SM , k = £ V"Wjk &SH.1- ( 7 ) 

i 

The Vg(i?\ matrices form an irreducible representation of the AMth order permu¬ 
tation group [6]. The basis * of SM subspace has been chosen as ortho¬ 
normal. Then V" matrices are unitary. As the basis & SM k is complete in the spin 
space, every normalized eigenfunction <t> SM (r,v) of f/ 2 and y z . depending on 
space (r) and spin (a) coordinates of N electrons, can be expanded as 

1 * 

'. 77 w I Xs.kW @ sm.» M 

where y s k (r) are normalized to unity and Af-independent functions of the spatial 
coordinates of electrons. In the case when # SM (r, <r) satisfies the Pauli principle, 
and £?* is an operator of permutation of the space coordinates of electrons, then 

fs fS 

= 1 Vs N (P-%Xsj^ I USWj k Xs.j 

_ 1 J-1 

3 The most complete treatment of the problem is given in a recent paper of Salmon [ 15], 


( 9 ) 
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where f # is parity of the permutation 9 and U"(^) jk = e,V"^ l ) kJ . As the 
Vs are unitary, 

UH?) = e 0 V s N (iP). ( 10 ) 


Hence the matrices l/$(^) form a dual representation of <o N . It is easy to observe, 

that Xs.kik = 1,2 ./*) are mutually orthogonal. Every normalizable function 

of space coordinates of electrons, when transforming according to (9), may be used 
as basis for construction of the wave function (8) which is an eigenfunction of 
■ ( /’ 2 and ^operators and satisfies the Pauli principle. 

When some orbitals are doubly occupied in configuration k, then there 
exists a subgroup §; of for which is invariant. Every permutation 2e& x 
only inverts ordering within doubly occupied pairs. Since is Abelian and 
Hi 2 = .f {J means the identity operator) all U%(2) can be as follows: 


Ug{2) ik = ±S, k Ai,k= 1,2, ...,/ s w ); and 
t/j = + 1 when fc g/. while 
Us(£)kk - — * for at least one 1 when k> f. 
It can be shown [6], that f — fi 

and that the functions 


XH = VfSUN U s s m km P V? (11) 


form an orthonormal set and fulfill relation (9) for mg/. while for m>/ vanish 
identically. The sum is here extended over all N\ elements of S N . 

From (11) results, that for every configuration k there exist / linearly inde¬ 
pendent functions N 

»> - 2 {p ~ N)l */]/N ! 2 I V N s m km (12) 

k - 1 :* 

m = I, 2 ./; ,#e <5 N , 


which fulfil the following conditions: 



(13) 

.9’ 2 <P&. m = h 2 S(S + 1) , 

(14) 


(15) 


(16) 


The matrix elements of an arbitrary Hermitean and spin-free operator JV 
between the wave functions (12) can now be expressed as 

^SM.ml^ .*) = &SS 0^) 

where [6] 

=T «*„(.*) [t#(#)]£i ^ i jr | ^°> ( 18 ) 

19 

m= l.Z...,/; n = 1,Z.... g\ 

/ = //: 9 = fl- f*9-< 

p and q are the numbers of singly occupied orbitals in configurations k and p 
respectively ; [l/s(^)] r * is the rectangular part of containing first / 
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rows and g columns; 

«*(*) = ord (19) 

where ord{^5^(^)} is the order of a subset ^(<?) of 8* defined as follows: 
£ety Xfl (P) if there exist and £,€$„, such that Z' means 

that from each set only one element should be included. 

In the primitive function (4) there appear N orbitals tp lt , which are numbered 
from 1 to N by the index i. It is convenient to define, in paralell to the operators & 
which act on the space coordinates of electrons, also operators $ acting on the 
indices i numbering the orbitals. The operators 9 and & are connected by a 
simple relation 

( 20 ) 

when they act on Vf. For the representation matrices U$(P) it gives 

(2i) 

The formula (18) can be written involving & operators: 

=r ivgmxi i jr i *?> (22) 

j 

The formulas (18) and (22) are not satisfactory for application to many- 
electron systems, because the sums are extended over almost all N ! permutations 
of S w . However only a few terms give nonvanishing contributions to the matrix 
elements. The problem to be solved is to choose these nonvanishing terms and to 
determine the coefficients with which they do appear. The corresponding formulas 
were recently derived by Ruedenberg, Salmon and Poshusta [12-14], An alterna¬ 
tive, and completely independently obtained, derivation (partly based on previous 
results of the author [5]) is outlined in the following. 


3. Graphical Representation 

In order to simplify the Eq. (22) we have found to be convenient to introduce 
a graphical representation of a pair of configurations. The orbitals appearing in 
the primitive functions corresponding to a pair of configurations are represented 
by asterisks (if singly occupied) and by circles (if doubly occupied). The symbol 
corresponding to ip Xi (v„,) orbital is labelled with the number 2 ( (jq). The asterisks 
and circles are distributed in two rows and N columns. The symbols describing the 
configuration p are placed in the first row and in the second one - the configuration 
X. According to (18), always f >g (i.e. p Si q ). The sequence of the symbols in both 
rows is the same as in the corresponding orbital products (4). The symbols 
corresponding to identical orbitals are joined by lines. If it is possible to join them 
in a few distinct ways, then the joining lines are drawn as short as possible. Such 
system circles, asterisks and joining lines is called configuration-pair diagram 
and denoted D^. For example the pair of configurations: 

K = Vifri) Vafa) V*('s) VUK) Vfcfrs) VM's) (23) 

f'x = Vi(r,) y> 4 (r 2 ) ip 6 (r 3 ) y„(r 4 ) v,(r s ) ViK) 

4 Some useful properties of the double coset are derived by Junker and Klein (3). 
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is represented by the diagram: 



In such a way to every rectangular H'*"’ matrix corresponds one D llt diagram. 

F.vcry D i(J diagram generates a set of N ! diagrams ZQ Xl A&) called numbered 
diagrams of a configuration pair. The graphical representation of £^0./) is the 
same as that of D A(1 , however the symbols representing the orbitals are now ad¬ 
ditionally provided with their consecutive numbers in the orbital product (4) 
(number i for y\ orbital). In diagram the order of orbitals in the first row 

is the same as in £*,„(./) while in the second one it is changed in respect to *„(./) 
and is the same as in ¥T X . The joining lines are also properly changed. If we 
accept the convention that the operators .¥ may properly permute the orbitals 
in the second row of the numbered diagrams and do not affect the first row, then 
all (V! diagrams ( J ./) can be expressed as 

< 25 > 

For example, for the diagram (24) 


1 2 3 4 S b 

0--o ^Q ™—O 

¥ f +•'' 


and 


(TO = 


+■—__ 


4 

4 



= ^„((TO) 


In these diagrams the indices a, and p, are for simplicity sake omitted. 

In the case when identical orbitals are on the same positions in and PY®, 
the corresponding joining lines in the numbered diagram £00^) are “vertical”. 
The difference between number of electrons (N) and number of the vertical lines 
is called rank of the numbered diagram. The diagram in which all the lines 

joining its rows are vertical is called the ordered diagram. Of course, there may 
be a few ordered diagrams for a given configuration-pair diagram. From among 
the permutations which transform into the ordered diagram we choose 

one and denote it j* 0 5 . Then, this permutation is kept fixed for a given pair o f 
configurations. In our example £ 0 can be any permutation from the sets ^3 i(1 ((T552)) 
or (1532)). The rank of an ordered diagram is called rank of the con¬ 

figuration-pair diagram and equals the number of orbitals by which the two 
involved configurations differ. Where it is essential we write it as a superscript 
in the correspondent symbol: 

5 The permutation is identical with the line-up permutation introduced by Ruedenberg [I2J. 
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The relation (22) states that the configuration-pair diagram D ip is a super¬ 
position of the numbered diagrams 

r «*(**■> (26) 

? 

The prime in the sum means, that only one element from every set ^C#) should 
be included. The orthogonality of the orbitals causes, that in the case of n-electron 
operators (we are interested in n = 1 and n = 2) only these diagrams will contribute 
to the sum (26) whose ranks do not exceed n. In our example r = 2. Therefore non¬ 
zero contributions appear for two-electron operators and come from ordered 
diagrams only: one from the set ^((1532)) and one from V^((35)(l532)), say 


^„«T333)) = 


^ (I p>)(T332)) = 


+ O-- O 

\} + 

5 12 4 

12 3 4 

t t 0 O 



O.-o 

1 .? 

3 <> 

5 6 

o o 

+ 


4. Classification of Configuration-Pair Diagrams 

Kvery permutation may be expressed in the form 

(27) 

where j/* causes a mixing of singly occupied orbitals, of doubly occupied 
ones, and is a product of transpositions interchanging singly and doubly 
occupied orbitals. Decomposition (27) is always performed in such way. that 
consists of the least possible number of transpositions. 

The decomposition (27) of permutation 

**-*Stt (28) 

can be used as a basis for an useful classification of configuration-pair diagrams. 
Namely, as will be seen, the type of formula for the matrix element (22), (26) is 
determined by this part of ^( ^ diagram, where non-identical orbitals 
are located on the same positions in the rows. Therefore it is convenient to classify 
the Dj^ diagrams in such way, that to one class belong these diagrams for which 
& has the same form. 

AH the distinct types of diagrams corresponding to iy lp diagrams 

with r^2 are collected in Table 1. These parts of the diagrams, where identical 
orbitals (when singly occupied) or identical pairs of orbitals (when doubly 
occupied) are located on the same positions in both rows, are there omitted. As 
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Table 1. Types of diagrams 
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seen, all the diagrams (r g 2) have been distributed into 15 classes. According 
to the rank r, there are 11 classes for r = 2, 3 classes for r = 1 and one class for r = 0. 

Let the number of orbitals being singly occupied in configuration X(p) and 
doubly occupied in configuration p(X) be denoted by t k (tj and maxft^t^) be 
the bigger of these numbers. If p = q then ^ consists of t = maxft*, tj trans¬ 
positions. If p + q then (p — q)/2 singly occupied orbitals of configuration A may 
be brought into coincidence with the corresponding doubly occupied orbitals of 
configuration p by means of (a pair of doubly occupied orbitals in p may always 
be placed in a proper position as the representation matrix corresponding to a 
transposition of two doubly occupied pairs is unit). Hence, if max(t k , tj>(p — q)/2 
then Jg* consists of 

t = max (t*, tj — (p — q)/2 (29) 

transpositions, and = J (i.e. t = 0) in the opposite case. 


5. Evaluation of a^(&„) 

If ^(^o) is decomposed after (28), then 

( 3 °) 

may always be expressed as a product of operators transposing pairs of doubly 
occupied orbitals. Then = {§ k &i} 6 and 

ord{^ A ,(# 0 )}=ord{^§ ; } (31) 

Now, if then ord {^(# 0 )} = ord{§ M $;J = 2 , "~ ,)/2 (because jr> A is a 

subgroup of and = £>„). Therefore, according to (19), in this case 

«*($= (32) 

If consists of one transposition (d's), where \p kt is a singly occupied orbital and 
V’a*. = y> kd . is a doubly occupied one, then 

a xn(&o)— 2 (p_ * ,/4+1 (33) 

Indeed, if li k e £> k then either (d's) J£ k = £ k (d's) (if 3, k does not invert the (d'd") pair) 
or (d's) & k = £ k (d"s) (if 2 k inverts (d'd")). Hence the set consists of 

permutations &„(d's) and 9>Jd"s). Generally, if involves t distinct doubly 
occupied orbitals then 

a^o) = 2 ( '’- ,,/ * + ' (34) 

where t is determined by Eq. (29). 


6. Representation Matrices 

The appropriate rectangular parts of Us(&), necessary to evaluate the 
matrix (22) may be relatively easily obtained after the genealogical scheme [6] 
or using the SAAP formalism [14] (for the most important cases tables of Ug(P) 

* It means that the sets and are identical. However the elements of 5, in general 

do not commute with 
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are available [6, 16]). As compromise between a time-consuming construction 
of every actually desired representation matrix and a storage-consuming keeping 
of the all N\ matrices in the machine core, it seems to be reasonable to store only 
the matrices of a few transpositions expressing the others, actually desired matrices, 
as their products. However in such case, to obtain the / x g part of full 

representation matrices for the component transpositions are needed, dimension 
(6) of whom violently grow up with the number of electrons. A considerable 
reduction of the necessary dimension is possible, basing on the following properties 
of U* matrices [6]: 

1. If in the primitive function (4) Jl 4 . = a.j.. and A, # k d ., A, # then 

rtf? = [U s y (.r>]" . (35) 

m<d’r) F)] ff = [U s N ((d"r) .-rtf' = -KUZW}" , (36) 

T U?Ud'r) Id" a) r)Y* = i [UZ(S)y f + J Wsiirs) f)Y J (37) 

where is an arbitrary permutation not containing d‘ nor d". 

2. Let be permutation group of the orbitals singly occupied in configuration 

A. If 3 P then 

lUMY'-WS). (38) 

Hence, only the representation matrices US. corresponding to permutations 
,/e are necessary for evaluating of all the matrix elements. This fact is of 
fundamental importance for application, as in general p <? N. 


7. The Matrix Clements 

According to rank r of D r XlI diagrams, four kinds of formulas are possible. 

a) r>2 

As the orbitals arc orthogonal, all the matrix elements of one- and two- 
electron operators are equal to zero in this case. 

b) r = 2 

In (26) there are at most two non-zero components, namely 

Dl = Cf^o) + «*(<•*) 4.) 'S'xM) -A) (39) 

where i and k are the numbers of the orbitals of configuration A which do not link 
to any orbital of /<. Prime in the second term means, that it appears only in the 
case when (ik) $ s |L„(-^o>- As can be easily verified, for all the diagrams with r-2 

*,i„((ik) -A) = S 0 ). (40) 

Hence the relation (39) may be written as 

{LUSiW 4 

+ [U?((ik) J 0 )y (dk) ,y 0 <p° | jf | O') • 

Let v’*, and v'„< the orbitals of configuration p located in the diagram 
£/ i(1 (.-^ 0 ) on the positions corresponding to v’*, and respectively. Then, after 
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No. 





1 i 

+ + 



1 

+ + 

l 

lW«k» 


i k 



2 

i i 

o—o 

0—0 

J k 

i 

0 

3 

J 1 

+ -kyO — O 

+ A)— O 

l m Jk — I k 

-l 

1 + l/£((im)) 

4 

i i 

4 o — O 

+ \)--o 

1 k 1 k 

- 1 

0 

5 

j i 

+ yO - O 

¥ 0—0 

m l k 

-l 

0 

6 

■K^^O-y^O — O 

4^+^b -o^o—o 

m * l-l i k - 1 k 

l 


7 

j i 

+ o o 

+ 4 - + 

i M k 

1/2 

J/2 

8 

J l 

o—o 

+ + 

t k 

1/2 

0 

9 

J 1 

* m 1 k - 1 k 

— 1/2 

l/2[l + l/f((im)l] 

10 

O - O yO— O 

-- ¥0-0 

m m 1 k 

-1/2 

0 

11 

o—o o— 6 

+ -1- + 

m i m k 

2 

2 mm) 


* Where essential the orbitals are provided with their consecutive numbers in the orbital product 
(4) (/ for Vi, (V,,) orbital). The indices >1, and p, are for simplicity sake omitted. 
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performing in (41) integration over all the variables but j'-th and /-th, and making 
use of the orthogonality of orbitals, we get 7 

W u "’ = UV-iUjl 4/i ( ] + «*))} VHm fa (42) 

where 

IwMkPi) = J V* M r 2) W,( r i)V Ul ( r 2) d^i2 • (43) 

Of course, the contributions from one-electron operators in this case vanish. 

Formula (42) presents the most compact expression for the matrix elements 
in the case of r = 2. However the representation matrices appearing in it are 
formed for the whole operators .^ 0 and (ik);? 0 , including contributions from 
■Pf, and from ■?!?. As was previously explained, it is rather inconvenient in 
applications. Therefore we will perform a further simplification of (42). Making 
use of (28) we get 

Vg\j 0 ) = US (ft) UgU^) Usi-%) ■ (44) 

From (35) and (37) it directly results that [Us(^o)Y f = 1 (I is/ x / unit matrix). 
Using formulas (35) (38) the matrices [l/*(:^ 0 )Y f and [l/£((ifc) ,? 0 )Y f can be 
transformed as follows: 

*„,<•*«) IfJsWV ' = fl„ l/f(.^) • (45) 

*<„(•*,) Ws(Uk)-A,)Y f = A, ll U^ ) ) (46) 

where is a number and A ktt - an/ x / matrix. The values of a Xfl and A A(1 depend 
on the specific form of the appropriate configuration-pair diagram. Coefficients 
a 4(1 (.^i) have been included into a A(1 and A, u in order to simplify the notation. 
The A,„ matrices can be constructed involving only / x /parts of the representation 
matrices corresponding to transpositions of singly occupied orbitals and are 
listed in Table 2. Also the values of a >lt are there given". The formula (42) takes 
now the form: 

H' fm = K.CA./t,!/*/!,] + [l/?(.*S )Y °. (47) 

As an illustration of the method of treatment let us derive the A lfl matrix 
and calculate the value of a iu for diagram No. 6. Applying (36). (37) and (38) we get: 

= L ltf((i - Km) (4-1. n) .%)Y f = i [t#(. W' = i t /£(-^). 

lUg(Uk\.? 0 )] JJ = [£#((/*) (i-1. m) <4 - 1.«)/?,)]" 

= 1[*4- ((* - 1. »1) >K)Y f + i [ UgHkm)(k - 1. a) .P 0 )Y' 

= i [If* ((mu) .*%)]" = i l/(((m«)) Ug&) . 

Hence a iu = 2t^(./ 0 )/4 = 1. and A kfl - Ug((mn)). Numbering of the orbitals after 
Table2. 

Note a difference between this formula and the corresponding one derived by Ruedenberg el ill. 
(12 14). In the Rnedenberg's formula the both terms do appear also when they are identical, while in 
(421 only in the case when they arc essentially different. For this reason a iB (.?„) differs in some cases 
from the Rnedenberg's ;Y ,,( ( |)' - toefficicnt by factor 2. 

* Let us note that n AU —r.2 ,p ,l *, where i: is parity of permutation, and ^Oonly if neither 
f i - nor it, =•- ft,. 
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c) r = 1. 

Retaining in (26) only nonvanishing terms. 


= «U-4*o) + T *ju((«0.^o)®*.((w0^o) 


m= 1 


(48) 


where t/’ Ai does not link to any orbital of configuration p. The prime over the sum 
means that from every set < ?a«(( w1 0 ^o) only one term is included. 

As seen in Table 1. three distinct types of configuration-pair diagrams are 
possible (No. 12, 13 and 14). The correspondent formulas are as follows: 


Diagram 12: 


J 

+ 


+ 

/ 


9 —■? 

O—-O 


O- -O’-ft 

O-O ••• A 


After simple manipulation we obtain 


«^(A)=1: LUg&o )Y' = U$WV' and 


a^((«'m) A) = 

[ unm-hW*- 


1 (if m ^ p) 

2 (if m>p). 
Ug((im)) Ug&) 
-USWV2 


(if m p) 
(if m>p). 


(if m # /), 


Thus, Eq. (48) can be rewritten 




k-A) r i jm o + i [A(A m i k n pj\ u§(m) 

I m - i 

1 (m/i) 


<N p)!l 

— X [AjAp (. 2m\^p + 2mf l j] 

m - 1 


USW 5)- 


(49) 


Diagramm 13: 



O- 0-/1 

O ■ -O •■•A 


Analogically, 


= 2 ; [I/* ( A)Y f = ~ o)/2 ; and (if m # i, hi /i - I) 




(if»M gp) 
(ifm>p). 


[t4*((im) .? 0 )]" = [l/ s N ((im) (/-I, n) ^)]" 

_([l+J|/f((«n))]lff(iS)/2 

(IAf(^)/4 


(if ni g p) 
(if m>p). 
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Thus, in this case 


«= 1 

l (m*») 

(S P )i 2 

+ I [A(A p 

m - 1 


t#0o) • 


(50) 


Diagram 14: 


O-O 


+ 


■<? 


6 


In the same way 

H'»> = 1/2 l(J„ n | .r MP»> + f [A,A M 1 A^] Ug((imj) 

m= 1 

(AT p)/2 ] 

- I WS(*t)V- 

m T I 


(51) 


liquations (49) (51) present the final expressions for the matrix elements 
in the ease of r = J. Contributions from one-electron operators appear there only 
in integrals _ n 

<.^ 0 njf'lO = CM]+ I MW (52) 

m = 1 
(m*i) 


where 


[A( Hj] = J V*(»-|) ('i) Vp/r,) d t, . 


(53) 


Then, the H,'*'' 1 matrix of one-electron operator (1) in the case of r = l can be 
written in a condensed form 


H, u "’ = k2 ,p ~ ,,/4 [A 1 /i j ] [l/fOW* 
where k is parity of permutation 

d) r = 0. 

In this case C*(;4* 0 ) = 1, as .# 0 is the identity operator. Thus 

d%= 9^(J)+ E'zjmyjm 

<ij> 


(54) 


(55) 


where the sum is extended over the all distinct ^^((i;)) sets. The explicit ex¬ 
pression for H Uu> is p p- i 

H M = < -P° | Jf | O + I I [A,Aj| l/f((ij)) 

«=j+1 i 

p (N-P)/2 

-II ftA^IA^AJ (56) 

i=i j= i 
{N-p)!l (iy-p)/2-l 

— 2 I I [Ap + 2(A p + 2;|A p+2 jA p + 2 |] 

<=./ + » y=i 

< »? IJTIO - I [A,A,] + I Y [A(A( I AjAJ 

i=i i=j+ij=i 


where 


(57) 
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8. Example of Application 

Let us evaluate the matrix elements of operator (3) for the pair of configu¬ 
rations (23). In this case 

^ = ( 23 ) ( 12 ); ^ = 1 

and 

1 2 3 4 5 6 

ID (3) (*) <*) (6) (6) 




3 12*36 

Names of the orbitals (the numbers 2,0^) for orbitals) are given in pa¬ 

renthesis. As seen, the diagram corresponds to the case No. 9 (Tables 1 and 2). 
Making use of Table 2 and Eq. (47) 

= {-]/2[84) 16] + J/2[14|86] [1 + £/#((34))]} [l/ 4 ((23)(12))]'* 

For the singlet configurations 9 (S = 0): 



tai2»= 

Thus 


0 

-1 


= 


/ = /o 4 = 2; 0=/o =1 

-1/2 j/3/2 

-j/3/2 1/2 

0 


Eft ((23)) = 

1 / 1/2 


((34)) = 


1/1/2] 

1/3/2] 


[84|16]- 


[14(86]. 


0 1 

-lj 


For the triplet configurations (S= 1): 


Thus 


/ = •/? = 3; » = / 1 J = l 



-1 

0 

0 

1 



Eft ((12)) = 

0 

-1/3 - 

2J/2/3 




0 - 

21/2/3 

1/3 




’ -1/2 

-1/3/2 

o' 



1 0 0 

ut(m= 

-J/3/2 

1/2 

0 

; 

t/f ((34)) = 

0-1 0 


0 

0 

-1, 



0 0-1 


-1/1/2' 


1/2' 




H <Am) = 

-1/3/2 

[84|16]+ 

0 

[14186] 



. 0 


0. 





9. Numerical Procedure 

Basing on the above presented method, an ALGOL procedure was written 
and run in a few programmes at GIER computer at the Department of Numerical 
9 The representation matrices US and Uf are taken from [16], 
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Calculations, Warsaw University. The procedure evaluates the matrix elements 
for an arbitrary pair of configurations corresponding to a given spin multiplicity. 
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The "functionar counterpoise method, proposed by Boys and Bcrnardi [1], is applied to the 
theoretical prediction of hydrogen bonding potential surfaces, using a minimal basis to represent 
the atomic orbitals (STO-3G). Using this method, with a systematically chosen “correction factor”, 
one can compute potential surfaces with an STO-3G basis as accurately as with a much more llexible 
atomic basis. 

Die ..funktionalc” Ausgleichsmcthodc, von Boys and Bernardi [I] vorgcschlagen. wird zur 
thcorctischen Vorhersage der Potentialflachen von WasserstofT-Bindungen benutzt. Dabei werden 
die Atomorbitalc durch einen minimalcn Basissatz (STO-3G) dargcstcllt. Indem man dicse Mcthode 
mit eincm systemutisch ausgewiihlten ..Korrckturfaktor" bcnut/,1. kann man Potentialflachen mit 
ciner STO-3G Basis ebenso gut wic sons! nur mit eincm sehr viel flexibleren Atombasissatz berechnen. 


Introduction 

One of the important problems in molecular orbital potential surface calcula¬ 
tions is the basis set choice; for most systems of chemical interest, one must 
use a relatively, small contracted gaussian basis. For small H-bonded complexes, 
the energies of dimerization found using an exhaustive basis set (with polarization 
functions) are in good agreement with available experimental data. The next 
level of basis set choice, a “double-zeta” representation of the atomic valence 
shells, exaggerates H-bond energies because it substantially overestimates the 
monomer dipole moments. Finally, small contracted ab initio bases (such as the 
STO-3G used here) predict a dimerization energy in better agreement with the 
“most accurate" calculations than the "double-zeta"; the STO-3G also predicts 
a greater dimerization energy than the “most accurate” (for (H 2 0) 2 . AE (most 
accurate) = 4.7 kcal/mole, A E (double zeta) = 7.9 kcal/mole A E (STO or STO-4 G) 
= 6.4 kcal/mole) [2], despite the fact that the STO-3G predicted water dipole 
moment (1.8 D) is in excellent agreement with experiment, in contrast to the 
“most accurate” (/t = 2.1 D). 
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In the present work we rationalize why the STO-3G dimerization energy is 
larger than that found with the “most accurate” basis set and attempt to improve 
the STO-3G [3] computed potential curve by applying the so-called “functional 
counterpoise method” originally suggested by Boys and Bemardi [1], 


Description of Calculations 

The potential surface of the following hydrogen bonded systems was studied: 

H R,H 

(■ -f.11 — 1- .H-O II —CeN.H-C = N 

R R \ —- R-- 

H 

The energies for each geometry were computed by the well documented Roothaan 
SCF procedure for closed shell systems [4]. In the counterpoise method, the 
dimer energies £ 12 are computed in the usual way, but the monomer energies 
Ei and E 2 are evaluated for each geometry point by using the full set of expansion 

Table 1. All energies are in a.u. 


(HF)j £ 0 = -98.57060 


K(a.u) 

II 

£ dimer (a.u.) 

£, + basis func. (2) 

AE‘ 

Ac b 

Ac + 1/6 Ac 

4.5 

0 

- 197.142.72 

- 98.58307 

— 0.0011 

0.0125 

0.0010 

5.0 

0 

- 197.14656 

-98.57754 

-0.0054 

0.0069 

-0.0044 

5.5 

0 

- 197 14548 

-98.57374 

-0.0042 

0.0031 

-0.0038 

6.0 

0 

-197.14413 

-98.57183 

-0.0029 

0.0012 

-0.0027 

6.5 

0 

- 197.14332 

-98.57107 

-0.0021 

0.0004 

-0.0021 

5.0 

60 

- 197.14968 

-98.58095 

-0.0085 

0.0104 

-0.0068 

(HjO)j £ 0 =-74.96177 a.u. 

R(a.u.) 

II 

£ dimer, (a.u.) 

£, + basis func. (2) 

AE' 


Ar. + 2/7 A c 

4.75 

54 

- 149.93217 

-74.97735 

-0.0087 

0.0156 

-0.0042 

5.25 

54 

-149.93396 

- 74.97094 

-0.0105 

0.0092 

-0.0079 

5.75 

54 

- 149.93120 

-74.96631 

-0.0077 

0.0045 

-0.0064 

6.25 

54 

-149.92858 

-74.96371 

-0.0050 

0.0019 

-0.0050 

5.25 

39 

- 149.933897 

-74.97047 

-0.0104 

0.0087 

-0.0079 

5.25 

0 

- 149.932995 

- 74.96966 

-0.0095 

0.0079 

-0.0072 

(HCN)j £„= - 91.67527 a.u. 

R(a.u.) 


£ dimer 

£, + basis func. (2) 

AE * 

Ac b 

Ac + 4/11 Ac 

5.1 


- 183.34595 

— 91.68015 

0.0047 

0.0049 

0.0064 

5.67 


- 183.35564 

-91.67847 

-0.0050 

0.0032 

-0.0039 

6.24 


- 183.35634 

-91.67701 

-0.0057 

0.0017 

-0.0051 

6.68 


- 183.35522 

-91.67606 

-0.0046 

0.0008 

-0.0043 


E dimer - 2 £ 0 . 

£ 0 - (E, + basis func. (21). 
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Fig. 1. Curve 1: A E « E dim - 2 E 0 . Curve 2: AE — f At\ /= 1/6 for HF, 2/7 for H,0. 4/11 for HCN. 
Curve 3:d£-desdE - basis function correction. Curve 4: dc a basis function correction 


functions for the dimer; that is, the dimer calculation for a given geometry is 
repeated first with all the nuclear charges set equal to zero on center 1 and then 
with all the nuclear charges set equal to zero on center 2. In this way the monomer 
energies, £, and £ 2 will contain the "extra” stabilization induced by the increased 
basis set upon dimerization and the “true” stabilization will be £ 12 -£, - E 2 
rather than £ 12 -2£ (isolated monomer). The difference between 2£ (isolated 
monomer) and £, + £ 2 we designate the basis function connection sde. 


Results and Discussions 

In the three cases studied here, a significant lowering of the monomer energy 
(at reasonable H-bond distances) was obtained in the calculations on the electron 
donor fragment (1) with the basis functions from the electron acceptor (2). £ 2 , the 
monomer energy for the electron acceptor with basis functions from the electron 
donor, did not differ significantly from the isolated monomer energy. 

It is clear from Table 1 that a large portion of the dimerization energy comes 
from “extra" stabilization. One of the main reasons for this “extra” stabilization 
is the poor representation of core orbital in a single Slater basis. Thus, the “extra 
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AE 

(cui) I 


.005i 


**r 

4 


-D05H 


I in 2 C urve I Ah - h dim - 2 h„. Curve 2' J t — f An / - 16 for HI'. 2/7 for H;(). 4,11 for HCN. 
C urve .1 Ah -- Ai ■ Ah ■ husis function correction. Curve 4: ,lt= basis function correction 




stabilization" comes mainly from an improvement in the representation of the Is 
core by the additional basis functions. Support from this comes from the fact 
that the calculations on the electron acceptor with basis functions of the electron 
donor show no large stabilization because the orbitals are too far away from the 
electronegative atom. 

However, the fact that for R = 5.0 au.. the Ac computed for (HF) 2 , 0 = 0 is 
so much less than that for 0 = 60 indicates that the improvement of the Is 
representation is closely linked to the “charge transfer” of electrons out of the 
valence shell. Newton and Ehrenson have shown in their study of hydronium 
ioas that an energy optimized representation of the water Is core results in an 
“extra” stabilization at K(0-0) = 2.4A of less than 1 kcal/mole. in contrast to 
the 9.4 kcal/mole "stabilization" found here for water dimer at R( 0-0) = 2.51 A, 
0= 54 . Thus, it is unlikely that this counterpoise procedure will greatly change 
the dimerization energy computed with “double zeta” bases and the exaggerated 
AE found in those cases is really due to the overestimated monomer dipole 
moment. 
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Fig. 3. Curve 1: AE = ft'dim - 2 t' 0 . Curve 2: AE- f Ai:: /= 1/6 for HF. 2/7 for H z O, 4/11 for HC'N 
Curve 3: AE- Ar.sAE- hasis function correction. Curve 4: Ac.=. basis function correction 


The results of the calculations are presented in Table 1 and graphically 
summarized in the three figures. It is obvious from Fig. 2 that if the total correction 
Af. (defined as the difference between the monomer energies with and without 
additional basis functions) is added to the uncorrectcd stabilization energy, the 
resulting potential curve shows a too small an energy of dimerization and a too 
large an intermolecular separation as compared with the most accurate calcula¬ 
tions; thus, we have somewhat "overcorrected” our original potential curve. 

In order to give results in better agreement with the best ab initio calculations 
and experiment an empirical "correction factor” was sought. Since the electron 
pair acceptor in the actual dimer (in the case of HF) has only one unoccupied 
orbital and we have included six extra orbitals in the calculation of £,, each Af. 
was multiplied by 1/6 and added to the uncorrected AE to give a dimerization 
energy of 4.4 kcal/mole at R = 2.6 A, 0 = 60'. A similar analysis of the water dimer 
surface (multiplying the Af by 2/7) and the HCN surface (multiplication by 4/11) 
led to the results summarized in Table 2 As one can see, the results, albeit suspect 
because of our correction factor, are in excellent agreement with the experimental 
(where available) values and “most accurate” calculations. The “agreement” with 
experiment is somewhat fortuitous, since no dispersion attraction can be found 
within the SCF framework. 
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Table 2. Comparison of counterpoise results with more accurate calculations 
Distances in A and A £ in kcal/mole 



/KSTO-3G)* 

d£(STO-3G) 

£(CP) b 

d£(CP) 

R( DZ + P)' 

d£(DZ+P) 

(HF) 2 0 = 60" 

2.6 

5.4 

2.6 

4.4 

2.85 d -* 

4.2 d 

(H 2 O)0=54 

2.7 

6.6 

2.8 

5.0 

3.0' 

4.7' 

(HCN) 2 linear 

3.3 

3.6 

3.3 

3.3 

3.4 

3.3 


' STO-3G-direct calculation of At R refers to the minimum energy separation between monomers. 
11 CP - counterpoise At- f Ar, / = 1/6 for HF, 2/7 for H 2 0, 4/11 for HCN. 

* DZ + P - very accurate calculation of molecular potential surface “double zeta + polarization" 
atomic basis for (HCN) 2 no such accurate calculation exists, so the A E is taken from the experimental 
one in Ref. [6] and the R is assumed to be that of the infinite crystal (Ref. [7]). 

11 See Ref [8J; the minimum energy geometry occurs at (1 = 40°. 

' See Ref. [9J. 

' See Ref. [ 10], 


Conclusions 

The above results indicate that the functional counterpoise method, with a 
systematically chosen empirical factor, can be useful in improving potential 
surface calculatioas carried out with limited ah initio bases. No new integrals 
need be calculated, and with starting vectors from the isolated monomer, the 
additional SCF calculations converge very rapidly; thus the extra computational 
effort required to implement the counterpoise method is minimal. 
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Wave functions have been determined for the C 2 H 4 PH and C 2 H 4 S cyclic molecules, using 
(951/52/3) and (95/52/3) uncontracted Gaussian basis sets for each molecule. From Mulliken population 
analyses and electron-density plots, it is shown that the valence orbitals of C 2 H 4 PH and C 2 H 4 S are 
closely related and that these are similar to the respective orbitals of cyclopropane. 

Fur die zyklischen Molekiile C 2 H*PH und C 2 H*S wurden mil den nichtkontrahierten Basissiitzen 
((951/52/3) und (95/52/3)) von GauBfunktionen Wellenfunktionen bestimmt. Die Mullikenschen 
Populationsanalysen sowie Diagramme der Elektronendichte zeigen, daB die Valenzorbitale von 
C 2 H 4 PH und C 2 H 4 S in enger Beziehung stehen und daB diese den entsprechcnden Orbitalen des 
Cyclopropans dhnlich sind. 


1. Introduction 

As part of the study of the electronic structure of phosphorus compounds 
e.g. [1—4] which has been underway in our laboratory, it seemed desirable to 
investigate the strained-ring compound called phosphirane, C 2 H 4 PH, for which 
no prior quantum-mechanical study has been reported. For comparison purposes, 
we then calculated in the same basis sets wave functions for the related molecule 
(thiirane) in which a sulfur atom is substituted for the PH fragment, and for 
which several prior ab initio studies [5-8] have been reported. Our thiirane 
energy is lower than all except those from the contracted Gaussian basis calcula¬ 
tions of Strausz, Gosavi, Denes, and Csizmadia [8] which appeared after our 
work was completed. 


2. Calculations! Details 

The calculations on phosphirane, C 2 H 4 PH, were carried out using the 
following reported microwave C, geometry [9]: C-C = 1.502 A, C-P= 1.867 A, 
C-H cJj *= 1.092 A, C-H, rBM = 1.093 A, and P-H= 1.428A; with /CPC = 47.44°, 
/HPC = 95.22°, /CCH cta = 118.00°, and/CCH lroni = 117.00°. For thiirane, C 2 H 4 S, 
the calculations were carried out for a single atomic arrangement corresponding 
to the C 2 „ microwave structure [10]: C-C=1.492 A, C-S=1.819A, and 
C-H = 1.078 A, with /CSC = 48.43°, /HCH = 116.00°, and /CCH = 117.82°. 

The LCAO-MO-SCF calculations were carried out with uncontracted 
(95/52/3) Gaussian basis sets containing a total of 58 sp functions for thiirane 
and 61 for phosphirane and uncontracted (951/52/3) sets containing 64 spd 
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functions for thiirane and 67 for phosphirane, using the program MOSES. 
Atom-optimized exponents were employed for the s and p orbitals [4,11], along 
with values of 0.435 for the sulfur and 0.360 for the phosphorus d orbitals. These 
d-orbital exponents were obtained from optimization on phosphine [12] and 
phosphine oxide [13] for the phosphorus and on hydrogen sulfide [11] and 
sulfoxylic acid tautomer [11] for sulfur. Further details of the calculational 
methods have been described elsewhere [4]. 


3. Results and Discussion 

3.1. Molecular Results 

The total energy and dipole moment obtained for thiirane in the various 
prior calculations are compared with our results in Table 1. Obviously the (52) 
description of sulfur by Clark [5] is inadequate and not in balance with that of 
the other atoms, since it led to both a poor total energy and dipole moment. 
It is interest to compare our single-determinant SCF results for thiirane with the 
group-function calculations on this molecule by Franchini and Zandomencghi [7], 
They used the group-function method with and without configuration interaction, 
but even their best Cl energy of - 474.6465 a.u. is inferior to our single-determinant 
result of -474.8717 a.u. The SCF group-function method introduces correlation 
within each electron group [14]. The first-order correlation corrections to the SCF 
group function then involve only doubly excited states [15], and it is these 
states that Franchini and Zandomeneghi mixed into their Cl function. One 
might have expected that this much configuration interaction would push 
the energy below the Hartree-Fock limit; this being the rationale of the group 
function approach. But the fact is. it does not. Expanding the basis set in a single¬ 
determinant SCF calculation is more worthwhile than configuration interaction 
with a limited basis. This might be surprising except that Allen and Karo [16] 
observed the same thing long ago in comparing minimal-Slater SCF calculations 
on hydrogen fluoride, with and without Cl. to the Hartree-Fock limit. Strausz, 
Ciosavi, Denes, and Csizmadia [8] have used a [641/41/1] Gaussian set contracted 
from (1291 /116/3) in their very recently published work on thiirane. Their energy 
is 0.39 a.u. = 245 kcal/molc lower than our best, and is a strong demonstration of 


1 able 1. Values of lolal energy and of dipole moment calculated for the C 2 1 US molecule 


( alculation 

E,Jau.) 

liiO) 

(52 52 2) GTO [ 5J 

-456.0016 

5.17 

Mm. basis STO. no </ (6) 

474.4759 

1.56 

Min. basis STO. with d 16] 

-474.5159 

0.84 

Group-function (UK), genunals. min STO with d [7] 

-474.6197 

0.56 

IT GF. gcminals. min. STO with d [7] 

- 474.6465 

— 

(95/52.3) GTO (our work) 

-474,8387 

1.24 

(951 52.3) GTO (our work) 

-474.8717 

0.97 

[641, 42.1] GTO [8] 

-475.2622 

— 

Fxperimental value 

- 477,74 

1.84 [10] 
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S 

C 

H 

(52/52/2) GTO [5] 

+1.072 

-0.908 

+ 0.186 

Min. STO, no d [6] 

+ 0.066 

-0.435 

+ 0.201 

Min. STO, with d [6] 

+0.070 

-0.425 

+0.195 

(95/52/3) GTO 

+ 0.123 

-0.470 

+0.204 

(951/52/3) GTO 

-0.036 

-0.362 

+0.190 


the power of such contracted bases. These authors present a thorough study of 
the orbital and total energy relations between thiirane and its isomers; but, 
although they compute the oscillator strength of several thiirane transitions, 
they do not give a computed dipole moment for the ground state. 

The so-called “atomic charges” obtained by subtracting the Mulliken gross 
population [17] from the atomic number are shown in Table 2 for various cal¬ 
culations on thiirane. These data are unfortunately not available for the low-energy 
wave function of Strausz, Gosavi, Denes, and Csizmadia. If one assumes that a 
minimum-basis set of Slater orbitals epitomizes a balanced basis set in the Mulliken 
sense [18], the charges given in Table 2 indicate that the (95/52/3) Gaussian set 
is a reasonably well balanced one; whereas the (52/52/3) set of Gaussian orbitals 
[5] is horribly unbalanced, with the sulfur being starved for atomic orbitals. 
Note that adding a set of d orbitals to the minimum Slater basis set has very 
little effect on the atomic charges, whereas the effect is quite pronounced when 
going from our (95/52/3) to (951/52/3) Gaussian basis set. We attribute this 
difference to the choice of too large a radius for the d orbital in the Slater calcula¬ 
tions [6], Instead of using a Slater exponent of 1.7 for the d orbital, a value around 
2.7 would have been more appropriate [19]. The d orbital corresponding to 
the 1.7 exponent obviously exhibited too large a radius to give the proper bonding 
contributions to the thiirane molecule, although it undoubtedly contributed to 
the desired polarization of the s and p orbitals [20], As shown in Table 1. the 
fact that the change in total energy when allowing d orbitals to the Slater minimum- 
basis set and to the (95/52/3) Gaussian set was about the same is attributable 
to the fact that the absolute change in inner-orbital energies upon allowing d 
character is considerably greater than that for the outer orbitals for cither basis set. 

The “experimental" value for the thiirane energy was obtained by subtracting 
the sum of the atomic ionization potentials [21] ( + 476.74401 a.u.) and the 
standard heat of formation of the atoms [22] at 0 K (+ 0.9762 a.u.) from the 
heat of formation of thiirane [22] at 0 K ( +0.0360 a.u.) and the zero-point 
vibration corrections (- 0.0530 a.u.) obtained from an analysis of the IR spectrum 
[23]. The resulting energy of - 477.737 a.u. is 68 kcal/mole above that given by 
Bonaccorsi, Scrocco, and Tomasi [6] for the same quantity. It seems most likely 
that the difference is due to our use of revised atomic ionization potentials! 
Both values are sufficiently far below all calculated thiirane energies so that the 
difference is not yet significant. But as calculations become more exact, the 
problem of obtaining accurate experimental energies promises to become a 
serious one. 
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The fundamental vibrational frequencies for phosphirane are available 
[24, 25], but thermochemical data are not. Nevertheless, the heat of formation 
of phosphirane from atoms at 298 can be estimated from the corresponding 
quantity for thiirane and Cottrell’s [26] empirical bond energies. 

A //^(phosphirane)« A // 298 (thiirane) + 2 E K - 2 + E m 

= - 597.988 - 126 + 130 - 77 = - 671 kcal 

where £ K is Cottrell’s energy of a phosphorus-carbon bond, and E x and £ PH are 
defined similarly. Using the heat of formation of cyclopropane instead of that 
of thiirane gives instead an estimate of - 654 kcal for phosphirane. The two 
estimates differ by only 0.027 a.u. so either is probably accurate enough to give 
a useful estimate of the total energy of phosphirane relative to separated particles. 
Since P and S are more nearly alike than are P and C we choose the - 671 value. 
Then 

A £ 2Qg = A // 29s + 7 RT = — 666.7 kcal 

= A £ varilllon ,i + /d(trans)+ d(rot) + A (zero-point) 

= A £ v » rational ~ ^ RT + T + 0.0613 a.u. 

This gives a d£ v>riall0n „, the phosphirane energy relative to separated atoms, 
of -1.1152 a.u. Including the atomic ionization potentials [21] gives 
(- 1.1152-420.1555)= -421.27a.u. as the experimental energy of the phos¬ 
phirane potential minimum relative to separated electrons and nuclei. 

In all of these calculations, the most recent values of the fundamental constants 
[27] were used, corresponding to 

I a.u. = 27.2117 eV = 627.52 kcal/mole = 219475 cm ‘'. 

The total energy, dipole moment, and atomic charges from a Mulliken popula¬ 
tion analysis are shown in Table 3 for the phosphirane molecule, which has not 
been studied previously. Note that the percentage difference between the SCF 
value of the total energy and the experimental value is about the same for thiirane 
as for phosphirane in the same basis set. Likewise, the increase in total energy 
upon allowing d orbitals is also similar (0.033 a.u. for QH 4 .S and 0.050 a.u. 
for C 2 H 4 PH). However, the atomic charge on the phosphorus is appreciably 


Table 3. Calculated values for the C 3 H 4 PH molecule 


Basis set 

(95/52/3) 

(951/52/3) 

Total energy (a.u.)‘ 

-418.6923 

-418.7422 

Dipole mom. (£>) b 

0.921 

0.647 

Atomic charges (e) 

P 

+ 0.53 

+ 0.30 

C' 

- 0.49 

- 0.35 

H, 

+ 0.21 

+ 0.20 

H, 

+ 0.01 

+ 0.09 


* Experimental value: -421.27 a.u. 
b Experimental value [9]: fi = 1.12 D. 
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higher than that on the sulfur whether or not d orbitals are allowed, and this is 
also true for the change in charge upon allowing d orbitals to the molecule. 


3.2. Orbital Results 

The Mulliken population analyses for the valence orbitals of phosphirane 
and thiirane are compared in Table 4 from which it can be seen that there is great 
similarity between the valence orbitals of these two molecules. This similarity 
extends to the valence-orbital energies which are reported in Table 5. The close 
correspondence between the P-C overlap of an orbital of phosphirane and the 
S-C overlap of the related orbital of thiirane should be particularly noted in 
Table 4, along with the similarities in the other overlap populations as well as 
in the gross populations of the carbon atoms and their attached hydrogens. 
Interestingly enough, the phosphorus gross population varies from orbital to 
orbital in about the same way as does the sulfur gross population between the 
related orbitals. 

It also seemed desirable to find out whether or not the valence orbitals of 
cyclopropane in a comparable basis set would also be closely related to those of 
phosphirane and thiirane. Accordingly a calculation was carried out on cyclo¬ 
propane using a (52/2) uncontracted Gaussian basis [28]. In order to carry out a 
proper comparison, it seemed appropriate to select sets of orbitals of e symmetry 
corresponding to the linear combination which would be directly comparable 
to molecules of C 2l , symmetry. This was achieved by a 2' diminution in the HCH 
angle at only one of the carbon atoms of cyclopropane, which resulted in a trans¬ 
formation of the D 3h symmetry of cyclopropane into C 2 „ without appreciable 
distortion of the wave function. As can be seen in Table 4. the resulting gross and 
overlap populations for cyclopropane agree quite well orbital-by-orbital with 
those of phosphirane and thiirane. Note, however, that the difference in the 
number of the valence-shell electrons of carbon (4), phosphorus (5), and sulfur (6) 
shows up predominantly in the molecular orbitals 3e' and \e" for C 3 H 6 and 
11a' for C 2 H 4 PH. 

Since a population analysis results from integrations over space thus producing 
numbers which do not reflect electronic spatial distributions, appropriate electron- 
density plots should be much more suitable for showing the details of inter¬ 
relations between wave functions of different molecules. For intercomparing the 
orbitals of phosphirane with those of thiirane and cyclopropane, three-dimensional 
plots are shown in Fig. 1 for those orbitals exhibiting electron densities in the 
ring plane. In these plots the magnitude of the electron-density in the plane of 
the ring is plotted perpendicular to this plane. Figure 1 shows that the inter- 
molecular-orbital correlations made between these three molecules on the basis 
of the population analysis of Table 4 are clearly recognizable in the electron- 
density plots. Of particular interest is the good comparison between the two 
2c 1 orbitals of cyclopropane and the respective orbitals of phosphirane (3 a" and la') 
and thiirane (3 b 2 and 6a,), all of which are dominated by s-type atomic orbitals. 
The suitable choice of the pair of 3e' orbitals is also demonstrated by their cor¬ 
respondence to the related orbitals of phosphirane (10a' and 5a") and thiirane 
(8a, and 4 b 2 ). all of which are based on p-type atomic orbitals. 



l-ig. I. I'hrec-dimonsional pints of the electron-densities in the ring plane (electron density shown 
on the vertical axis) for the valence molecular orbitals of (.4) phosphirane, t/J) thuranc. and ((') cyclo¬ 
propane 


The electron-density plots show that the main difference between orbital 
Chi' of phosphirane, 5a, of thiirane, and 2d of cyclopropane lies in the fact that 
the third carbon of cyclopropane bonds through its second (and hence outermost) 
s-orbital antinodc; whereas for phosphorus and sulfur, the bonding is through 
overlap of the third s-orbital antinode. This acts to push the concentration of 
electrons in the bonding region away from the region of the phosphorus or sulfur 
nuclei. Similarly, the p-type orbitals of phosphirane and thiirane (9a', 10a', 5a", 
1 la' of C\H 4 PH; 7a,. 8a,. and 4 b 2 of C : H 4 S) exhibit bonding through the outer¬ 
most of the two p-orbital antinodes of the phosphorus and sulfur thereby leading 
to the observed differences in electron-density distribution between these orbitals 
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Table 4. Electronic population analysis* for the valence orbitals of C 2 H 4 X molecules 


X Orbs. Gross population Overlap population 




M b 

C 

H* 

H c £ 

He 

M-C 

c-c 

M-H 

C-H c 

C-H(. 

P(H) 

6o' 

0.435 

0.789 

0.014 

0.048 

0.048 

0.271 

0.372 

0.001 

0.049 

0.049 

S 

5a, 

0.524 

0.670 


0.034 


0.217 

0.326 

— 

0.038 


C(H 2 ) 

2oi 

0.614 

0.614 

0.027 

0.027 


0.276 

0.277 

0.029 

0.029 


P(H) 

3a" 

0.108 

0.665 

0.000 

0.163 

0.162 

0.069 

-0.150 

0.000 

0.193 

0.193 

S 

36 2 

0.068 

0.655 

— 

0.155 


0.036 

-0.151 


0.192 


C(H 2 ) 

2c' 

0.101 

0.646 

0.000 

0.152 


0.054 

-0.147 

0.000 

0.181 


P(H) 

7a' 

0.954 

0.217 

0.197 

0.027 

0.044 

-0.086 

0.072 

0.221 

0.048 

0.063 

S 

6a, 

1.157 

0.315 

— 

0.053 


-0.063 

0.119 

— 

0.065 


C(H 2 ) 

V 

0.827 

0.283 

0.202 

0.051 


-0.079 

0.121 

0.240 

0.060 


P(H) 

8a' 

0.182 

0.593 

0.045 

0.221 

0.123 

0.091 

0.139 

0.017 

0.193 

0.095 

s 

2b, 

0.095 

0.603 

— 

0.175 


0.040 

0.153 

— 

0.154 


C(H 2 ) 

la" 2 

0.448 

0.449 

0.109 

0.109 


0.101 

0.102 

0.095 

0.095 


P(H) 

9a' 

0.338 

0.529 

0.131 

0.043 

0.157 

0.009 

0.232 

0.147 

0.032 

0.132 

s 

7a, 

0.451 

0.587 

— 

0.094 


0.170 

0.271 

— 

0.077 


C(H 2 ) 

3a', 

0.475 

0.470 

0.099 

0.097 


0.093 

0.093 

0.104 

0.103 


P(H) 

4a" 

0.007 

0.514 

0.000 

0.245 

0.241 

0.005 

-0.198 

0.000 

0.236 

0.232 

s 

la 2 

0.002 

0.520 


0.240 


0.001 

-0.203 

— 

0.236 


C(H 2 ) 

le" 

0.000 

0.523 

0.000 

0.239 


0.000 

-0.199 

0.000 

0.227 


P(H) 

10a' 

0.507 

0.371 

0.434 

0.039 

-0.003 

-0.148 

0.239 

0.210 

0.031 

0.003 

S 

8a, 

0.773 

0.604 


0.005 


0.016 

0.269 


0.005 


C(H 2 ) 

3c' 

0.298 

0.773 

0.052 

0.013 


-0.092 

0.461 

0.033 

0.008 


P(H) 

5a" 

1.070 

0.485 

0.000 

0.016 

0.021 

0.374 

-0.212 

0.000 

0.015 

0.019 

S 

4 b 2 

1.094 

0.397 

• - 

0.028 


0.255 

-0.193 

• - 

0.017 


C(H 2 ) 

3c' 

0.927 

0.458 

0.000 

0.039 


0.278 

-0.275 

0.000 

0.025 


P(H) 

1 la’ 

1.109 

0.184 

0.090 

0.002 

0.007 

-0.193 

0.111 

-0.177 

0.003 

0.014 

S 

36, 

1.874 

0.009 


0.027 


-0.036 

0.004 

— 

0.014 


C(H 2 ) 

lc" 

0.697 

0.174 

0.318 

0.080 


-0.132 

0.066 

0.302 

0.075 


P(H) 

total 

14.702 

6.346 

0.911 

0.803 

0.799 

0.380 

0.598 

0.426 

0.798 

0.799 

S 

total 

16.036 

6.362 

-• 

0.810 


0.480 

0.587 

-- 

0.794 


C(H 2 ) 

total 

6.389 

6.389 

0.805 

0,806 

0.494 

0.492 

0.800 

0.800 




* These values are calculated from a (951/52/3) basis set for the phosphirane and thiirane molecules 
and a (52/2) basis set for cyclopropane. 
b The M stands for P or X = P(H), or C of X = C(H 2 ). 

c For the C 2 H 4 PH molecule, the H c corresponds to the hydrogen which is as to the H„ hydrogen 
and He to that which is trims. 


and the respective cyclopropane molecular orbitals (3a', 3e', and 3e') which are 
also dominated by p-type atomic orbitals. The most pronounced case of this 
pushing of bonding electrons away from the region of the phosphorus or sulfur 
nuclei is found for orbitals 9a' of C 2 H 4 PH and 7a, of C 2 H 4 S, as can be seen 
in Fig. 1. 

The figure clearly shows that the most stable valence-shell molecular orbital 
of each molecule (bottom plots) is strongly bonding and involves the s atomic 
orbitals of all three of the ring atoms. The next two valence-shell molecular 
orbitals are also based on the s atomic orbitals of the three ring atoms but exhibit 
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table 5. 

Orbital energies calculated for C 2 

H 4 PH and C 2 H 4 S, with d orbitals allowed 

c,h 4 pii 

Orbital 

Lnergy (eV) 

c 2 h 4 s_ 

Orbital 

Energy (eV) 

In' P"l.s" 

2176.2 

In, S"ls" 

-25022 

2 a l "Is" 

30H 4 

2 a 2 C"ts" 

- 308.9 

In" C "Is" 

- 30H.4 

lh 2 C’"Is" 

- 30H.9 

3u I* "2.s J 

204.6 

3u, S "2s" 

- 243.9 

4«' I* "2/>" 

147.0 

4n, S "2p" 

- 180.5 

5 a I* "2p" 

146.9 

2 bj S "2p" 

- 180.5 

2 u I* "2p" 

- 146.9 

Ih, S "2 p" 

- 180.4 

ha' 

29.7 

5u, 

- 30.8 

V 

22 4 

36, 

- 22.8 

la 

20 7 

6ui 

- 22.4 

Hu' 

17 3 

2h, 

- 17.6 

9 a 

18.4 

7<i, 

- 15.7 

An 

1 1.7 

In, 

- 14.1 

10 ti 

- 12.0 

Hu, 

- 11.3 

5 a 

9 7* 

Ah, 

- 10.5 

1 In' 

9.7 

3 b. 

- 8.0 


‘ When given with more accuracy. the 5u" nuileeular orbital of phosphirane is found to be higher in 
energy than orbital I In'. 


either no-bonding or antibonding characteristics within the ring. The remaining 
orbitals which contribute to bonding of the ring atoms all involve the p atomic 
orbitals of th ese atoms, with the two more stable of these molecular orbitals 
being (p„ - p„~^p„). With respect to the interactions of the ring atoms, the phos¬ 
phorus or sulfur (or alternatively the third carbon of cyclopropane) is strongly 
rc-bonded to the C 2 H 4 group by atomic p orbitals with nodal planes perpendicular 
to the ring plane ( 5a”. 4b 2 , .V): whereas similar n antibonding is achieved for 
the case where the nodal plane of the p atomic orbitals lies in the ring plane. 
By looking at plots similar to those given in Fig. 1 corresponding to the planes 
passing through each of the ring atoms and the center of the ring, the same kind 
of information concerning the bonds to the hydrogen atoms is obtained as is 
given by Fig. 1 for the bonding within the ring plane. 


Ai kimwktlfimcnl. We wish to thank the Air Force Office of Scientific Research for partial support 
of this work under contract number AFOSR-72-2265. 
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An ah initio MO study, using medium size Gaussian basis sets has been made of vinylidene carbene. 
acetylene and the isomeric cyclic intermediate presumed to represent the transition state of their 
interconversion reaction, along with their perfluorinated analogs. The total energies of the acetylenes 
are lower than the vinylidenes and the estimated activation energy of their interconversion is con¬ 
siderably higher for the (luorinated molecules. The results are in line with experimental observations. 


The difluorovinylidene carbene, F 2 C = C.\ has been shown to be the principal 
primary product of the triplet mercury photosensitization of trifluoroethylene 
[1], Thermodynamically, it is likely to be less stable than its structural isomer 
difluoroacetylene, nonetheless its unimolecular isomerization to acetylene is 
slow at room temperature and consequently the carbene can be readily scavenged. 
It reacts with the C-H bonds of paraffins to give a 1,1-difluoro-l-alkene and 
with the 7t-bonds of olefins to give a difluoromethylene cyclopropane or its 
secondary fragmentation or rearrangement product. 

In order to gain an understanding of the cause of the stability of difluoro- 
vinylidene and to elucidate details of the hypothetical reaction path leading 
to acetylene formation, non-empirical MO calculations were performed on 
three C 2 F 2 species including the vinylidene (I) and acetylene (II) structures and 
the cyclic intermediate (III) assumed to be the transition state of the expected 
isomerization reaction: 
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An ab initio MO study, using medium size Gaussian basis sets has been made of vinylidene carbenc. 
acetylene and the isomeric cyclic intermediate presumed to represent the transition state of their 
interconvcrsion reaction, along with their perfluorinated analogs. The total energies of the acetylenes 
arc lower than the vinylidcncs and the estimated activation energy of their interconversion is con¬ 
siderably higher for the (luorinated molecules. The results are in line with experimental observations. 


The difluorovinylidene carbene, F 2 C = C:, has been shown to be the principal 
primary product of the triplet mercury photosensitization of trifluoroethylene 
[1], Thermodynamically, it is likely to be less stable than its structural isomer 
difluoroacetylene, nonetheless its unimolecular isomerization to acetylene is 
slow at room temperature and consequently the carbene can be readily scavenged. 
It reacts with the C-H bonds of paraffias to give a 1,1-difluoro-l-alkene and 
with the re-bonds of olefins to give a difluoromethylene cyclopropane or its 
secondary fragmentation or rearrangement product. 

In order to gain an understanding of the cause of the stability of difluoro¬ 
vinylidene and to elucidate details of the hypothetical reaction path leading 
to acetylene formation, non-cmpirical MO calculations were performed on 
three C 2 F 2 species including the vinylidene (I) and acetylene (II) structures and 
the cyclic intermediate (III) assumed to be the transition state of the expected 
isomerization reaction: 

F ,F 
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Tabic I. Computed energy values for the three (\F 2 species 





F 

.1. 



I.ncrgy (hartreel 


:C=C 

C--r-"C 


F-CsC-F 




I 

F 



1 lectrunic ultraetn 

>n 

- 774.269680 

279.95766X 


- 765.575057 

Nuclear repulsion 


+ 102.6674X4 

4 1 OX.572154 


4- 9.7.874X8X 

1 otal molecular 


- 271.602196 

- 271.7X5514 


-271.660165 

Relative 

energy(kc 

al mold 

O.(H) 

E. - + 175.96 


AE= - 76.77 

fable 2 Computed moleeulai orbital-energy v 

.dues On ttarlrec a.u.) for the C,1 , species 

Species 

( ( 

1 


t 

C =. C 


h-fsC-h 

MO 

11,1(11 

F 

b,(«l 

/> 2 ()tl it.(rr) 

1 

(j n 


rr it, and ir, 

1 

26 47S2 

26 4751 

0 7426 -0.6741 

26.612X - 0.8579 


26.5007 - 0.7064 

7 

11.4790 

1.7077 

- 0.77X1 , 4.7 7010 

-26.5074 -0.6919 

- 

26.5(X)I - 0.67X4 

7 

II 7791 

0.75XX ' 

1 0 20X7 

11.46X4 - 0.72.76 


11.4157 -0.7970 

4 

1 7074 

0 6145 

t 1 5526 

II 7759 1 t 0.1X66 

- 

11.4176 t 6.2746 

5 

1 1070 

f 0 0467 


1 9665 i 4 1.5592 


1.7245 i 4-1.5680 

f> 

0 8990 

( 0 5X79 


1.7752 1 

- 

1.7224 1 

7 

0 6575 



- 1.0956 i 

- 

i.ioxi : 

X 

- 0 4411 



- 0.9457 | 

- 

0.x 100 1 

V 

4 0.4470 



- 0.X07I ■ 

- 

0.7507 ! 

10 

t 0.66X1) 



0.6999 


0.2591 

11 




- 0.6120 1 

"f 

0.526.7 

12 




- 0.7962 , 

■f 

1.0204 

1? 




t 0.2252 



14 




t- 0.79X9 




The broken line indicates the 




Because of the relatively large size of the molecule only a “medium" Gaussian 
basis set could be used to expand the molecular orbitals. It consisted of five s 
and two p Gaussian type functions [2] (GTF), for both carbon and fluorine, 
resulting in a total of 44 GTF. This basis set has been used successfully by Clark 
[3] for studying fluoro hydrocarbons and related molecules and it should be 
suitable for the present case as well. The calculations were carried out on an 
IBM 7094-11 computer using the POLYATOM system [4]. 
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Fig. I. Geometries and electron distributions for C' 2 F, species. A Bond length (A) and bond angles. 
B Net atomic electron populations. C Overlap electron populations. I) Gross atomic electron popula¬ 
tions. F. Net atomic charges. F Dipole moments 


The electronic attraction, nuclear repulsion as well as the total energy values 
computed for the species 1 to III are summarized in Table 1. The results show 
that the carbene is indeed less stable than the acetylene as anticipated on the 
grounds that the former contains one less n bond and the same number of a 
bonds as the latter. The energy value computed for the transition state III of 
the hypothetical unimolecular isomerization is prohibitively large. 
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Table 3. Computed energy values for the three C 2 H 2 species 


Knergy (hartree) 

H 

/ 

:C—C 

\ 

H 

,H. 

X 

1 

u 

III 

u 

1 

X 

\ 

H 

F.leclronic attraction 

-100.19584 

- 102.58358 

-101.49828 

Nuclear repulsion 

23.59257 

26.10265 

24.83465 

I otal molecular 

- 76.60327 

- 76.48093 

- 76.66363 

Relative energy (kcal/mole) 

0.00 

E. = + 76.79 

AE= -37.89 


In addition to total energies the orbital energies, given in Table 2, the dipole 
moments and electron populations, presented in Fig. 1, were also calculated. The 
latter data clearly indicate that the properties of III lie intermediate between I 
and II. However, the binding of the bridged fluorine to the two carbon atoms, 
as measured by the overlap populations, is diminishingly small. 

l or comparison the corresponding calculations were also carried out on the 
unfluorinated species, vinylidenc, acetylene, and the cyclic intermediate repre¬ 
senting the transition state for their interconversion. In order to ensure that the 
two sets of calculations are directly comparable their quality must be com¬ 
mensurate and this requires the use of basis sets of approximately identical sizes. 

The basis set used for the C 2 F 2 species consisted of 5 s , 2 P GTF on both C 
and F, which resulted in a total of 44 basis functions. On going from C 2 F 2 to C 2 H 2 
the number of carbon atom orbitals was increased because for the description 
of hydrogen atoms one normally needs fewer orbitals than for the description 
of fluorine atoms. In this set of calculations the carbon atoms were represented 
by 7*, y GTF while the hydrogen atoms were described [2] by a set of 3' GTF. 
This yielded a total of 38 GTF in the basis set, which is comparable to the previous 
basis set size of 44. 

The results, computed for the C 2 H 2 species, are given in Table 3. It is seen 
that the enthalpy changes of the two reactions are very similar but the activation 
energy associated with the rearrangement of the fluoro compound is nearly 
twice the value of the unfluorinated molecule. This is in line with expectation 
since H-atom migration is known to be more facile than F-atom migration while 
the enthalpy change would be expected to be affected only slightly [1]. 

Since no literature report exists on the detection or trapping of vinylidene 
it is quite probable that the isomerization to acetylene is very rapid and features 
a very low activation energy. Even if we take the activation energy as being zero 
the estimated value of the activation energy for the fluoro analog is still about 
59 kcal/mole. which would adequately explain the reluctance of difluorovinylidene 
to isomerize. 
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Quantum Mechanical Theory of Optical Rotatory Power 
of Methane Derivatives in the Transparent Region 

The optical rotatory power of methane derivatives depending on substituent properties is discussed 
by means of quantum mechanics following an algebraic theory for this molecular class [17], With 
proper definitions of "formally bonded ligands" and a "model Hamiltonian" and by means of a per¬ 
turbation treatment using the interaction between ligands as perturbation, the Ansatz according to 
the so called second method is exactly confirmed if the perturbation treatment is performed up to and 
including the second order. Perturbation corrections of zeroth and first order yield only contributions 
related to geometrical deviations from the so called T d -situation. Therefore the only contribution which 
is present in all methane derivatives with four different ligands and which represents the main contribu¬ 
tion to optical rotatory power if such deviations from the Tj-situation arc small is described by the 
second order. The corrections of zeroth and first order are also discussed. With simplifying assumptions 
about the perturbation operator we arrive at an interpretation of the result by dipole moments and 
electromagnetic polarisibilities of the ligands and geometrical parameters. Finally further assumptions 
are discussed in order to obtain simplified formulas. 

Die optische Aktivitat von Methanderivaten in Abhiingigkcit von den Figcnschaften der Substi- 
tuenten wird entsprechcnd einer algcbraischcn Theorie fur diese Molekiilklassc [17] quuntenme- 
chanisch diskutiert. Mit gecigneten Festsetzungen liber die Begriffc ..formal gebundener Ligand" 
und ..Modelloperator fur die F.ncrgic" und mit den Mitteln einer Storungsrcchnung. bci der die 
Wechselwirkung zwischen den Liganden als Stbrung betrachtet wird, liiBt sieh der Ansatz nach der 
sogenannten zweiten Mcthodc cxakt bestatigen, wenn man die Storungsrcchnung mit der zweiten 
Ordnung abbricht. Da stbrungstheoretische Korrekturen nullter und erster Ordnung nur Zusatz- 
beitrage liefern. die auf geometrische Abweichungen von der sogenannten T d -Situation zurlick- 
zufiihren sind, wird der einzige Beitrag, der bei alien Methanderivaten mit vicr verschicdencn Liganden 
auftritt und bei klcincn Abweichungen von der T d -Situation den Hauptbeitrag zum optischen Dreh- 
winkcl darstellt. erst in zweiter Ordnung beschriebea Die Korrekturen nullter und erster Ordnung 
werden ebenfalls bcsprochen. Mit vcrcinfachenden Annahmcn iiber die Form dcr Stbrung gelingt die 
Interpretation des Resultats durch Dipolmomenlc und elektromagnelischc Polarisierbarkeiten der 
Liganden und geometrische Parameter. SchlieGlich werden weitere Niiherungsannahmen mit dem 
Ziel einer Vercinfachung der gefundenen Formel diskutiert. 
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I. Vorfoemerkung 

LJntcr ..natiirlicher optischer Aktivitat“ versteht man die Eigenschaft eines 
Mediums, die Polarisationsehene eines durchtretenden linear polarisierten Licht- 
strahles ohne zusiitzliche Einfliisse von auBen. insbesondere ohne ein auBeres 
statisches Magnctfeld. zu drehen. Das Phiinomen der Drehung folgt aus unter- 
schiedlichen Fortpflanzungsgeschwindigkeiten der links- und rechtszirkular 
polarisierten Komponcnte ciner linear polarisierten Lichtwclle. In Medien mit 
natiirlicher optischer Aktivitat sind diese Geschwindigkeiten verschieden. In 
gasltirmigen und fliissigen SlofTen, allgemcin in StofTen ohne bevorzugte Anord- 
nung und Orientierung der Molekiile, kann fiir die optische Drehung nur die 
Tatsache verantwortlich gemacht werden, daB die Molekiile von ihren Spiegel- 
bildern verschieden sind. 

Der EinfluB auf die rechts- und linkszirkular polarisierte Komponente des 
l.ichtes wird vertauscht, wenn man statt eines Ensembles chiraler Molekiile das 
Ensemble der Antipoden durchstrahlt. Der Drehwinkel iindert dabei also das 
Vorzeichen. Die Drehung von linear polarisiertem Licht bei Durchstrahlung einer 
gegebenen Menge eines statistischen Ensembles chiraler Molekiile einer Sorte 
ist somit eine pseudoskalare Eigenschaft des Molekiils. Das gilt auch fiir Losungen 
von chiralen Molekiilen in einem achiralen Losungsmittel. Fiir eine chirale 
Molekiilklasse mit achiralem Geriist und achiralen Liganden von der Symmetric 
der Lagegruppe wird das optische Drehvermogen des entsprechenden statisti¬ 
schen Ensembles also durch eine Funktion dcr Ligandensorten und ihrer Ver- 
teilung auf die Geriistpliitze beschriebcn. die wir in [17] Chiralitatsfunktion 
genannt ha ben. 

Wir werden im folgenden eine approximative Chiralitatsfunktion fur den 
optischen Drchwinkel der Methanderivate aus der Quantenmechanik ableiten 
und konnen uns dabei auf zwei Resultate stiitzen. die Rosenfeldgleichung und die 
Thcorie der Chiralitiitsfunktionen. 
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/. Die Rosenfeld-Gleichung [13] 

Der molare Drehwinkel [a>] fur chirale Moiekiiie in statistischer Verteilung, 
z. B. fur die Losung einer optisch aktiven chemisch reinen Substanz in einem 
achiralen LosungsmitteL wird im Transparenzgebiet durch die Rosenfeldgleichung 
beschrieben 1 : 


mit 


K = 


48 niV n 2 + 2 


[w] = KSp ( -' ) y 
und 


(J)y = _2 Im ^ <o|m|s> <s|/I|o> 


(I) 


v 2 - v 2 


Dabei ist vorausgesetzt, dafi sich alle Moiekiiie im nichtentarteten Grundzustand 
|o) befinden und die Frequenz v des Lichts nicht in der Nahe der Resonanzstellen, 
den Eigenfrequenzen v„, liegt. Falls der Grundzustand g-fach entartet ist, haben 
wir in der Definitionsgleichung fur (J) y die Summe durch das arithmetische 
Mittel von g entsprechenden Summen mit linear unabhangigen Grundzustanden 
zu ersetzen . 2 ist der Operator des elektrischen, p= ]T eJ2M,c 

t t 

•|r, x. + 2s,) der des magnetischen Dipolmomentes bei Abwesenheit auBerer 
Felder. e„ M t , p„ s, bezeichnen Ladung, Masse, Impuls und Spin des Teilchens t 
am Ort r ( ; c ist die Lichtgeschwindigkeit, h das Plancksche Wirkungsquantum 
und N die Loschmidtsche Zahl. Durch»ist das unbestimmte Produkt von Opera- 
toren bezeichnet, die Spurbildung „Sp“ liefert das skalarc Produkt. Das Matrix- 
element <s|0|f> eines Operators (P wird mit den Eigenfunktionen \p, und y>, 
des Hamiltonoperators fur das von auBeren Feldem unbeeinfluBte Molekiil 
gebildet. Im bezeichnet den Imaginarteil der Summe, die sich iiber die Molekiil- 
zustande |s> mit der Bedingung v M ^ 0 erstreckt. Der Faktor (n 2 + 2)/3 beschreibt 
die Lorentz-Korrektur fur das elcktromagnetische Feld im Inneren eines Mediums 
mit dem Brechungsindex n\ Einfliisse, die nicht von dieser Korrektur erfaBt und 
hauptsachlich in stark polaren Medien maBgebend werden, sind vernachlassigt . 3 

Ein weiterer Schritt der allgemeinen Theorie der naturlichen optischen 
Aktivitat besteht in der Spezialisierung auf Molekulklassen mit einem bestimmten 
Molekulgeriist und in der entsprechenden Behandlung des Rosenfeldschen Aus- 
drucks bis zur Form einer Funktion, die die Abhangigkeit von den Eigenschaften 
der Liganden des Molekuls ausdruckt. 

In den uns aus der Literatur bekannten quantenmechanischen Arbeiten mit 
diesem Ziel, z. B. [ 6 , 9], werden verschiedene Model!vorstellungen im Rahmen 
einer Storungsrechnung erster Ordnung diskutiert. Die Ordnung der quanten¬ 
mechanischen Storungsrechnung ist aber gerade im Falle der optischen Aktivitat 
ein auBerst fragwiirdiges Kriterium fur die physikalische Kompetenz eines 
Ansatzes (vgl. z. B. [ 8 ]). Die Methanderivate sind dafur insofern typisch, als 

1 Der Drehwinkel <p wird in Grad pro dcm durchsetzlcr Schicht angegebcn (odcr in Radian 
pro cm; 1 Grad/dcm = it/1800 Radian/cm). Die GrdUe LvJ = V’/t'. heiUl ,.spe/ifischer Drehwinkel''. 

Mj\00*= <p/l00'N/N c heiOt „mo!arer Drehwinkel“. Dabei ist: N r = Anzahl der chiralen 
Moiekiiie pro cm 3 Losung. M c = Molgewicht der optisch aktiven Substanz, q c = N,MJN = Dichte 
der optisch aktiven Substanz in g pro cm 3 1.bsung. 

1 Die Symmctriegruppe optisch aktiver T d -Derivate ist C,. also gilt bei gerader Elektronenzahl 
(/= 1. bei ungerader g = 2. 

3 Eine Diskussion dieser Einfliisse findet sich bei Maaskant und OosterhofT [I I]. 
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gerade die einfachste chiraie Situation und damit der idealisierte Grenzfall nicht, 
wie sich zeigen wird, in erster storungstheoretischer Ordnung zu beschreiben ist. 
Wir wollcn diesen Idealfall zunachst prazisieren und nennen entsprechende 
Molekiile T d -Derivate des Methans. 

Der KohlenstofT mit vier T d -symmetrisch orientierten er-Bindungen sei als 
Molckiilgeriist betrachtet, als das gemeinsame Merkmal einer Klasse von Ver* 
bindungcn. die sich durch Art und Verteilung von Liganden unterscheiden; 
wenn dabei die Art und die Fixierung der Liganden der Bedingung geniigen, daB 
die Symmetrieelemente der C il .-Achsen auch Symmetrieelemente der jeweiligen 
Liganden sind, nennen wir die Verbindungen T d -Derivate. 

Us ist klar. daB T d -Derivate mit verschiedenartigen Liganden chiral sind. 
Da sich, wie schon erwahnt, in erster storungstheoretischer Ordnung kein Beitrag 
/urn optischen Drehwinkel ergibt, beschreibt eine Storungsrechnung fur Methan- 
dcrivate. die mit der ersten Ordnung abbricht. wie z. B. die Kirkwoodsche Theorie, 
Bcitriige zum optischen Drehwinkel, die ausschlieBlich auf der Abweichung von 
der Situation in T d -Dcrivaten beruhen. Die Storungstheorie erster Ordnung 
behandelt einen l.ffekt erster Ordnung in den Abweichungen von der T d -Situation; 
die zweite storungstheoretische Ordnung dagegen wird den Fffekt nullter Ord¬ 
nung, niimlich die optische Aktivitiit von T d -Derivaten ohne Korrekturen ihrer 
Geometric, beschreiben. Die Kirkwoodsche oder entsprechende Rechnungcn 
liefern bei kleincr Deformation also Beitriige zum optischen Drehwinkel, die als 
Korrektur des Rcsultats einer Storungsrechnung zweitcr Ordnung anzusehen sind. 

Die hier vorweggenommenen Aussagen iiber Eigenschaften der Storungs¬ 
rechnung basieren auf Informationcn liber die algebraische Struktur von Chirali- 
Uitsfunktionen. 

2. Siruktur der Chiralitiitsfunktionen fur die Klasse der T d -Derivate [16, 17] 

Die Theorie der Chiralitiitsfunktionen betrifft pseudoskalare Eigenschaften 
von den Molekiilen einer chiralen Molekiilklasse mit einem jcweils fcstgelegten 
achiralen Geriist. Die Chiralitiitsfunktionen fur die Klasse der T d -Dcrivale 
zeichnen sich durch folgende Bcsonderheiten aus: 

a) Das Transformationsverhalten gegeniiber alien mogliehen Ligandenpermu- 
tationen ist durch das Transformationsverhalten gegeniiber den Symmetrie- 
operationen des Geriistes vdllig festgelegt. 

/<) Es gibt keine chiralen Molekiile mit zwei gleichartigen Liganden (Chira- 
litiitsordnung o = 1). Aus diesem Grund konnen nur Funktionen von mindestens 
drei Liganden (n — o = 3, n = Zahl der Geriiststellen) von Null verschiedene 
additive Beitriige zur Chiralitatsbeobachtung liefern (vgl. [17]). Dementsprechend 
lautet die Chiralitiitsfunktion nach dem zweiten Niiherungsvcrfahren (vgl. [16]) 

X(l i. / 2- ly I*) — ^ 2 ' ly U) ~ tytfy U< ^i) + 1 1 - — <pVi-12' ^3) ( 2 ) 

mit Funktionen <p der Eigenschaft 

■■PVjk) tp(/|, lj. I k ) = <p(l,. lj . l k ), 

wobei t?(ijk) ein Projektionsoperator ist, der sich gemaB der Definition 
dHijk) = ^{C(( l)) + C((ijk)} + <T((ikj )) - C(Uj)) - C((jk)) - C>((ki))} 
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aus Permutationsoperatoren 0(s) zusammensetzt, in denen die spezielle Per¬ 
mutation s jeweils in der Zyklenschreibweise bezeichnet ist. Man iiberzeugt sich 
damit ohne Miihe, dafi keine additiven Beitrage von der Form 

/(/,)• /(/,/>) Oder /(/„/,)/(/*,/,) 

auftreten konnen. 

y) Eine qualitativ vollstandige Chiralitatsfunktion fiir unsere Klasse besteht 
aus einer einzigen Komponente. Damit ist jede Chiralitatsfunktion, also auch 
Ansatz (2) und alle daraus durch Spezialisierung entstehenden Ansatze, qualitativ 
vollstandig. Mit dieser Eigenschaft ist bei der vorliegenden Klasse eine Reihe 
von kritischen Schwachen in der Beschreibung des optischen Drehwinkels, die 
in fast alien ubrigen Klassen auftreten konnen (vgl. [17]), a priori ausgeschlossen. 

Die Darstellung der Chiralitatsfunktion (2) als Funktion einer einparametrigen 
Eigenschaft Ml) der Liganden fiihrt zum Chiralitatsprodukt 

*(A(/,), A(/ 2 ), A(/ 3 ), X(U)) = e ff (Wd ~ Mh)) . (2a) 

i*j 

wenn wir uns entsprechend den Grundsatzen des ersten Naherungsverfahrens 
auf das Polynom niedrigsten Grades in MI) beschranken und mit t einen mole- 
kiilunabhangigcn Proportionalitiitsfaktor bezeichnen. Im Sinne der Darstellung 
(2) ist damit folgende Spezialisierung vorgenommen: 

Ml,) Mlj) MU) 

cp(t h Ij, l k ) = 6c .mk) Ml<) XHlj) X%) = XMh) X 2 (lj) X 2 (l k ) . 

X%) M(lj) X 3 (l k ) 

Weniger spcziell ist folgende Struktur 

;,(/,.) Mdj) Milk) 

cp(M /, U) = tS(ijk) Z MU,) MU) v r (/ t ) = I Mh) Mlj) MU) 

' V r (/j) V r Uj) V r (/J 

mit mehreren ligandenspezifischen Parametern z r , p r , v r ; damit erhalten wir 
Ansatz (2) in der Form 

1111 

... . , .. _ v MiU) MU2) MUM MiU) 

* ( " 2 ' 3 ’ J \ MU) MU) MU) MU) 

v r (!,) v r (/ 2 ) v r (/ 3 ) v r (/ 4 ) 

(5) Die Klasse gehort zur Kategorie „a“, d. h., es gibt Chiralitatsfunktionen 
ohne „chirale Nullstellen“, z. B. das Chiralitatsprodukt (2a), und jede stetige 
Chiralitatsfunktion in X(I) kann als Produkt von (2a) mit einem stetigen und in den 
Permutationen der /, totalsymmetrischen Faktor geschrieben werden (vgl. [14]). 
Hat der totalsymmetrische Faktor fur einen bestimmten Variablenbereich keine 
Nullstellen, dann konnen wir aus der Sequenz der /-Parameter das Vorzeichen 
des Drehwinkels entnehmen. In Formel (2a) steckt die Annahme, daB bei geeig- 
neter Wahl von MI) und entsprechender Beschrankung des Variabilitatsbereiches 
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der Liganden der totalsymmetrische Faktor durch einc Konstante approximicrt 
werden kann. 

Zusammenfassend konnen wir feststellen: 

Fiir Methanderivate mit T d -Bedingung gibt es Struktureigenheiten in der 
Bcschreibung des optischen Drehwinkels, fur Methanderivate ohne T d -Bedin- 
gung darf angenommen werden, daQ diese Strukturen zumindest noch fur einen 
Teil des Phanomens maCgebend sind. Aus ft) entnehmen wir, dafl in einer quanten- 
mechanischen Rechnung Wechselwirkungen zwischen je drei Liganden beriick- 
sichtigt werden miissen.um von Null verschiedene Ausdrucke fur den Drehwinkel 
von T d -Derivaten zu erhalten. Wir erwarten daher wertvolle Gesichtspunkte 
fiir die praktische Durchfiihrung der Storungsrechnung mit der Aussicht auf eine 
interessante physikalische Interpretation von Teilausdriicken. Die Formen (2a) 
und (2b) aus y) geben uns eine Vorstellung von der moglichen Struktur einer 
quantenmechanischen Theorie fur T d -Derivate und einen Hinweis auf sinnvolle 
Vereinfachungcn. Wegen <$) kann nach einer Beziehung zwischen der Sequenz 
einer gecigneten ligandenspezifischen GroBe fiir die vcrschiedenen Liganden in 
einem Deri vat und dem Vorzeichen des optischen Drehwinkels gesucht werden. 
AuBcrdcm diirfen wir auf eine physikalische Bewertung der Giite von den ver- 
schiedenen Ansiitzen fiir Chiralitatsfunktionen im spezieilen Fall „optischer 
Aktivitiit von Methanderivaten" hoflen. 


II. Die quantenmechanische Behandlung 

/. Das Modell 

llm den optischen Drehwinkel im Fallc der T d -Dcrivate auf Eigenschaflen der 
Liganden und die Geometric ihrer Anordnung zuriickzufiihren, ist es notig. 
Besonderheitcn der Figcnfunktionen eines entsprechend spezialisierten Hamilton- 
operators in der Born-Oppenheimer-Niiherung formal fur die Diskussion der 
Matrixelemente in (I) auszunutzen. Wir betrachten die Atomkerne als klassische 
Teilchen mit einer fixierten relativen Lage. 

Wir konnen annehmen, daB fur alle Methanderivate die kinctische Energic 
der beiden Is-E'lektronen des zentralen KohlenstofTatoms in guter Niiherung 
dicselbe ist, und diirfen daher den entsprechenden Term im Hamiltonoperator 
fiir unscre Zwecke strcichen. Den Beitrag der beiden ls-Elektroncn zusammen 
mit dem Beitrag des nackten Kohlenstoflkcrns zur potentiellen Energie dcr 
iibrigen Teilchen wollen wir durch das Feld einer vierfach positiven um den 
Kern konzentrierten und geeignet gewahlten Ladungsverteilung beschreiben. 
Unser Hamiltonoperator enthalt also zwei Elektronen weniger als tatsiichlich 
vorhanden und einen zweifach abgeschirmten Kohlenstoffkern. In der Zerlegung 

1.4 1.4 

•* = x ■*; + x *u 

i 

sei .W\ der Energieoperator fiir ein Teilsystem mit klassischen positiven Ladungen, 
das aus dem zweifach abgeschirmten Kohlenstofirumpf und all den Teilchen 
besteht. die wir im Rahmen einer physikalisch evidenten Modellvorstellung 
einem Liganden in der Tetraederachsenrichtung i zuordnen. Dazu gehoren Atom- 
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kerne mit der Ladung eZ i k und zusammen mit den beiden Bindungselektronen 
zura zentralen Kohlenstoff n, Elektronen. Die negative Gesamtladung ist also 
-en h die positive ergibt sich zu e(4 + Z t \ wenn Z,= £Z i t die Ladung aller 

k 

Atomkerne des Liganden ausschlieBlich der des KohlenstofTrumpfes bezeichnet. 
In Jf t sind alle Beitrage vom Elektronenspin enthalten, wahrend in 3f l} Spin und 
relativistische Effekte nicht berucksichtigt sind, d. h., hier finden sich nur Coulomb- 
termc zwischen den Teilchen der Systeme in den Valenzrichtungen i und j aus¬ 
schlieBlich des KohlenstofTrumpfes. 

Die damit gegebene Zerlegung in Teilsysteme entspricht zwar dem physikali- 
schen Bild von der Zuordnung der Teilchen zu Liganden, sie eignet sich aber nicht 
fiir eine Storungsrechnung, da die Teilsysteme auch im Falle neutraler Derivate 
geladen sind und der zweite Term in Jf als Storterm zu groBe Energiebetrage 
reprasentiert. 

Wir verandern daher die Zerlegung, ohne an der Zuordnung der Teilchen 
etwas zu andern, durch Verwendung eines T d -symmetrischen Potentials 

1,4 

<P = Y, ^i. das sich aus Komponenten zusammensetzt, die die Symmetric der 

i 

dreizahligen Tetraederachsen haben und sich wie diese nur in ihrer Orientierung 
unterscheiden. 


Die dem Potential 4>, entsprechende Ladungsdichte —— divgradtf 1 , re- 
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priisentiere die C 3l ,-symmetrische Verteilung einer dreifach negativen Ladung, 
mit der wir eine im wesentlichen von den ff-Bindungselektronen der Nachbar- 
liganden herriihrende Abschirmung des zentralen KohlenstofTs gegeniiber den 
iibrigen Teilchen des Liganden in der Valenzrichtung i beschreiben wollen. 
In dieser Abschirmung druckt sich die individuelle Natur der Nachbarliganden 
nicht aus. Die ligandenspezifische Wechselwirkung kommt dagegen im Storterm 
des folgendermaBen zerlegten Hamiltonoperators zum Ausdruck: 


+#,•)+1 (•*«-${* !+*;})• 

( ><J 

Die Komponenten + 1, des ungestorten Operators 


■#o= 


( 


enthalten jetzt zusatzlich die p>otentielle Energie f, der Teilchen eines Liganden 

im Feld der Abschirmladung —~ Jdivgrad 4>,di. Sie sind damit Operatoren 

471 

fur ein im Normalfall (Z, =«,-!) ungeladenes System, das wir den ..formal 
gebundenen Liganden* /, nennen wollen. Die Komponenten ^ + f)) 

beschreiben die verbleibende Wechselwirkung jeweils zwischen den Systemen 


/, und lj. 

Die nochmalige Abspaltung eines Terms von der im Falle neutraler 
Liganden /, and lj ebenfalls als Wechselwirkungsoperator zwischen ungeladenen 
Systemen gelten kann und fur die weitere Diskussion Vorteile bietet, ist durch die 
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folgenden Definitionsgleichungen erklart: 




3 - w n t -\ nj -1 

» |B/ a " e ' + «, + ^ 


f ... K-D + K- D+l ^ 1 r 1 r 

“ " Wifi, + 1^7 **«<•*! + rij • 




Dabei bezcichnet (£, das System der n, F.lektronen im Liganden /,, ft, das System 
der Kerne mit Ausnahme des zentralen Kohlenstoflatoms und die Operatoren 

die Wechselwirkungsenergien zwischen den ent- 
sprcchendcn Systemen vom Liganden /, und lj. Der zentrale Kohlenstoff tritt 
in .W, } . W, i und ,W i} nicht auf. Wir erhalten .W^ aus wenn wir die Elementar- 

^ _ | 

ladung der Elektronen von den Liganden /, und lj urn den Faktor k,= ■— 

b/w. k. = n ‘ * reduzieren. 

In der entsprechenden /crlegung des Hamiltonoperators 

•*= IK+M+ i*,i+ i 

i I *j i'j 

beurtcilen wir die GrbBcnordnung des letzten Terms anhand seiner Erwartungs- 
werte fur Eigenfunktioncn von T d -Derivaten. GcmiiB der Definition von 
erhalten wir fur die Erwartungswerte <s|jfys> einen Ausdruck. der auf die Form 


<■'1 •£>> (m, I) F(v< ^ Gj) + <»> 1 ) F( ; s . e . 

r(s.<£„«)' ” Z ' r(k.«;«,j 


gcbracht werden kann, wobei die r Abstande zwischen zwei Orten im Liganden 
/, und /, bczcichnen, an denen wir fur den Zweek der Berechnung der potentiellen 
Energie die Gesamtladung der negativen bzw. positiven Teilchen der beiden 
Liganden lokalisicren kdnnen. Fine entsprechende Zerlegung der Erwartungs¬ 
werte J <.v| 1 + 1 ;|*> fuhrt auf 


j < s | f ;+» j |. S > =(«,- 1 ) 


e~ i e 

+[nj ~ ° R(s. tt, <Pj) 


+ 




f 7 

K(S, ffij. <*»;) ^(Sifft,) 


-Z 


‘ /?(s,<fVft f ) ' 


Dabei bezeichnen die R entsprechende Abstande von einem reprasentativen 
Punkt fur die dreifach negative Ladung des Abschirmfeldes. 

Die Ahnlichkeit in der Struktur der beiden Zerlegungen zusammen mit der 
speziellen Geometrie der Ligandenanordnung laBt erwartea daB mit einer 
geeigneten Wahl der tf>, die Erwartungswerte <s|Jfy — •+ *})|s> weitgehend 
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unabhangig von der Natur der Liganden den Charakter einer bedeutungslosen 
Korrektur bekommen. 

Das damit formulierte Prinzip zur Festlegung ligandenunabhangiger <P t deckt 
sich mit der Vorstellung, da£S jeweils eine Elementarladung aus jeder der benach- 
barten cr-Bindungen eine positive Kohlenstoffrumpfladung abschirmt. Die beiden 
Erwartungswerte <s|und <s|J^,|s> haben grundlegend verschiedene 
Struktur. Der erste hat die Eigenschaft einer Wechselwirkungsenergie zwischen 
den Teilchen der beiden Teilsysteme mit einer geringfugig veranderten Abschir- 
mung, wahrend der zweite sich aus Anteilen potentieller Energie zusammensetzt, 
bei denen jeweils eines der beiden Teilsysteme aus einer Elementarladung besteht. 
Es kann also nur dieser Term fiir verschiedene Molekiile einer Molekiilklasse 
dem Zahlenwert von - j<s| i\ + tj[s> ahnlich gemacht werden. Damit wird der 
Sinn unserer Zerlegung in Jf tJ und offenbar. 

Das Modell unserer Theorie geht dementsprechend von der Annahme aus, daB 
fur eine umfangreiche Auswahl von T d -Derivaten der dritte Term im Hamilton- 
operator mit einem fest gewahlten Abschirmfeld vernachlassigt werden kann, 
und unser Modelloperator lautet demgemaB: 

.#= £(.*; + *,) + ( 3 ) 

i i<j 

Jt'ij ist ein Operator, in dem die vom Operator -£(* , + i)) beschriebene 
Wechselwirkung zwischen den Systemen /, und lj naherungsweise durch die 
Wechselwirkung zwischen den veranderten Teilsystemen T, und Tj ersetzt ist. 
Man erhalt T t und Tj aus /, und l h indem man den gemeinsamen KohlenstofT- 
rumpf einschlieBlich des Abschirmfeldes unberiicksichtigt laBt und die Elementar¬ 
ladung der Elektronen um den Faktor k, bzw. Kj reduziert. Da die Wechsel¬ 
wirkung zwischen /, und lj als eine Storung betrachtet werden soil, halten wir den 
Ersatz von — + * j) durch Jf\j fur vertretbar. 

Wir orienticren uns noch einmal am Extremfall des isolierten Kohlenstoff- 
atoms iiber den physikalischen Gehalt des Modelloperators. Im neutralen 
Kohlenstoflalom enthalten die formal gebundenen Liganden nach unserer 
Definition jeweils ein Elektron, es gilt also n ( = 1, alle Jf u verschwinden. und 
unser Modelloperator reduziert sich auf Jf 0 . Die dazugehorigen Eigenfunktionen 
lassen sich als Zustandsfunktionen des „tetravalenten Kohlenstoffatoms“ inter- 
pretieren. Unser Modell bieibt also auch in diesem Grenzfall vemiinftig. 


2. Struktur dcr Rosenfeldgleichung im Modell des Energieoperators ,W' 

Operatoren fur elektrische und magnetische Multipolmomente in T d -Deri- 
vaten konnen nach dem Muster der Zerlegung von in eine Summe von Opera¬ 
toren entsprechender Momente der formal gebundenen Liganden I, zerlegt werden. 
Insbesondere gilt also fur die elektrischen und magnetischen Dipolmomente 
m und p 

1.4 1.4 

m = Z , p=Y.l I (. 

i i 
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wobei m i und fa fur alie i auf einen gemeinsamen Aufpunkt im Molelul bczogen 
sind. Sie sind folgendermafien definiert: 


m, = e\z i r i - £ r ik + 4r 0 - J r div grad 4>,(r) dtj , 

(J 

A - - Z ( r u x + 2s u ). 

2W/ k tS, 


( 4 ) 


Dabci bczeichncn r 0 , r], f ik und r Ortsvektoren von dem gemeinsamen, beliebig 
gewiihlten Bezugspunkt, und zwar 

r 0 zum Ort des zentraien Kohlenstoffatoms, 
r\ zum positiven Ladungsschwerpunkl des Teilsystems ft,.. 
r\ k zum Ort des Blektrons k aus dem System (£, und 
r zum Integrationspunkt mil der infmitesimalen Ladung 

- div grad <P t dr. 

M r bezcichnet die Blektronenmassc. 


Wegen 


f r ' 0 div grad 4 >,(r) dr = 3 er 0 

471 


erhaltcn wir (4) in der Form (4a): 


"i, = AM, + I -«,)r„+ Zilr.-ro)- 5 ] 7 -— |(r—r 0 )divgradtf>(<?)4r 

I 4ne 

/<. - ■> A J I K r u “ '•‘a) x P/.t + 2 .? u ) + r 0 x £ • (4a) 

— •Vl.-< U<«i *e«, ) 

Die Bcdingung Z ( = n t — 1 Rir neutralc Liganden, die von jetzt ab vorausgcsetzt 
wird und wescntlich in die weitcre Diskussion eingeht, fiihrt dazu. daB die elektri- 
schen Dipolmomentc m, der Liganden nicht vom Aufpunkt abhangen. Da andere 
Operatoren wie z. B. die magnetischen Ligandenmomente davon nicht unab- 
hiingig sind und da es sich ais notwendig herausstellt gelegentlich fur die einzelnen 
Liganden individuellc Bezugspunkte zu vcrwenden, wollen wir dafiir eine geeignete 
Nomenklatur benutzen. Wir verandern die Bezeichnung von Operatoren 
fur einzelne Liganden /, mit einem gemeinsamen Bezugspunkt im Molekiil in 
C (/,), wenn sie auf individuelle Ligandenorte bezogen werden. 

Mit dem Ortsvektor .?(/*) vom gemeinsamen Bezugspunkt zu dem indivi- 
duellen Ligandenort von /, ergibt sich damit fur unsere Dipolmomente 


m, = m(l,) 
und 

Pi = ^ * 1 ^ x Z Po 

und fur ihre Matrixelemente 


( 5 ) 


<s|ffj ( U> = <s|m(/ j )!f> 

und 

<slA,-U> = <s|p((()IO + v,:?(/,) x <s|m(i,)|r>. 


(5a) 
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da mit fixierten Kernen die Beziehung gilt 


1 

2 M t c 


■ e I Pi.* 

ke€, 


in 


-e I ?i.k 

kf ®i 


0 = ~ v «< s l'”( , c)l r > 


Fiir die Wechselwirkung zwischen Liganden benotigen wir elektrische Multi- 
polmomente, die an der Wechselwirkung teilnehmen, also den abgeschirmten 
Systemen T, zugeschrieben werden konnen. Magnetische Multipolmomente 
tragen in unserem Modell zur Wechselwirkung deiinitionsgemaB nichts bei. 
Fiir das elektrische Dipolmoment m(I,) ergibt sich 


m(fi) = ekj 



und durch Vergleich mit (4a) 


mit 


mil) = x,{m(li) + q) 

c, = eiq - r 0 ) + - 1 - J (r - r 0 ) div grad 4»,(r) dr . 


( 6 ) 


3. Polarisierburkeitstensoren und ihre Zerlequng nach Teilsystemen des Modells 

Der Tensor ,J) y hat klassisch die Bedeutung einer elektromagnetischen Pola- 
risierbarkeit, die als Proportionalitatsfaktor des magnetischen Feldes H auftritt, 
wenn man das durch iiuBere Felder induzierte elektrische Dipolmoment m ind 
eines elektrischen Systems nach den induzierenden Feldem E und H entwickelt. 

<* = E + •••}. (7) 

a 

Dabei ist at der Tensor der elektrischen Polarisierbarkeit. 1m Falle zeitlich perio- 
discher Felder gilt dieselbe Entwicklung mit komplexen Tensoren a = '"’a — iv U) tx 
und y = iR) y — iv iJ) y. 

Fiir eine klassische Interpretation der spiiteren Storungsrechnung ist es 
zweckmaBig. entsprechende Entwicklungen von ot und y nach einem induzierenden 
elektrostatischen Feld E' zu verwenden. Sie lauten: 

1.3 

<V( £ *') = 1 V+ S A 9 „ x E', + ---, 

< 7a > 

)V( £ ') = V+ I +•••}. 

1.1) 

Dabei sind A und /’ die elektrische und elektromagnetische Hyperpolarisier- 
barkeit und A eine Hyperpolarisierbarkeit hoherer Stufe. Sie sind ebenso wie a 
und y komplex. Mit Ausnahme von A findet sich die quantenmechanische Defini¬ 
tion der hier auftretenden Tensoren in Anhang B. 

Wir benotigen fiir unsere Aufgabe die oben erklarten Tensoren fiir das Molekiil 
und fiir Teilsysteme des Molekiils. Die entsprechenden z^erlegungen erfolgen 
allgemein nach Prinzipien, die wir j^tzt am speziellen Tensor (J) y besprechen wollen. 



200 


D. Haase und E. Ruch: 


Da es darauf ankommt, Eigenschaften des Molekiils auf Eigcnschaften von 
Teilsystemen und diese weiter auf Eigenschaften von Liganden zuriickzufuhren, 
ist eine Nomenklatur erforderlich, die uns eindeutig zeigt, wann individuelle 
Eigenschaften von Teilsystemen vorliegen. Es ist daher zu beachten, daB in der 
quantenmechanischen Form von Tensoren des Typs {J) y individuelle Teilsysteme 
nur dann charakterisiert sind, wenn einerseits nur Operatoren fur dieses Teil- 
system cnthalten sind. wenn auBerdem die Eigenfunktionen sich auf dieses Teil- 
system beziehen und wenn der Ort, an dem diese Eigenschaft beschrieben wird, 
individueller Ort des Teilsystems ist. also nicht notwendig mehreren Teilsystemen 
gemeinsam ist. 

Die interessicrenden Teilsysteme sind durch folgende Energieopcratoren 
definiert: 


(1 1 - lj) 4 ■&, + 1 1 + W, + 't j + ^,j< 

Or lj• /*) 4 -Iff, + 1 i + >Pj+ 1 , + •#» + i k - J r# i j+#jk+^ici ■ 

Falls in Ul y nur die Operatoren eines solchen Teilsystems auftreten, verwenden 
wir die Be/cichnung 

iJ)y' i ’ 

Diese Tensoren beschrciben vcrschiedene Teilsysteme betreffende Eigenschaften 
im Molekiii. Falls die Tensoren mit den Eigenfunktionen der jeweiligen Teil- 
sysleme gebildet sind und mit individuellen Aufpunkten verstanden werden 
diirfen, bezeichnen wir sie mit 

,J '7(iy J 'y«rlj) bzw. ,J 'y(l r lj,l k ). 

F.rst wenn diese Schreibweise vorliegt. kbnnen wir schlicBen. daB es sich um 
individuelle Eigenschaften der Teilsysteme handdt. 

Die Zerlegung von <J, y gelingt mit der Umformung 4 


' = J m II vZ .,,2 + ,, Im I L — 

j i*j 


h lm ZZ v 2 _" v 2 - + h lm LL 

n \ I 1 *i» ' * I < J 


h 

2 

h 


>» - v 

<«|W, + Wyl.s> + ftj |o> 


vi-v 2 


so daB mit den Definitionsgleichungen 

■> 


(Jt 


V = /l lm I — v i~z? — 

'* s 1 so v 

2 Im y < °l ,g i+ ,s jl 5 > < s \h+fij\ °> 

‘ It V 2 — V 2 


’ SO 


4 I s sci daran erinnert, dalJ der Kail entarteter Grund/'ustiinde nur der Obersichtlichkcit halbcr 
in den Kormeln nicht aufgenommcn ist. Die entsprechcnde Ergan?ung kann an alien Stellen dicser 
Arbeit ohne Miihe vorgenommen werden. 
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die Zerlegung in der folgenden Form erscheint: 

1,4 1,4 

{J) y= _2 £ lJ y i> + £ ,J) y< iJ> 

i i<J 


( 8 ) 


4. Losungfur [w] im ModelI des ungestdrten Operators Jf 0 
Mit den Vorbereitungen des letzten Kapitels ist unser Problem im Modell des 

1.4 

verkiirzten Hamiltonoperators Jf 0 = X + f\) einfach zu losen. 

i 

Die Eigenfunktionen von Jf 0 sind Produkte von Eigenfunktionen zu ,#\ + 1\, 
wir haben also j s yo> _ | S[ > |j 2 > | Sj > |, S4 > = | Si Sj 


mit dem Grundzustand 


|0> (O, = K 02 03 04>- 


Da die Quantenzahlen s die Eigenfunktionen des Molekiils, die Quanten- 
zahlen s, die Eigenfunktionen des Liganden / ; numerieren, ist zu bemerken, daB 
aus r^s nur fiir einen der Indizes i= 1,2,3,4 notwendig eine Ungleichung 
r, / s, folgt. Fiir die Matrixelemente der Dipolmomente in nullter storungstheore- 
tischer Ordnung notieren wir demgemaB 

[<° I I s>] <0) = <o, | m, | s ( > S^ 0k , 

K * o 

[<»iAit»>]' o, -<*iiAio«> ff 

k( + i) 

1,4 

und wegen [v JO ] (0 ' = £ 


1 


v 2 - v 2 


( 0 ) 1,4 


1 


Daraus folgt 


[uyoyo’. * Im £ 


n ,,2 _■ 2 • 

** 1 ®, ' 

<0,1 w,IO <*i IAI »i> 


V 2 — V 2 

»,o, 


U) y ist eine ortsabhangige GroBe, Sp iJ) y dagegen nicht. Demnach erhalten wir 
die Gleichungen 

[Sp < VT’ = Sp ^ylh), [Sp <V-'T' = Sp (y, 7(/,) + Sp ' J 'y(l } ) 

und wegen (8) l 4 

[Sp w, r] (0, = X Sp li) y(l t ). (9a) 

i 

Da die Eigenfunktionen in tJ, y(l t ) exakte Eigenfunktionen fiir /, sind und Sp <J) yOi ) 
eine pseudoskalare Funktion ist, muB Sp lJ) y(l t ) fur achirale Liganden verschwin- 
den. Die entsprechende Argumentation auf phanomenologischer Basis lautet: 
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K Sp lj) y(li) ist der Rosenfeldausdruck fur den formal gebundenen Liganden 
beschreibt also den optischen Drehwinkel fur den Liganden /, im Rahmen des 
Rosenfeldschen Ansatzes. Wir erhalten daher das Resultat: 

H ,0, = IM1,)] mit [«(/,)] = a: Sp ,J *y(/ 1 -). (9b) 

j 

Der optische Drehwinkel des Molekiils ist in nullter storungstheoretischer 
Ordnung die Summe der Drehwinkel der einzelnen Liganden /,. Er verschwindet, 
wenn die einzelnen Liganden inaktiv, also achiral sind. Chirale Liganden sind 
aber mit den Voraussetzungen iiber T<,-Derivate ausgeschlossen. 

Wir hahen demnach zur Berechnung der optischen Aktivitat bei T d -Derivaten 
die Wechsclwirkung zwischen den Liganden zu beriicksichtigen und wollen diesen 

1.4 

Lffekt nach den Prin/ipien eincr Storungsrechnung mit £ JF U als Storopcrator 

i < j 

behandeln. 

Ls sei bemcrkt. daB eine Komponente zum optischen Drehwinkel fiir 

Mcthanderivate mit chiralen Liganden darstellt, die bei groBer Aktivitat der 
Liganden mbglieherweise den relevanten Anteil des Phiinomens beschreibt. Unter 
diesem erweiterten Aspckt gibt uns die folgendc Storungsrechnung die noch 
nicht crfaBten Komponenten einer qualitativ vollstiindigen Chiralitatsfunktion 
fiir Mcthanderivate mit T d -symmetrischen Bindungsrichtungen und Liganden 
bcliebiger Symmetric. 


5. Get/enuherstellung der storungstheoretischen Approximationsaspekte, 

Ciiiltigkeitshereich des Modells W utid der vereinfachte Modelloperator .W 
Ausgangspunkt fiir unsere Theorie ist der Rosenfeldterm. ein Ausdruck fur 
den Drehwinkel. der selbst das Resultat einer Storungsrechnung ist und als 
erstes Glicd in einer Reihencnt wick lung des Drehwinkels nach Multipolen er- 
scheint. Der vollstiindige quantenmechanische Ausdruck fiir den Drehwinkel 
im Transparenzgebiet gestattet nach Chiu [4] eine F.ntwicklung der Form 


[ w ] = SpXK'JlmX 

/. \ n 


<«icjs> <s\c L \c,y\ 

..2 


( 10 ) 


mit Operatoren C L und C L fur elektrische und magnetische Multipolmomente 
vom Rang L, also mit der speziellen Bedeutung t r, 1 =m, ( T, 1 — fi und K l = \K. 

Die Argumentation des letzten Kapitels fiir den ungestorten Modelloperator 
,Jf 0 laOt sich in alien Punkten entsprechend auf die Glieder mit L > 1 Ubertragen 
und fiihrt wieder zur Gl. (9b) mit dem Unterschied, daB [«;(/,)] durch den Rosen- 
fcldausdruck und alle seine Korrekturterme beschrieben wird. Es wird sich 
zeigen, daB entsprechende Beziehungen zwischen dem Drehwinkel des Molekiils 
und den Drehwinkeln von Teilsystemen in jeder storungstheoretischen Ordnung 
davon unabhiingig sind. ob der Rosenfeldausdruck allein oder zusammen mit 
Korrekturtermen aus (10) zur Diskussion gestellt wird. Da Beziehungen der 
genannten Art der Zerlegung des Drehwinkels nach Komponenten einer qualitativ 
vollstandigen Chiralitatsfunktion entsprechen, insoweit sie mit der vorgegebenen 
storungstheoretischen Ordnung beschreibbar sind, kann geschlossen werden, 
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dafl in der quantenmechanischen Beschreibung des optischen Drehwinkels in 
jeder vorgegebenen storungstheoretischen Ordnung keine qualitativen Ziige 
verlorengehen, wenn man sich im Ausdruck (10) auf die Diskussion des Rosen- 
feidgliedes beschrankt. 

1.4 _ 

Wir werden die Storungsrechnung einerseits mit 2] als Stdrterm bis zur 

‘<j 

zweiten Ordnung durchfiihren und dabei eine physikalische Interpretation des 
zweiten Naherungsverfahrens erhalten. Fur eine detaillierte Form des Drehwinkels 
in Abhiingigkeit von Eigenschaften einzelner Liganden machen wir andererseits 
von einer weiteren Naherung Gebrauch, die sich aus einer Reihenentwicklung 
des Storterms in ergibt. _ 

Eine Entwicklung von nach Potenzen der reziproken Abstande zwischen 
ligandenspezifischen Punkten der Systeme /, und lj fiihrt zur Form 

p 

wobei der Index p- L { + Lj die Summe der Range von elektrischen Multipol- 
momenten der Liganden /, und lj bezeichnet. Wir konnen die Entwicklungs- 
stellen mit den positiven Ladungsschwerpunkten r, und fj der Kemsysteme 
R t und Rj identifizieren. Wegen der Voraussetzung Z, = n, - 1 fur neutrale Ligan¬ 
den ist das erste von Null verschiedene Glied der Operator fur die Dipol- 
Dipol-Wechselwirkungsenergie: 

.#’ t [ j 2i = m(T l )-T iJ -mi[j). 


In dem Tensor 



-3 


afj I 


sind die Bezeichnungen fj -r i = a u und |a, v ( = « y verwendet; spater werden auch 
entsprechende Bezeichnungen fur Vektoren vom zentralen KohlenstofT zur Ent- 
wicklungsstelle, r, — r 0 = a,, und ihre Betrage \a t \ = a, benutzt. 
gibt die Dipol-Quadrupol-Wechselwirkungsenergie 


mit 


.^ 3 ’=m(r ( )Sy0(r y ) 



“nM 
all I 


und dem auf den Ort r t bezogenen Quadrupolmoment 6?(7,) (s. Anhang B). 
jfW gibt die Dipol-Oktopol- und Quadrupol-Quadrupol-Wechselwirkungs- 
energie usw. 

Der friiher besprochene EinfluB der Abschirmung auf die Wechselwirkung 
auBert sich darin, daB in den obigen Formeln die Multipolmomente der Systeme 
7, und Jj statt 1, und lj erscheinen. 

Entsprechend der Zerlegung 


o+ 1 1 i^y 1 

Pi 2i I Pi *'<7 
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diskutieren wir im folgenden zwei Modclle: das schon bcsprochcne zum Operator 
■W und ein vereinfachtes, durch Jf definiertes Modell, 

+ £ jfij und £ = Jf 0 + £ Jfjj 21 . 

i<j i<j 

Wir bezeichnen mit [ ]'*' storungstheoretische Korrekturen der Ordnung m 
mit dem Storoperalor £ Jf tJ und mit [ ] liS) die entsprechenden Korrekturen 

— 1 < > ~ 

mit Y, a * s Storoperalor. Im Modell Jf tragen nur elektrische Dipolmomente 

f * j 

zur Wcchselwirkung bei; fur die auf Eigenfunktionen der Liganden bezogenen 
Malrixclemente gelten wegen (6) die Beziehungen 

<\ I «»$) IO — k, <s, 1 m(/j) | r f > fur s^t,, 

<•'( I m(l) !•'>'(> - |«(/,) |s ( > + c t ). 

Der Approximationsgrad des Modells -W hangt im Gegensatz zu .W' von einer 
gliicklichen Wahl der Kntwicklungsstellen ab. Wir konnen annehmen, daB die 
positivcn L.adungsschwerpunkte der Teilsysteme mit den Stellen einer optimalen 
Konvergenz in der Multipolentwicklung in guter Naherung zusammenfallen, 
die formalcn Konsequenzen hangen von dieser Frage nicht ab. Die Bedeutung 
der Vektorcn a\ und cij, ist also nicht auf Ladungsschwerpunkte festgelegt. 

Sowohl der Rosenfeldausdruck wie der Modelloperator beziehen sich auf 
das jeweils erste Glicd verschiedencr Multipolentwicklungen. In beiden Fallen 
nimmt der Beitrag zum optischen Drehwinkel mit wachsendem Grad in den 
Multipolen rasch ab. Trotzdem sind wir mit zwei nichtkommensurablen Ap- 
proximationsprinzipicn konfrontiert. Erst die Feststellung. daB in einer bestimm- 
ten stdrungstheoretischen Ordnung auftretende Beitrage zum optischen Dreh¬ 
winkel. die fur besondere gcometrische Zusatzbedingungen wie z. B. die T d -Be- 
dingung im Modell .W verschwinden, auch im Modell Jt und damit auch fur alle 
Gliedcr in (10) verschwinden. rechtfertigt eine Approximation dcs Drehwinkels 
auf der Basis des Rosenfeldterms durch storungstheoretische Korrekturen zu- 
nehmender Ordnung im Modell 

Obwohl die vorliegende Arbeit zum Ziel hat. den optischen Drehwinkel fur 
T d -Derivate in Einzelheiten zu diskutieren, und dabei vom Modell .W Gebrauch 
macht. wird die Storungsrechnung so ausfuhrlich vorgeftihrU daB gewiinschten- 
falls auch allgemeine Methanderivate mit den bereitgestellten Mitteln behandelt 
werden konnen. Die dazu erforderliche Obersicht kann bereits im Modell .tf 
gefundcn werden. Wir wollen daher die vorbereitenden Bemerkungen zur Sto¬ 
rungsrechnung mit einer Diskussion tiber den Giiltigkeitsbereich des Modells 
.W abschlieBen. 

Im Modelloperator M manifestiert sich ein bewuBter Verzicht auf gewisse 
Details, ein Verzicht, der unvermeidbar mit der Absicht verbunden ist, Eigen- 
schaften von verschiedenen Molekiilen einer Molekiilklasse allgemein zu formu- 
lieren. Im Rahmen des damit festgelegten Modells gibt die storungstheoretische 
Ordnung, bis zu der das Problem behandelt wird, einen Approximationsaspekt. 
Das Modell ,W und ebenso J f enthalt von der Voraussetzung iiber T d -Derivate 
nur die T d -Symmetrie der Bindungsrichtungen in Form eines Abschirmfeldes 
entsprechender Symmetric. Eine Abweichung von dieser Voraussetzung wird 
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also in unsercm Modell nur insoweit nicht erfaBt, als eine Veranderung des 
Abschirmpotentials unberiicksichtigt bleibt. Es darf dahcr angenommen werden, 
dal? geringfugige Deformationen der Bindungswinkel beliebiger Art in den 
Giiltigkeitsbereich des Modelloperators Jf fallen, also zwar nicht im verkurzten 
Operator aber fiber entsprechende Abstande in den Wechselwirkungstermen 
hinreichend Berticksichtigung flnden. 

In der nullten storungstheoretischen Ordnung fur # sind EfFekte dieser Art 
ohne EinfluB auf den Drehwinkei. AusschlieBlich chirale Liganden fuhren zu 
einem Beitrag nullter Ordnung. 

Eine Preisgabe von Symmetrievoraussetzungen in deT T d -Bedingung wie 
z. B. Verdrehungen C 3l .-symmetrischer Liganden um ihre Bindungsachsen, die 
Miteinbeziehung von Liganden beliebiger achiraler Symmetric oder merkliche 
Abweichungen von der T d -Symmetrie des Geriistes im Sinne einer Reduktion 
auf eine achirale Untersymmetrie D 2d , C 3v , C 2 » oder C, liefem also keine Beitrage 
nullter Ordnung. werden aber mit der Storungsrechnung im Modell Jf und J? 
erfaBt. Die formale Behandlung beider Modelle bleibt dieselbe, wenn Abschirm- 
felder mit den genannten Untersymmetrien verwendet werden. 

Abweichungen der genannten Art konnen dazu fuhren, daB der optische 
Drehwinkei eine Chiralitatsfunktion mit mehreren Komponenten wird und dem- 
zufolge in der Storungsrechnung der T d -Derivate zutreffende Schliisse iiber 
das Verschwinden gewisser Teilausdriicke nicht mehr giiltig bleiben. Aus der 
allgemeinen Obersicht, die uns die Theorie der Chiralitatsfunktionen zur Ver- 
fugung stellt, wissen wir, daB es sich bei diesen Teilausdriicken um Chiralitats¬ 
funktionen handelt, die neu auftretende Beitrage zum optischen Drehwinkei 
fur Molekiile veriinderter Molekfilklassen beschreiben. Die bei T d -Derivaten 
ausschlieBlich auftretende Chiralitatsfunktion reprasentiert fur Methanderivate 
mit den genannten Symmetrieabweichungen eine nichtverschwindende T d -Kom- 
ponente. Ihr Beitrag zum optischen Drehwinkei kann auch nicht naherungsweise 
durch andere Komponenten, z. B. durch Glieder niedrigerer Ordnung. beschrieben 
werden. Die Relevanz dieses Beitrags hangt vom AusmaB der oben genannten 
Abweichungen ab, die T d -Komponente beschreibt bei kleinen Abweichungen den 
relevanten Teil des Gesamtphanomens und bekommt fur zunehmende Abwei¬ 
chungen schlieBlich den Charakter einer bedeutungslosen Korrektur. Die Signifi- 
kanz der Beitrage von verschiedenen Komponenten entspricht erst bei hin¬ 
reichend groBen Abweichungen von der T d -Situation der storungstheoretischen 
Ordnung, in der sie erstmals beschrieben werden. 


6. Storungsrechnung erster Ordnung 


Im Anhang A findet sich ein kurzer AbriB der allgemeinen Storungstheorie 
bis zur zweiten Ordnung mit spezieller Ausrichtung auf das hier vorliegende 
Problem. Es wird dort auch gezeigt, daB alle Schliisse, die wir aus den nach- 
folgenden Formeln fiir die Matrixelemente mit nichtentarteten Eigenfunktionen 
ziehen, unverandert bleiben, wenn Entartung vorliegt. 

Die Korrektur erster Ordnung fiir den Tensor (J, y lautet: 


e + i + t-1 ( j r i 1(*) 1 

[ <jr V] <1, = I f [<oKls>]“’ > °[<sl^lo>] <t 7 • 

t,»,x (h , i.j i v » — v J J 
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Die Storungsrechnung liefert 




r «,im, | S| > ‘ff *ff 

t Z- K K 

+r <.,im,u,> "ff ■5,* n 


E*. 


S*t* 


r<.vi^i»>]«"= ' h ‘f 


tjOj 


* L, v ««r« « * 

, ‘£4\. VV* 

+ X 11 b tK o K ll ^tnM K 

* iL * * 


und damit 
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(<H 1 | K *j 

[<«i»a I i s >3 ,, »- c<.siM J io>r = - — - 2 n ^ 


h v 2 — v* 

91 V *jOj * 


kit 
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K * i,k K*i 


t V Oiti ^ X o k t h K K 

+r «*i*i<.>-<*,uy<> ( > “ff s Jn *,*. 


V Ji«i + V *l4k 


V 2 - V 2 

1 U) ' 


(Ot 1 I 

[<«|m f |.v>J ,0> [<s\jij\o>y" 


h v 2 — v 2 


K*i 

n& 


*kOh 
K + J,k K*j 


K *J 

•I 

k ' + 1 


t V *ktk K K 

■ <„, W | S|> ., <S ,| W '‘ff ff 5„. 


I V ojtj + l 'ofcll« 


Fur i^j,j=^k, k ■£ i liefern die Kroneckerfaktoren die speziellen Bedingungen 
.s, = o,, Sj = Oj und t k = s k = o k . Die Glieder mit drei verschiedenen Indizes werden 
also paarweise konjugiert komplex und geben daher keinen Beitrag zum 
Imaginarteil. 

Fur den dritten Term ergibt sich 


vi - v 2 


in 


[<0i^>r [<si^io>] ,o > 


= ~ii 

h k.i 


. k-rl 2 £ '\*J< S kSll-*kll s kSl> - 

1 *-< r 


WW-'l 


k*» K*j 

<OiNiis/> t '<^i/3yioj> n n 
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Er verschwindet fur i # j und zerfailt fur i = j in drei Terme, die jeweils von den 
Indexpaaren (ik) mit k # i abhangen. 

Damit ist der Tensor [ ,J) y] (1) eine Summe von Komponenten, die nur Eigen- 
werte und Eigenfunktionen zu jeweils einem Ligandenpaar /,, lj und den dazu- 
gehorigen Storoperator ,W ii enthalten. 

Mit der Bezeichung [ fur Korrekturterme erster Ordnung zum Stor¬ 
operator J^ij gelten daher die Gleichungen 

k #i 

[<^)y<«>]( 1) = £ [<-0y<O]<U*> 

k 

und ... . ... . 

k*l % j k*tj 

[W)yy>](»_ £ [< J >y<'>]< 1 - it l + £ + 

k k 

[aywjiuyt j s t dj e Korrektur erster storungstheoretischer Ordnung fur den 
Tensor {J) y des isolierten Teilsystems </,, lj} mit als Storterm, also die voll- 
standige Korrektur erster Ordnung innerhalb des Systems </,, lj). Wir konnen 
daher schreiben 

[Sp < -'>y < " > ] (,, " ) = [Sp lJ) y(l h 10" 

und haben damit bis auf den Faktor K die Korrektur erster Ordnung fiir den 
optischen Drehwinkel des Teilsystems </,, /,>. 

Unter Benutzung von (8) flnden wir die Beziehung 

[Sp ,j vr= I [Sp V'yViJj)?" (12a) 


und entsprechend zur Gleichung (9) 

M (,, = 10 " mit [a>(Z ( ,Z J )]<" = K[Sp«^(/ ( , /,)]'»». (12b) 

i<J 

Da Beziehungen von der Art (8) fur alle Glieder in (10) gelten, konnen wir schlieBen, 
daB Gleichung (12b) formal dieselbe bleibt, wenn der Ausdruck (10) zugrunde 
gelegt wird. Die [oj((,, (j)] <u werden in diesem Falle durch eine Summe entsprechen- 
der Glieder beschrieben. 

In jedem Falle sehen wir, daB die erste Ordnung des Drehwinkels verschwindet, 
wenn alle Teilsysteme </ ( , /,> achiral sind. Diese Voraussetzung ist aber mit einem 
T d -symmetrischen Abschirmfeld genau dann erfullt, wenn die T d -Bedingung gilt. 

Ober die explizite Form fur [Sp |J) y(/ i , I0 i} im Modell Jf, die wir hier nicht 
angeben, finden wir die entsprechende Form im Modell Jp. Dabei machen wir 
von der quantenmechanischen Definition (Anhang B) fur die komplexen Tensoren 
der elektrischen und elektromagnetischen Polarisierbarkeit a = '"'a - iv w, a 
und y = ( *’y - i v w, y und der elektromagnetischen Hyperpolarisierbarkeit 
r = m r - iv {J) T Gebrauch und erhalten damit unser Resultat in Gestalt einer 
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Funktion von klassischen Groflen. Sie hat die Form 5 


[Sp w rt/„/,)]' 7, « 


+ *„<« *$ - '■ 7 v<V,.(/,) rj X <^ > ^ r ^>)| 


(13) 


mil der Abkiirzung < 0 ;|ni(//)| 0 j> = <m((/)>- 

Als individuelle Bezugspunkte fur ortsabhangige GroBen wie yflj und r(/,) 
sind dabei die Ladungsschwerpunkte r, der Kernsysteme 51, gewahlt. Die e* # f) 
mit p* 1.2,3 bezeichnen F.inheitsvektoren eines rechtwinkligen Koordinaten- 
systems fur den jeweiligen Liganden I,. (ij) ist der Projektionsoperator 

■*+(ij)=mw)+m))} ■ 


Wenn von Spincfickten abgcsehen wird. konnen die Eigenfunktionen von M 0 
reell gewahlt wcrden. damit gilt ,J, a. = 0. iR 'y = 0 und iR) r = 0. 

Die Kirkwoodsche Theorie entspricht der Auswertung eines Terms, der aus 
einem Teil des zweiten Gliedes in der geschweiften Klammer von (13) ohne 
Bcrucksichtigung des Spins nach Anwendung von ;P + (iy) entsteht. und zwar 


* i/.n. 

Dieser Term beschrcibt also mit zusatzlichen Vernachlassigungen einen Teil 
des Beitrages zur optischen Aktivitat. der ausschlieBlich bei Methanderivaten 
mit Abweichungen von der T d -Bedingung auftritt und bei kleinen Abweichungen 
den Charakter einer Korrektur hat. 


7. Slorunysrechnung rw eiter Ordnuny 


[ U) 7] ul ist folgendermaBen definiert: 


g -t a + t ~ 2 f *7 

{?.*.* l ” a i.J 


_ 1 _ 

v£. — v 2 


u» 


[(olmj.v)]" 7 ’ [<s 


iwr}- 


Fiir die Glieder mit festen Werten von p, a und x ergibt sich: 


1 


id) 


vi-v 2 


[<oi^is>] (u [<si/i J i«>r 


=- 31 


7 y J « s ( s f |.a < ; f |s,s r > - <«,o r |.*; r ]o,o,.» 
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K*j k*i 

x n *.«•. i r 

R k i 


(V 2 -V 2 ) 2 


*jOj 


(o/O k \Jf tk Irjr k > . . /, I,-; u\*rf a n s 


v #i«i "b '»»»» 


»f # i t k k # / 


+ -"-^7--"< <, ii | »ii | ,>-<»jifei°j> n a,. n 

V I|»| ■*" V *fcXl. * * 


9 Der Faktor i im let/ten Ausdruck untcr dem Summenzeichen bezeichnet die imaginare Einheit 
und muD daher vom Index i unterschieden werden. 
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Entsprechendes gilt fur 
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(°i°k l-^tt 1 ! i 4) ( s j s t I \tjhy 
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(<.S' t 5, |.v t .v,> (,O k <>! \-W u | C 40 ,)) 


Entsprcchend dem Resultat (12b) des letzten Kapitels kann auch fur die zweite 
Ordnung eine einfache Beziehung ahnlicher Art (14b) abgeleitet werden, die im 
weiteren Verlauf der Diskussion von entscheidendem Nutzen ist. Da die dies- 
beziiglichc Ableitung sehr aufwendig ist, stiitzen wir uns auf einen allgemeinen 
Satz der Storungsrechnung, der zu diesem Zweck formuliert und bewiesen 
wurde [7], Er betrifft die Storungsrechnung fur ein System, dessen Hamilton- 
operator in eine Summe von Energieoperatoren fur Teilsysteme und Storopera- 
toren zerlegt ist die die Wechselwirkungsenergien zwischen alien Paaren von 
Teilsystemen beschreiben. Er lautet: 

Die p -te storungstheoretische Korrektur fur das Matrixelement <s 1 1 1 > 

eines Operators zum Teilsystem i ist eine Summe von Ausdriicken, die jeweils 
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zusammen mit i nicht mehr als p + 1 verschiedcne Indizes enthalten, d. h., die 
auftretenden Eigenfunktionen, Eigenwerte und Storoperatoren betrefTen 
hochstens p + 1 verschiedene Teilsysteme. 

1st SR, eine Indexmenge von a +1 ausgewahlten Indizes, zu denen auch i 
gehort, und {[<51C 5 , | **' die Teilsumme aus [<s|fi> i |r>] ( ® ) , die nur von diesen 

a+ 1 Indizes abhangt, dann gilt 

K 

wobei 501, die Komplementarmenge zu SR, in der Menge SR alier Indizes fur Teil¬ 
systeme bezeichnet. 

Mit zwei Indexmengen SR, und SR 2 von a + 1 und t + 1 ausgewahlten Indizes 
aus SR, zu denen i bzw.gehoren, erhalten wir fur das Produkt der Teilsummen 
von {[<o|0,|s>] (< ’'} n ' und {[<s|^|o>] tt) }® 2 

{[<o i e>, i s>] ( ''} •• {[<s i ^ i «>r y ■* WiuSi 

={[<oic ) «u>r} m '"{[<5i^| 0 >r , } W2 n 

K 

Dieser Ausdruck ist reell, wenn tfR, u5B 2 = SR die Menge alier Indizes und damit 
der Durchschnitt SR, r>3R 2 = 0 die leere Menge ist; denn wegen 5 S,uSR 2 =SR 
gilt fur alle k aus SR s K = o K , d. h. aber, der Ausdruck bleibt unverandert, wenn 
|s> = |o> gesetzt wird, und in diesem Falle handelt es sich um die storungstheore- 
tische Korrektur eines Produktes von Erwartungswerten. 

Man entnimmt ebenfalls aus [7], daB das Produkt der Korrektur g-ter Ord- 
nung des Frequenzfaktors beim Rosenfeldausdruck mit einem Produkt von 
Kroneckerfaktoren zur Indexmenge 4R 3 = 3R, uSft 2 , 



in Teilsummen zerlegbar ist, deren jede von den Indizes aus SR 3 und hochstens q 
weiteren aus SR abhangt. Diese Glieder sind natiirlich ebenfalls reell. 
Demnach ist in 

e + <r + r-2r | i(e) 

z -j—T 

Q.a.r '*> ^ 

wegen der Bedingung q + a + r = 2 fur die zweite Ordnung die Maximalzahl von 
Ligandenindizes, die in den einzelnen Gliedem der Summenzerlegung vorkom- 
men, p + <t + 1 + t+ 1=4, und diese Zahl wird nur erreicht fur Produkte zweier 
Teilsummen, deren Indexmengen SR, und SR 2 die leere Menge als Durchschnitt 
haben. Die Maximalzahl von Indizes in Gliedem, die zum Imaginarteil der 
Summe beitragen, ist demgemaB q + it + 1 + t + 1 - 1 = 3^_ In der obigen Form 
haben wir also fur alle Glieder in (10), mit C, = m t und Oj — fij speziell fur den 
Rosenfeldausdruck, das Resuitat: 

Die zweite storungstheoretische Korrektur des optischen Drehwinkels setzt 
sich additiv aus Beitragen zusammen, die jeweils von nicht mehr als drei 
Liganden abhangen. 
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Mit dieser Information ausgestattet, sammeln wir in den Formeln der Sto- 
rungsrcchnung zweiter Ordnung alle Glieder mit Indizes eines ausgewahlten 
Tripels i, j, k und denken daran, dafl wir dieselben Glieder bekommen hatten, 
wennwir die Storungsrechnung nur fur das System (l„ ij, I t > mit dem Storopera- 
tor J?ij + Jfj* -f JP kl durchgefuhrt hatten. 

Wir konnen die Teilsumme fur das Indextripel i,j, k mit 

<•/>,/.*, = 2 Im y <olw i + m j + m )t ls>-<sl/I i +/i j + /4|o> 

' h 1 ^ v 2 — v 2 

bezeichncn und analog zum letzten Kapitel schreiben 

[Sp = [Sp lJ) y(l h lj , /„)] <2) . 

In diesen Ausdriicken kommen auch Glieder vor, die nur von zwei Indizes ab- 
hiingen und entsprechend mit 

b/w 

[Sp <J y 0> ] <2 ' J, = [Sp w, y(/„/,)] <2 ’ usw. 

bezcichnct wcrden diirfen. Glieder, die nur von einem Index abhangen, treten 
wie in der storungstheoretischen Korrektur erster Ordnung nicht auf. 

Wenn wir nun die gesamte zweite storungstheoretische Korrektur von iJ) y 
nach Indextripeln i<j<k ordnen wollea miissen Glieder zu Indexpaaren 
zweimal statt einmal benutzt werden. Daraus ergibt sich das Resultat 

[S P tJ) y] i2) = - I [Sp w, y(/„ / J )] (2 ' + I [Sp lj, / k )] ,2> (14a) 

und nach Multiplikation mit K 

1<»Y 21 = - I [«>(/,. h)Y 2 ' + I i, W 2 ' (i4b) 

mit (< J i<j<h 

MUj)]' 2 ’ « K[Sp lj)Y 2) und [o>(/ ( . lj , U)Y 2 ' = K[Sp w »y(/ 1 ,1/. I*)]' 2 '- 

Auch (14b) bleibt ebenso wie (9b) und (12b) formal unverandert, wenn statt 
des Rosenfeldterms der Ausdruck (10) zugrunde gelegt wird und die storungs¬ 
theoretischen Korrekturen zweiter Ordnung fur den optischen Drehwinkel auch 
unter Bezugnahme auf (10) erklart werden. 

Mit demselben Argument wie bei der Korrektur erster Ordnung stellen wir 
fest, dafl alle [w(/ ( , lj)] ,2> verschwindea falls die T d -Bedingung gilt. 

Da [Sp wi y(/,, 1^)] (2) auch in [Sp <J) y(l j , Ij, l k )] (2) auftritt, ist folgende Zerlegung 
moglich: 

[Sp W) y(Ij, lj. l k )] u » = [Sp lj, l *)T 2 ’ + [Sp (J) y(l„ lj)Y 2) + [Sp y, y(I„ I k )] l2) 

+ [Sp w ’y(/ k , /j)] (2) , 

wobei [ ,J> y 0 (l(. Ip / fc )] <2> ein Tensor ist, in dem Anteile, die ausschlieBlich von 
Ligandenpaaren herriihrea weggclassen sind. Damit kann (14a) auch in der 
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Fonn (14a] geschrieben werden: 

[Sp y 'y] ,21 = X [Sp‘'V(U/r+ I [Sp^Vo(/.,^/*)] (2) (14a') 

i<j i<J<k 

mit den speziellen Eigenschaften [Sp y) y(/ t , /j)] <2) = 0 und [Sp IJ) y(!|> l p l k )y 2) 
= [Sp U) y 0 (/i, ^ (*)] 12 ’ fiir Tj-Derivate. 

Die Aufteilung von [Sp (J, y] <2) gemaB (14a] empfiehlt sich einmal deswegen, 
weil wir, wie unten dargelegt, mit guten Griinden auch bei Methanderivaten, die 
die T d -Bedingung nicht erfiillen, auf die Beitrage von [Sp U) y(/,, in vielen 

Fallen verzichten konnen, zweitens, weil die explizite Auswertung hier auf neue 
Schwierigkeiten stoSL Wahrend [Sp U) yo(l« 0,/ t )] (2) mit den bereitgestellten 
Mitteln ausgerechnet und im Model! Jr in Form einer Funktion von permanenten 
Momenten, Polarisierbarkeiten und Hyperpolarisierbarkeiten, also als Funktion 
klassischer GroBen, geschrieben werden kann, ist das ftir [Sp lJ) y(l,, / v )] (2) , ohne 
von zusatzlichen Approximationen nach Unsold [18] und London [10] Ge- 
brauch zu machen, nicht moglich. Auch fur [Sp lJ) y 0 db /*)] <2) erfordert die 
Auswertung eine erhebliche Rechenarbeit, dasselbe gilt fiir die Obertragung 
des Resultats in das Modell J?. Wir verzichten daher auf die Angabe 
von Zwischenresultaten und geben unter Benutzung der elektrischen Hyper- 
polarisierbarkeit A= iR) A—iv {J) A und der elektromagnetischen Hyperpolari- 
sierbarkeit zweiter Stufe A = iR) A -iv iJ) A das Ergebnis der Rechnung an. 

[Sp {J) y 0 (l t , lj, l k )J h = - 6 -^- ? + (ijk) Im £ ( 

V Q. 9, t l 

.» _*» 

Q 

Y ( 2 S’- 7 + c\}) 

. + Kjr it 9 (l t )(?;>■ )(?/’• T a {<m(/*)> + c*}) 

+ kj «„(/,) W'lr^Ah) W ~Y V x &) (15) 

■W-T,j-tyW-Ty{<MUi> + 2k)) 

+ A^dt) eV-{y t -Ah) - i y v ? j x 

^ K T tJ ^)(^T & {<m(l k )> + c k }) 

+ K k a^t) ^»(y e -Ah) ^-i~ v “t'dj) ? j x 

‘W'Ti-tyarAU&'-Tvty. 

Dabei ist &+(ijk) der Projektionsoperator 

paw =i{©((i))+ mm)+o((ikj)) + cum + mm+mm . 

(R, a° ist der Realteil der statischen elektrischen Polarisierbarkeit gemaB 
<R, a° = (R, a| v » 0 . 
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Wenn von SpinefTekten abgesehen wird, gilt wie friiher (J) x = 0, <K) y = 0, {R) r = 0 
und auBerdem iJ) A = 0. 

Die Form (15) fur [Sp ,J, y 0 (/„ l p / t )] l2) kann mit Ausnahme des letzten Gliedes 
als klassische Korrektur zur storungstheoretischen Korrektur erster Ordnung 
im Modell Jt fur Sp u> y(l h Ip /*), 

[Sp IJ> yd, lj, y] ,T ‘ = [Sp < J >y(l r lj)f' + [Sp u M/j. + [Sp iJ, yV k , f,)] (T ‘. 

verstanden und verifiziert werden, wenn man die veranderten Eigenschaften der 
einzelnen Liganden im Feld der elektrostatischen Dipolmomente der ubrigen 
Liganden des Systems </,, Ip /*> klassisch untersucht und auf Anteile verzichtet, 
die zu Paarfunktionen fiihren. 

Das gesamte auBere Storfeld £'(u ; ) fiir den Liganden / f , das Feld der permanen- 
tcn eleklrischcn Dipole aller ubrigen Liganden an der Stelle a h ist 


£'(«,) = 


k * i 


I 


T lk <*(l k )>. 


Bei Verzicht auf Paarfunktionen blcibt also im System </ ( . Ip l h ) jeweils nur das 
leld desjcnigen Liganden zu beriicksichtigen, der in der jeweiligen Paarfunktion 
nicht auftritt. Daher ist z. B. fur das erste Glied in [Sp 17 Ip /*)] ,T| maBgebend 


V k 'Uij) = - V<m(f*)> I 


flir k ± i, j. 


Die Finfliissc dieser Felder auf die L iganden lassen sich durch Korrekturen 
ihrer Tcnsoren beschreiben. die wir einer Fntwicklung naeh iiuBeren Feldern 
gemiiB (7) und (7a) entnehmen konnen. Wir ersetzen in den Definitionsgleichungen 
(13) fur rSp'^yd,, /j)] (T ', [Sp <J 'y(!p I*)] 1 " und [Sp^VU*. fi)] lT) jedes Produkt von 
ligandenspczifischen Tcnsoren durch eine Summe von Produkten, in denen 
jeweils ein Tensor durch seine Korrektur vertreten wird, und zwar entsprechend 
der Vorschrift: 

ft 

T 

T 


t> 

Der Faktor [ kommt dadurch zustande, daB in unserem Falle der gemischte 
Differentialquotient von y nach zwei verschiedenen Feldern jeweils durch den 
zweiten Differentialquotienten nach dem Gesamtfeld ersetzt werden muB, um 
zur Definition fur d zu kommen. 

Auf diese Weise erhalten wir [Sp lJ) }’ 0 (/,, Ip / k )] <2 ' gemaB Definitionsgleichung 
(15) ohne das Glied in der letzten Zeile. Das letzte Glied beschreibt einen rein 
quantenmechanischen Effekt, der zwar mit klassischen GroBen formulierbar, 
aber nicht mit einer entsprechenden Oberlegung abzuleiten ist und daher nur 
aus der quantenmechanischen Storungsrechnung entnommen werden kann. 
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HI. Diskuaskn des Resultsts 

1. Allgemeiner Gultigkeitsanspruch und spezielle Form fur Methanderivate 

Aus der Theorie der Chiralitatsfunktionen kennen wir die Bedingungen fur 
eine qualitativ vollstandige Beschreibung des optischen Drehwinkels in einer 
Molekiilklasse mit achiralem Geriist und Liganden von der Symmetric der 
Lagegruppe. Die Symmetric des Geriistes und die Anordnung der Liganden- 
platze bestimmen darstellungstheoretische Eigenschaften der Komponenten einer 
qualitativ vollstandigen Chiralitatsfunktioa Nach dem zweiten Naherungs- 
verfahren werden die Komponenten jeweils durch eine Linearkombination von 
Funktionen beschrieben, die von einer Minimalzahl von Liganden abhangen. 
Diese Minimalzahlen sind fur achirale Geriiste mit vier Ligandenplatzen 1, 2 
und 3. Da im Modell JF bzw. jf ohne Beeinflussung des formalen Resultats 
die Abschirmfelder der jeweiligen Geriistsymmetrie anzupassen sind, kann die 
vorgelegte Theorie in ihrer allgemeinen Form bei alien diesen Klassen Anwendung 
finden. Wir haben gesehea daB die quantenmechanische Storungsrechnung bis 
zur zweiten Ordnung fur Geriiste dieser Art 1-, 2- und 3-Liganden-Funktionen 
liefert. Es ist daher anzunehmea daB mit der zweiten Ordnung fur alle diese 
Falle eine qualitativ vollstandige quantenmechanische Theorie des optischen 
Drehwinkels vorliegt. Diese Vermutung laBt sich durch explizite Diskussion 
der verschiedenen Molekiilklassen bestatigen. 

Die Diskussion der Methanderivate bezieht sich offensichtlich auf solche 
Molekiilklassea in denen die T d -Bedingung zumindest beziiglich der Geriist- 
symmetrie naherungsweise erfiillt ist. Aus diesem Grund interessiert uns der Satz: 

Die qualitativ vollstandige Chiralitatsfunktion fur alle Molekiilklassea deren 
Geriiste einer geometrischen Figur mit vier ausgezeichneten Punkten ent- 
sprechen, die sich stetig und ohne Symmetrieerniedrigung in das regulare 
Tetraeder mit den vier ausgezeichneten Eckpunkten iiberfiihren laBt, enthalt 
cine T d -Komponente. Die T d -Komponente transformiert sich bei Liganden- 
permutationen nach der alternierenden Darstellung von S 4 ; sie kann durch 
eine Linearkombination aus Funktionen von drei Liganden und als einzige 
nicht mit Funktionen von weniger als drei Liganden approximiert werden. 
Fiir Molekiile mit der T d -Bedingung ist die T d -Komponente die einzige. 

Solange wir also im Bereich kleiner Abweichungen von der T d -Symmetrie des 
Geriistes bleiben, kann die Komponente £ [Sp iJ) y 0 (l„ Ij, /J] (2) fur den Haupt- 

l<J<k 

beitrag zum optischen Drehwinkel verantwortlich gemacht und Korrekturen, die 
Abweichungen betreffea jeweils in storungstheoretisch niedrigerer Ordnung 
beriicksichtigt werdea Wir haben gesehea daB auch Abweichungen von der 
geforderten Symmetric und Fixierung der Liganden in nullter Oder erster Ordnung 
beschreibbar sind. Mit groBen Abweichungen von der T d -Bedingung verhert die 
zweite storungstheoretische Korrektur ihre dominierende Rolle, die vorgelegte 
Theorie bleibt aber kompetent. 

Mit diesen Bemerkungen ist es konsequent, fur eine Berechnung des optischen 
Drehwinkels von Methanderivaten einen Ansatz zu verwendea in dem die zweite 
storungstheoretische Korrektur beriicksichtigt ist, insoweit sie zu 3-Liganden- 
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Funktionen fiihrt, insoweit sie zu Paarfunktionen fiihrt, aber vernachlassigt wird. 
Der entsprechende Ansatz lautet 


M ,0+ ,+2) «[<u] = kC£ Sp (J) y{l t ) 4- l [Sp < J 'y(l h /,)]"> 

\ i i<j 

1 . 4 - 


+ i [Sp y Vo(UA)] ,2, )> 

i <j<k ! 


(16) 


und er ist im Model! Jf mit den Gleichungen (13) und (IS) explizit auf Eigen- 
schaften der Liganden und auf Abstande zwischen ihnen zuriickgefiihrt. Ebenso 
wie [to] sollen in Zukunft auch Tensoren von Teilsystemen ohne Bezeichnung 
der storungstheoretischen Naherungsstufe im Sinne der Naherung von Ansatz 
(16) verstanden werden. also: 


[V'V (/.,/y)]' 041 t2 »*[Sp u 'y(/ 1 ./ j )] ,0+, » 

= Sp <J, r(/ ( , Ij) = Sp U V(/,) + Sp + [Sp "Wi. 

[s P «^(/ i ./ J -/*)r +M2) (i7) 

w I sp«M) + Sp^/MSP-r(/*) + [Sp-vo(z,/,W 2 >) 

P r " * ‘ 1 + Sp <J ’y(/,, /j)] 111 + [Sp ,-,, }’(/j, (t)]’ 1 * + [Sp l,,) y(/ t ./,-)]' 1 ’ [' 


Aus dem Text oder aus_den Formeln wird jeweils zu entnehmen sein, ob es sich 
dabei um das Modell Jf oder jP handelt. 

Die beiden Terme [Sp ,J) '/(/ J , 10° +1 + 21 und [Sp l p l k )J° + > + 2) bzw. ihre 
Vertreter in der Naherung (17), Sp <J) y{l„ l) und Sp iJ) y(l t , l p l k \ sind jeweils allein 
fur die optische AktivitiLt von Derivaten besonderer Art verantwortlich. Um dies 
einzuschen, erinnern wir uns an gewisse Eigenschaften unseres Modells. Ein 
spezieller Ligand ist definitionsgemaB ein nicht an einer Bindung beteiligtes 
ungepaartes Elektron des zentralen Kohlenstoffs, den wir mit dem speziellen 
Symbol e bezeichnen wollen. Der Ligand e ist achiral und daher gilt Sp iJ) y(e) = 0. 
AuBerdem ist das dazugehorige K = (n~ 1 )/n gleich Null. Damit ergibt sich im 
Modell Jp mit den Gl. (13) und (15) eine stark vereinfachte Darstellung des 
optischen Drehwinkels [to] fur Derivate, in denen zwei bzw. einer der Liganden 
nur in einem radikalischen Elektron besteht, und zwar 


[to] = KSp (J 'y(U,) 
[to] = ACSp^y(U 7 ./*). 


K Sp (Jl y(l> Ij, l k ) und K Sp u, y(fi- />) beschreiben die optischen Drehwinkel von 
Radikalen bzw. Biradikalen mit ungepaarten Elektronen an den Geriiststellen, 
deren Indizes in der Formel nicht auftreten. 

Man kann sich leicht davon iiberzeugen, daB auch fur hohere Multipol- 
momente bei der Entwickiung des Storoperators im Modell Jp dieselben k- 
Faktoren auftreten. Die Gl. (18) gelten also auch im Modell Jp. AuBerdem 
ergeben sich entsprechende Gleichungen, wenn neben dem Rosenfeldterm auch 
die iCorrekturterme aus (10) beriicksichtigt werden. 
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2. T d -Derivate 

a) Der formale Strukturaspekt des Resultats im Modell & und seine praktische 
Bedeutung 

Fur T d -Derivate vereinfacht sich (16) zu (16a): 

I>]= I [«>(/|. Ip Jit)] mit M/,, lj, /*)] = K[Sp (J %0„ Ij, / k )] (2 >. (16a) 

l <]<k 

Die Ausdriicke fiir [«(/,, l p / k )], die Komponenten K[Sp W) y 0 (/ ( , l p ( k )] U) , bezeich- 
nen, wie wir aus dem vorangehenden Kapitel wissen, die optischen Drehwinkel 
fur T d -Derivate mit den Liganden /,, l p l k an den Geruststellen i,j, k und dem Li- 
ganden e an der nicht aufgefuhrten Stelle. Wenn wir in einem T d -Derivat eine 
Permutation der Liganden mit symmetrieaquivalenter Fixierung vornehmen, 
erhalten wir nicht unterscheidbare oder gespiegelte Derivate, je nachdem, ob die 
Permutation gerade oder ungerade ist. Dementsprechend bleibt der Funktions- 
wert von K [Sp ,J, y 0 (/ ( , lj, / k )] <2) ungeandert oder wechselt sein Vorzeichen. 

Wir erkliiren eine Funktion <p(/ ( , lj, l k ) von Eigenschaften der Liganden l p l k 
an den Stellen zwei, drei und vier, die mit der Definitionsgleichung 

<pUyly g-fSp^Vot/a, MJT 2 ’ 

festgelegt ist, sich aber im Gegensatz zu [Sp lJ) y 0 (/,, l p / k )] <2) immer in der Reihen- 
folge ihrer Argumente auf die Geruststellen zwei drei und vier bezieht. Aus den 
erwahnten Transformationseigenschaften bei Permutationcn der Liganden ergibt 
sich damit 

[Sp ,J 'yo(/,J 2 ./4)] ,2, = «»(/../ */J. 

[Sp i 3 , t 4 )F '= -<?(/„/j./j, 

[Sp ,J, yo(/2.' 3 ./4)] ,2, = VihJyU)- 

Es ist zu beachten, daB die <p(l ( , l p l k ) bei ungeraden Permutationen ihrer Argumente 
das Vorzeichen andern; dagegen rufen entsprechende Permutationsoperatoren 
in den Ausdriicken [Sp U) y 0 (l t , lj, / k )] <2) eine Permutation der Indizes auch an den 
Basisvektoren e ( e ° hervor, und das ist ohne EinfluB auf ihren Funktionswert. 
Wir erhalten also Gl. (16a) in der Form 

[w] = x(/„ l 2 , ly U) = K(<p( 1 2 , l 3 , U) - <p(/ 3 , u, /,) + <p(U, /„ l 2 ) - </>(/„ l 2 , / 3 )) (19) 

und haben damit das quantenmechanische Resultat fur T d -Derivate im Modell 
Jtf mit dem Ansatz nach dem zweiten Naherungsverfahren (2) identifiziert. 

Mit einem Liganden /, der zunachst ein radikalisches Elektron e bezeichnen 
soli, also unter der Voraussetzung / = e, konnen wir wegen (18) dafiir auch 
schreiben: 

[w] = *(/„ ly ly U) = Xd, ly ly U) + X(ly l ly l a) + Wu ly l, lj + xdy ly ly D • (20) 

Wenn wir nur die rechte Seite von (20) betrachten, uns von der speziellen An- 
nahme l = e Ibsen und jede der Chiralitatsfunktionen nach Dreiligandenfunktionen 
gemaB (19) zerlegen, finden wir, daB sich wegen der Transformationseigenschaften 
der <p(i h lj,l k ) mehrere Glieder paarweise kompensieren und schlieBlich die 
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rechte Seitc von (19) entsteht. Daher gilt (20) auch fur / # e. Die Beziehung (20) 
ist also eine Funktionalgleichung fur die mit unserer Theorie beschriebenen 
optischen Drehwinkel von T d -Derivaten zu einem Sortiment von fiinf beliebigen 
Liganden /(1), /(2), /(3), /(4), 1(5). Damit dokumentiert sich der Modellcharakter 
unserer Theorie in folgendem Theorem: 

Der optische Drehwinkel eines T d -Derivates ist die Summe der optischen 
Drehwinkel von vier T d -Derivaten, in denen jeweils einer der vier urspriing- 
lichen Liganden durch einen fiinften Liganden 1 ersetzt ist. 

Funktionalgleichungen vom Typ (20) sind allgemein eine Konsequenz von 
Ansatzen nach dem zweiten Naherungsverfahren, die sich zum Test fur die 
Kompetenz des Verfahrens bei der Beschreibung einer pseudoskalaren Eigen- 
schaft an den Molekiilen einer Klasse eignet. Unsere quantenmechanische 
Theorie zeigt, daB der Approximationsaspekt des zweiten Verfahrens fur das 
spezielle Phanomen ..optische Aktivitat von T d -Derivaten“ im Rahmen eines 
physikalischen Modells bis zur zweiten storungstheoretischen Ordnung strenge 
Giiltigkeit beansprucht. Eine semiempirische Bestimmung der optischen Dreh¬ 
winkel von T d -Derivaten gemaB (19) ist daher ein erstes Resultat unserer Theorie, 
das unabhangig von der Problematik der Multipolentwicklung in Jf und un- 
abhangig von den Details in der Struktur der [Sp u, y 0 (/ i . /,, /,,)]' 21 quantitativ 
mit dem Experiment vergleichbare Aussagen liefert. 

Falls die T d -Bedingung erfuilt ist. kann der optische Drehwinkel aller Derivate 

mit Liganden eines Sortiments /(1). 1(2) . l(N) berechnet werden, wenn die 

Winkel fur Derivate mit einem beliebig ausgewahlten Liganden /(*) experimentell 
bekannt sind. Da mit wachsender Zahl N von verfiigbaren Liganden die Zahl 


der verschicdenen Enantiomerenpaare 



starker wachst als die zur Berechnung 


dcr optischen Drehwinkel nach (20) notwendige Zahl von experimentellen Daten 


(V 


, ist das zweite Verfahren von praktischem Nutzen. Fur (V = 5 liefert 


Gl. (20) bereits eine nichttriviale Feststellung. Diese Methode der Berechnung 
ist also konsequent im Rahmen einer Theorie, die auf der Basis eines physikalisch 
wohlbegriindeten Modells jF bis zur zweiten storungstheoretischen Ordnung 
keine Vernachlassigung enthalt. Wir haben daher deutliche Diskrepanzen mit 
experimentellen Daten nicht auf den unzureichenden Naherungscharakter des 
Verfahrens zuriickzufuhren, sondem dann die Giiltigkeit der T d -Bedingung in 
Frage zu stellen. Mit anderen Worten, wir haben in solchen Abweichungen den 
Hinweis dafiir zu sehen, daB die Symmetric der Liganden oder ihre Fixierung 
oder die Bindungswinkel nicht der T d -Bedingung geniigen, und konnen erwarten, 
daB die Komponenten erster und nullter storungstheoretischer Ordnung in 
unserer Theorie den dabei entstehenden zusatzlichen Beitrag zum optischen 
Drehwinkel beschreiben werdea Es ist erganzend zu bemerken, daB frei drehbare 
Liganden mit einer Spiegelebene in der Bindungsrichtung den Verhaltnissen bei 
starr fixierten Liganden mit T d -Bedingung entsprechen. 

Die Frage, inwieweit die T d -Bedingung erfuilt bzw. inwieweit sie naherungs- 
weise akzeptabel ist, kann am besten beurteilt werden, wenn wir aus Gleichung 
(20) eine Nullidentitat machen, indem wir die Chiralitatsfunktion auf der linken 
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Seite als Chiralitatsfunktion flir das Enantiomere auf die rechte Seite bringen. 
Damit haben wir auf der rechten Seite nach Multiplikation mit dem Faktor } die 
Chiralitatsfunktion fur ein aquimolares Gemisch von Derivaten, das, wie man 
sich leicht anhand von Fig. 1 iiberzeugt, nicht razemisch ist. 


1 

T 


c. ,4 e a e 1 .t e, a t. .e, 

X-X'X-X'X 

Sj e k 4 tj 4 4 4 t t 4 

Fig. 1 


Die Aussage, daB der optische Drehwinkel dieses nicht razemischen Gemisches 
Null sei, ist streng nicht richtig, aber exakt im Rahmen unserer Theorie und daher 
nach den vorausgegangenen Oberlegungen als gute Naherung fiir T d -Derivate 
anzusehen. Wir konnen daher den SchluB ziehen: 

Die T d -Bedingung ist erfiillt Oder Abweichungen davon sind klein, wenn der 
molare Drehwinkel des Gemisches Fig. 1 dem Beitrag nach klein ist, verglichen 
mit den Drehwinkeln, die im Mittel an den reinen Substanzen gemessen werden. 


b) Der optische Drehwinkel von T d -Derivaten im Modell 
Aus Anhang B entnehmen wir, daB fur Liganden mit T d -Bedingung der 
Imaginarteil von a verschwindet und die Symmetrierelationen der Tensorkom- 
ponenten von A und /’ zum Verschwinden jener Beitrage fuhren, die aus der 
crsten und zweiten Zeile der geschweiften Klammer in (15) stammea (15) und alle 
Teilausdriicke von (15), die durch Anwendung von P+(ijk) auf Glieder in der 
Klammer entstehen, sind gegeniiber den Permutationen der Indizes i,j und k 
invariant. Wir konnen also, ohne die Gl. (15) zu zerstoren, den Operator C>((ij)) auf 
die vierte Zeile, 0((ikj)) auf das erste Glied und \{<P((kj)) + &((ikj))} auf das zweite 
Glied der funften Zeile anwenden und erreichen damit, daB alle noch interessie- 
renden Glieder innerhalb der Klammer den gemeinsamen Faktor k enthalten. Da¬ 
mit erlauben die T d -Bedingung und die Relationen {K) ot„„ = (R> <x a „, = (R) A aer 

= - iJ) A aev (15) in der Form (15a) zu schreiben: 

mit [S P U) yo(>b h, «]'" = m b '*) 

= 6 K lK }K k l (?"-T ir W 

Q,a 

{R) « e M lJ) r ea -Alj) (^'•T Jk .{<m(/*)> + c (k }) (15a) 

" + ,J V^) ( *M eVt .(/,) (^'-a W-TyiWjy + V) 
-' R) y 9 .(li) (J} A e *Alj) &'■&) &' Tt.{<rh(l k )> + c k }) 

+ U) y ta (b {R \Alj) tR) ^AlA 


- y 'V-) WA „'Ab x (#’• VKm(/*)> + 4» 

- (J V('<) ( *KAb) [«' x e’)] (AA-Tyty 
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X 


f ig. 2 


- tl) 

J/V 


Fig. 3 


Zur weiteren Auswertung wahlen wir cine feste Bezifferung des Geriistes nach 
Fig. 2 und rechtwinklige Koordinatensysleme mit den Basisvektoren 2JP, 3}°, ejf 

jcweils am DurchstoBpunkt der Bindungs- 
richtung i mit der Oberflache einer konzentri- 
schen Kugel um das zentrale Kohlenstoff- 
atom. Der Vektor e*. 11 bezeichne die radiale 
Richtung vom Kohlenstoffatom aus, e}'* eine 
Tangentialrichtung, die in der Projektion 
nach der Bindungsrichtung i mit einem 
radialen Vektor e* k> zu k^i ubereinstimmt 
(vgl. Fig. 3). Eine genauere Festlegung der 
Koordinatensysteme ist nur fur die explizite 
Rechnung zweckmaBig (vgl. Anhang Q, fur 
die Komponentenbezeichnung dagegen un¬ 
notig, da die jeweils drei moglichen Orien- 
tierungen des Dreibeins beziiglich der Kom- 
ponenten eines nach der T d -Bedingung fixier- 
ten Liganden symmetrieaquivalent sind. 

Fiir Liganden der Symmetric C 3ih . mit n ^ 1 miissen grundsatzlich zwei mog- 
liche Fixierungen am Cieriist unterschieden werdea Eine davon, die wir die 
Standardfixierung nennen, sei dadurch ausgezeichnet, daB die r-Richtung einer 

ligandenspezifischen Bezeichnung der Ten- 
sorkomponenten mit der Richtung von ?/’ 
zusammenfallt, die andere Moglichkeit ist 
diestaggered"-Fixierung. Sie verhalt sich zur 
Standardfixierung wie Fig. 4a zu 4b und ist 
dadurch gekennzeichnet, daB die l-Kompo- 
nente ligandenspezifischer Eigenschaften mit 
der Richtung von einen Winkel von n/3n 
einschlieBt. Fiir Liganden der Symmetric C*,, 
entfallt diese Unterscheidung natiirlich. 

Im Anhang B sind alle interessierenden Symmetrieeigenschaften von Tensor- 
komponenten fur Liganden mit der T d -Bedingung aufgefiihrt. Davon ist neben den 
schon benutzten Eigenschaften von A und T und dem Verschwinden des Imagi- 
nartcils von a folgendes fiir das Verstandnis der endgiiltigen Formeln notwendig. 

Alle Tensoren erster und zweiter Stufe, <m>, a und y, haben fiir Liganden 
der Symmetric C JlH , und C^,. zylindersymmetrisches Transformationsverhalten. 
Das Gleiche gilt fiir die Komponenten von A und T, insoweit mindestens einer 
ihrer Indizes r isL Von den iibrigen Komponenten bleiben wegen der T d -Bedingung 
nur zwei Typea namlich lK) A,„ und W) r, r> . zu besprechen. Sie verschwinden 
fiir Liganden der Symmetric C 3kv mit n > 1 und C Xt ,, sie sind von Null verschieden 
fiir C 3 „-Symmetrie und wechseln ihr Vorzeichen, wenn wir die Liganden aus der 
Standard- in die „staggered"-Fixierung uberfiihren und an einer geriistbezogenen 
Bezeichnung festhaitea Wir vereinfachen ihre Bezeichnung und notieren ihre 
Symmetrierelationen 

<R)a _(R) a __(*)>! _ _< R >a 

— ^tt'i' ~ r 't’ii' r’l l * 

(Z»r- _ u)r — — _wr_wir 

1 f = ‘ I'ft' ~ * I'll — * It't ~ ' III' • 


t ig 4 
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Der Ausdruck (15a) und die daraus durch Anwendung der Permutationsopera- 
toren entstehenden unterscheiden sich durch die jeweilige Permutation ent- 
sprechender Indizes, wo immer sie in der Funktion auftreten. Wegen der sym- 
metrieaquivalenten Fixierung der Liganden konnen wir bei Verwendung unserer 
symmetrieaquivalenten Koordinatensysteme die Anwendung der Permutations- 
operatoren uminterpretierea Wir wahlen feste Basisvektoren an festen Geriist- 
platzen, verstehen unter den ligandenspezifischen Tensoren Tensoren fur die 
jeweiligen Liganden an diesen Platzen und deflnieren die Anwendung eines 
Permutationsoperators als Vorschrift fur eine Permutation von Liganden mit 
symmetrieaquivalenter Fixierung beztiglich dieser Platze. 

Mit den Indizes 2, 3 und 4 fur Basisvektoren und einer Entscheidung iiber 
Numerierung entsprechend der Fig. 2 verwerten wir die spezielle Geometric 
unseres Geriistes fur die Skalarprodukte und erhalten auf diese Weise aus den 
Funktionen £ von Formel (15a) Funktionen rj, in denen Basisvektoren und also 
auch ihre Indizes nicht mehr explizit auftreten. Da beim Obergang von den 
Funktionen <J zu den Funktionen rj die Geometrie der Anordnung entweder 
dieselbe bleibt oder gespiegelt wird, je nachdera ob die Permutation gerade 
oder ungerade ist, muB im letzten Fall ein Vorzeichenwechsel auftreten. Dem- 
zufolge werden aus den Projektionsoperatoren &+(ijk) Projektionsoperatoren 
; ?(ijk). Unter Verwendung aller im Anhang B aufgefiihrten Symmetriebeziehungen 
zwischen Tensorkomponenten finden wir iiber einen erheblichen Rechenaufwand 
schlieBlich das Ergebnis (21). 


mit 

und 


[<u] — K(q>(l 2 ,13, 1 4) — I4, 1 1) + <p(l 4 .1 ^2» ^3)) 

<p(l h 1], l k ) = &{ijk) n(l„lj,l k ) 

O' U) = -T7^r L lA’ 0’ W • 

y 3 a,j « A , 


( 21 ) 
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Ij. 4) = ~ ( (J V4) - ,J V(4)) 2^1 + 3 -LflJ fl , *>>4,(4) 


4 ( l + 4 -^t L )a/*M r , ( / J ) 


J K^iOk)) + c») r + 3 < 

rioUr Ij , 4) = - ( fi, ’4(/,) + *V'V/ i )) ( * W*’M4) 4(1 + 3-^r^-)(l + 4^-j, 
nAJj, 4) = -( ,J V,(/ i ) + * a. , X/ 1 .)j ( * , a ,(/ y ) ,1,, a ,(4) 2(1 - 4^-)(i + 3-^^-), 
*.(4. ‘r 4) = K,(4) + V*Wi)V* W**(4> ( 1 + 3 + 3 , 


n«Vn Ij- 4) = -( U V,(0 + - c a i ' R> z,(l i )) i * ) <x,(lj) ,R \(l k ) 




“u 


c) Vereinfuchende Annahmen fur die T d -Komponenie im Modell .if 

Die Gl. (21) beinhaltet grundsatzlich die Moglichkeit, die konstituierenden 
3-Liganden-Funktionen fiir den optischen Drehwinkel auf der Basis empirischer 
Daten iiber elektromagnetische Tensoren der Liganden oder auf der Basis ihrer 
quantcnmechanischen Bestimmung zu berechnen. Es ist klar, daB der Umfang 
der Definitionsgleichungen (21) drastische Vereinfachungen erstrebenswert macht. 
Andererseits ist es kaum moglich, physikalisch begriindbare Gesichtspunkte 
anzugeben. mit denen wir solche Vereinfachungen erreichen, ohne dabei die 
Beschreibung ganzer Klassen von speziellen Derivaten auszuschlieBen. Es ist 
daher sinnvoll, in diesem Kapitel neben der Schilderung einiger allgemeiner 
Gesichtspunkte Vereinfachungen per definitionem vorzunehmen und an den 
Konsequenzen zu zeigen. daB dabei tatsachlich praktisch traktable Ausdriicke 
entstehen. SchlieBlich besteht der Wert einer allgemeinen Formel wie (21) nicht 
zuletzt darin, bekannte empirische oder theoretische Ansatze quantenmechani- 
scher oder klassischer Art in den Rahmen einer allgemeinen Theorie stellen zu 
konnen und dabei ihren Kompetenzanspruch kennenzulernen und Diskrepanzen 
mit den Beobachtungen zu verstehen. 

Ohne auf den Spezialfall einzugehen, gibt es im wesentlichen drei Approxi- 
mationsaspekte, und zwar: 

1. Wir vernachlassigen SpinefTekte. In diesem Fall gilt lJ) A = 0 und damit 
verschwindet r; 4 . 

2. Wir ignorieren Glieder, in denen Hyperpolarisierbarkeiten vorkommen. 
Diese Glieder sind, als Korrekturen der permanenten Ligandendipole inter- 
pretiert. solche, die quadratisch von induzierenden Feldem abhangen. Ihre 
Vernachlassigung beinhaltet also die Beschrankung auf lineare Korrekturen 
der Ligandendipole. 

Mit dieser Annahme verschwinden in unserem Ansatz alle Glieder bis auf 
t?6> und tj 9 . Damit verschwindet aber auch die Unterscheidung der opti- 
schen Aktivitat von Methanderivaten mit C 3l ,-symmetrischen Liganden in der 
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Standard- und der „staggered“-Fixierung, eine DifTerenzierung, die in den meisten 
Fallen keine relevanten Konsequenzen fur den optischen Drehwinkel haben 
diirfte. Die Differenz [dcu] des optischen Drehwinkels zweier Derivate, die sich 
durch einen Liganden in Standard- und „staggered“-Fixierung unterscheiden, 
kommt nur im Vorzeichen von (R] A, und (J) F,. zum Ausdruck und kann also 
ohne Miihe aus (21) entnommen werden. 

3. Wenn wir in (21) die reziproken Abstande afj 1 zwischen den Entwicklungs- 
punkten nach Abweichungen von der Kantenlange eines regularen Tetraeders 
mit einem mittleren Eckenabstand a vom zentralen Kohlenstoff entwickeln, 
erhalten wir fur [a>] eine Summe von Produkten ligandenspezifischer Eigen- 
schaften, die formal mit (2b) identisch ist. Wir schreiben das erste Glied dieser 
Entwicklung auf, also die spezielle Form von (21) fur gleiche Abstande 
a x =a 2 = a 3 -a 4 = a-. 



~ 

1 

1/3 K 


K((On(/i)> + c t ) r 

8 (2a) 6 


Kr/’a.f/i) 


_ 

*-, 2 (^ a, r,.(i,)+8 U) r,.,(/() - {J 'r r ,(!,)) 


1 

*,«"<(/()>+ c f ), 

K 1 < * , «r(<i) 

k -?(2 i/ 2 ,J) r,(/,.) + ,7 ’r,.,(/,) + io w, r w (/,» 


i 


i 



Ki((m(l,)y + Ci) r 
K?CA,(li) + \/2 iK, A 


m 


+ 3! 


K',«"i(/ ( )> + c, 

k? IJ) a,A) 


(21a) 


+ 


1 


1 



k , 2 (2 |/ 2 (R) ^,(/ i ) + 10 < ' , M r ,(/,)) 


K?(- 10 «*»«,(/,) + •*>.,(/,)) 


i 

«*>«,(/,) 

k :H <K) «M-T K W) 

Dabei benutzen wir die Abkiirzung 


1 


1 1 1 1 

m 


/(/,) m m nu) 

v(li) 


gd !) g(h) 9(h) 9(U) 

Wi) 


h(li) h( 2 ) h(l 3 ) h(U) 
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Formel (21a) ist auch eine verniinftige Naherung fiir ein Derivat mit sehr ahn- 

1 1>4 

lichen Ligandenabstanden, wenn wir a = — £ a ( setzen, oder fur eine Mole- 

4 i 

kiilklas.se von Derivaten mit Liganden sehr ahnlicher Abstande aus einem Sor- 

1 " 

timent 1(1 ).../( N). wenn wir den klassenspezifischen Mittelwert a = — £ a, 

benutzen. Wir erinnern daran (vgl. Kap. II.5), daB die a, bzw. a sich nicht not- 
wendig auf Ligandenschwerpunkte, sondern primar auf Stellen fiir optimale 
Konvergenz in der Multipolentwicklung beziehen, daB aber die Identiflzierung 
beidcr Aspekte in vielen Fallen eine plausible Annahme ist. 

Mit der zusatzlichen Annahme 2), der Vernachlassigung aller Hyperpolari- 
sierbarkeilen, verschwinden alle Determinanten mit Ausnahme der letzten beiden. 

4. (21a) verschwindet, wenn Hyperpolarisierbarkeiten vernachlassigt und 
k, - 1 gesetzt werden. Dam it ha ben wir einen Hinweis fiir weitere Annahmen 
mit vereinfachenden Konsequenzen. Wir beziehen uns auf groBe Liganden und ver- 
nachliissigen Hyperpolarisierbarkeiten. Wegen n, p 1 gilt also Kf x 1, und 
damit rcchtfertigt sich eine Formel mit der Hypothese A = 0, r = 0, k ( = 1 fiir 
alle i. Die Abstande seien ahnlich, so daB die linearen Glieder in den Abstands- 
unlcrschicden eine ausreiehende Beschreibung liefern. Wir entwickeln nach 
(a(li)-a)/a an einer geeigneten Stelle a, wobei wir a(/,) statt a, schreiben, um in 
den folgenden Formeln alle ligandenspezifischen GroBen in der gleichen Weise zu 
bezeichnen, und brechen die F.ntwicklung mit linearen Gliedern ab. Da (21 a) mit 
den obigen Bedingungen verschwindet, also das konstante Glied null wird, 
findet man die relativ einfache Formel: 




1 


1 

31/3 K 


-10 <*'«,(/,) + <*»«,(/,) 

+ 

- 2 <K, a r (/,) + ^ l *'a,(/ i ) 

16 (2a) 1 


lJ) y,(h) 

(J) y,di) 



add^rOi) 


a(li) IK, ai ,((<) 



1 


l 

+ 3 

iR \di) 

adi) {J) y,di) 

-5™ 

C 

<R, «r((|) 

«'*,di) 


{R) <*tdi) 


a (ii) (2 {R) B r dt) + ,R \di)) 


(21b) 


Mit der zusatzlichen Annahme, daB die elektrischen Polarisierbarkeiten fiir alle 
Liganden eines Derivats etwa denselben Anisotropiefaktor haben, konnen wir 
setzen {R) ct,(l t ) = e ’"’a,(/,) und erhalten aus (21b) die einfache Form 


r n 31/3 K 

M-iTJW 


49 

10 + c-^-e 2 


1111 

{R \dx) { *W ‘"WW 

aUtV K, *M .) «(f 2 ) lJ V(/ 2 ) a(l 3 y*'* r (l 3 ) a(U)<*>a r (U) 
iJ) y,dd u W u W u, y,(U) 


(21c) 
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Die speziellen Formeln (21a), (21b), (21c) sind alle von der Struktur (2b), bestehen 
also aus Determinanten mit der Zahl 1 in alien Spalten der ersten Zeile. Dies 
ftihrt zu einer wesentlichen Erleichterung in der experimentellen Bestimmung 
der zu einer semiempirischen Berechnung des optischen Drehwinkels benotigten 
elektromagnetischen GroBen. Die Ligandenqualitaten miissen namlich wegen 
der genannten Eigenschaften der Determinanten nur bis auf eine gemeinsame 
Konstante bekannt sein. Um also z. B. ***«,(/,-) oder W) y,(l,) in (21c) zu bestimmen, 
ist es zulassig, diese Qualitat an einem achiralen Derivat zu messen, das auBer 
dem entsprechenden Liganden /, drei gleichartige Liganden I, beispielsweise 
WasserstofT, enthalt. Dieses Derivat hat die Symmetric C 3 ,„ und wir diirfen in 
akzeptabler Naherung annehmen, daB sich die in Rede stehenden Eigenschaften 
des Derivats additiv aus denen der Liganden zusammensetzen. Die Qualitaten 
fur verschiedene Liganden unterscheiden sich von den experimentell bestimmten 
Qualitaten der entsprechenden Derivate also nur um einen konstanten Betrag, 
der ohne EinfluB auf den Wert der Determinante ist. Wir konnen daher fur die 
Berechnung von (21c) die experimentellen Daten der entsprechenden Derivate 
benutzen. 

5. Bei Derivaten, die nicht den diskutierten Voraussetzungen genilgen, miissen 
individuelle Approximationsaspekte herangezogen werden, die wir nicht alle im 
einzelnen besprechen konnen. Es ist z. B. moglich, daB eine der obigen Voraus¬ 
setzungen fur drei der Liganden zutrefTen, aber nicht fiir den vierten. Dann kann 
in entsprechender Weise vorgegangen werden. indem man die Naherungsan- 
nahme fiir diese drei Liganden macht und den vierten nach abweichenden Eigen¬ 
schaften von den ubrigen drei Liganden entwickelt. Auf diese oder andere Weise 
erhalten wir vereinfachte Formeln, die dem individucllen Charakter der einzelnen 
Falle Rechnung tragen. 

6. Wir nehmen einen Standpunkt ein, der gewissermaBen den empirischen 
Aspekt extrem betont. Wir setzen namlich entsprechende elektrische und elektro- 
magnetische Tensorkomponenten an den Entwicklungsstellen verschiedener 
Liganden einander gleich. Dies ist sicher ein Gewaltakt, der die Realitat im 
allgemeinen vollig entstellt und dazu fiihrt, daB formal nur die Verschiedenheit 
der Abstande a(/,) AnlaB zur optischen Aktivitat gibt Es ist aber moglich, dieses 
Vorgehen damit einigermaBen zu korrigieren, daB wir auf eine physikalische 
Interpretation verzichten und die Unterschiede der elektromagnetischen Eigen¬ 
schaften verschiedener Liganden durch eine geeignete Wahl ..reprasentativer 
Abstande* gewissermaBen in Vertretung charakterisierea Es ist also gar nicht 
beabsichtigt, nach einer physikalisch detaillierten Vorstellung iiber die Abhangig- 
keit der reprasentativen Langen von den elektrischen Eigenschaften der Liganden 
zu suchen, sondem wir machen einfach von der Tatsache Gebrauch, daB die 
Form (21) mit verschiedenen Abstanden und im ubrigen identischen Eigenschaften 
der Liganden eine von Null verschiedene Chiralitatsfunktion lieferL und hoffen, 
durch geeignete Wahl der Abstande die elektrischen und elektromagnetischen 
Eigenschaften summarisch erfassen und das Gesamtphanomen in akzeptabler 
Approximation beschreiben zu konnea Die reprasentativen Abstande spielen 
dabei die Rolle von empirisch zu bestimmtenden Parametern 

In Anbetracht dieser auBerst groBziigigen Approximation begnugen wir uns 
mit der Feststellung, daB der Ausdruck (21) in der Umgebung eines mittleren 
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Abstandes a eine Funktion der A(/,) ist. die als Produkt von zwei Faktoren ge- 
schrieben werden kann, Einer davon ist die Vandermondesche Determinante 
(2a), der andere eine in den Permutationen der Liganden totalsymmetrische 
Funktion der /(/,). Bei gleichgesetzten elektromagnetischen Eigenschaften der 
Liganden flihrt eine Taylorreihenentwicklung von (21) nach einem mittleren 
Abstand a und Abbrechen mit dem Polynom niedrigsten Grades in den Ab- 
standsdiflerenzen auf die Form 

[«]« (A(/,) -A(/ 2 ))(x(/,)-A(/ 3 ))(A(/,) -a(/ 4 )) (21 d) 

■ (Ml 2 ) ~ MU)) (Ml 2 ) ~ MU)) (MU) ~ MU)) ■ 

Dabci ist neben den Parametern /.(/,) die Konstante C aus experimentellen 
Daten iiber den Drchwinkel zu entnehmen. Wenn wir das arithmetische Mittel 

I >.* 

« --- ^ V /.(/,) dcr Abstiinde eines Ligandensortiments verwenden, ist C/a 12 ein 

klassenspczifiseher Parameter und die Form (21 d) ist mit dem Ansatz nach dem 
crstcn Verfahren identisch. Die zweite Moglichkeit, fur jedes Derivat jeweils 
I '■* 

; s *'«> zu setzen, fiihrt zu einem etwas komplizierteren Verfahren. Mit 

^ I 

dieser Interpretation hat die Formel eine grofle Ahnlichkeit mit einem Ansatz 
von Boys [I], 


IV. SchluBbemerkungen 

Wir habcn in dieser Arbeit auf die Diskussion von Formeln fur die optische 
Aktivitiit von speziellen Methanderivaten verzichtet. Wir glauben aber, wesent- 
liche Grenzfalle allgemciner Art bcsprochen und spezielle Vcreinfachungen 
sowcit vorbereitct zu haben, daB man, von diesen Grenzsituationen ausgehend. 
vorgegebene F.inzelfalle mit einem crtraglichen Aufwand behandeln kann. Unab- 
hiingig von dcr Mdglichkeit zur Spezialisierung haben wir ein Urteil gewonnen 
iiber die physikalische Relevanz verschiedener mathematischer Approximationen 
und Formeln gefunden, die eine semiempirische oder theoretische Analyse des 
optischen Phiinomens an der ganzen Klasse chiraler Methanderivate gestatten. 
Wir fassen die unserer Meinung nach wesentlichsten Resultate im folgenden 
kurz zusammen: 

I. Bei Methanderivaten gibt es einen Beitrag zur optischen Aktivitat, dessen 
Relevanz vom AusmaB abhangt, bis zu dem die T d -Bedingung, eine geometrische 
Bedingung liber Bindungswinkel, Ligandensymmetrie und Art der Fixierung von 
Liganden, erfullt ist. Die T d -Komponente des optischen Drehwinkels ist bei 
alien Methanderivaten von Null verschieden und ist bei T d -Derivaten die einzige. 
Sie wird in unserer Theorie in zweiter storungstheoretischer Korrektur beschrie- 
ben, wahrend alle Komponenten, die auf Abweichungen in der Geometric zu- 
riickgehen. in erster oder nullter Ordnung erscheinea Im Modell Jf liefert die 
Storungsrechnung bis zur zweiten Ordnung die T d -Komponente in Form des 
Ansatzes nach dem zweiten Naherungsverfahren. Da dieses Model! im wesent- 
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lichen nur fixierte Kernorte als Naherungsannahme enthalt, sind der Ansatz des 
zweiten Verfahrens und seine Konsequenzen als quantitativ gultige Aussagen zu 
betrachten. Eine experimentelle Untersuchung sollte dementsprechend in einem 
ersten Schritt der Analyse der T d -Komponente entsprechend der Beziehung (20) 
und in einem zweiten Schritt der Erklarung von Zusatzbeitragen gewidmet werden. 

2. Im Modell $ wird der optische Drehwinkel explizit auf elektrische und 
elektromagnetische Eigenschaften der einzelnen Liganden zuriickgefuhrt. Es 
besteht die Moglichkeit, durch Messungen an einfach substituierten achiralen 
Methanderivaten die Bestimmungsstiicke fur den optischen Drehwinkel chiraler 
Derivate empirisch festzustellen. Mit wachsender experimenteller Information 
darf erwartet werden, daB auch Derivate mit groBerer Abweichung von der 
T d -Bedingung analysiert werden konnen. 

3. Es besteht grundsatzlich die Moglichkeit. die ligandenspezifischen Eigen¬ 
schaften quantenmechanisch zu behandeln und insofern eine ab oro-Rechnung 
durchzufuhren. Auch eine solche Rechnung profitiert von unserer Theorie. da 
die Zahl der Derivate starker wachst als die Zahl der konstituierenden Liganden. 

4. Der Ansatz nach dem ersten Naherungsverfahren, die Vandermondesche 
Determinante, liiBt sich nicht ohne drastische Naherungsannahmen reprodu- 
zieren. Die Parameter A(/,) erhalten dabei die Bedeutung reprasentativer Abstande. 

5. Insoweit experimentelle Daten mit der Moglichkeit eines Tests der auf- 
gefiihrten Behauptungen vorliegen, wird die Theorie bestatigt (vgl. [12]). 


V. Anhang 

A. Storungsrechnung 

Man findet den Roscnfeldausdruck (1) und seine Korrekturterme (10) folgen- 
dermaBen: Der Operator fur die Wechselwirkung zwischen Strahlung und 
Materie wird als Storoperator zum Hamiltonoperator des unbeeinfluBten Mole- 
kills betrachtet, in zeitabhangiger Storungsrechnung werden die induzierten 
elektrischen und magnetischen Multipolmomente berechnet und die Ausdriicke 
iiber alle Orientierungen des Molekiils gcmittelt. Dabei werden wegen der bei 

_ 

Lichtstrahlung vernachlassigbar kleinen GroBe \A\ 2 nur Beitriige beriick- 

sichtigt. die linear von den Feldem der Lichtwelle abhangen. Bei dieser Ent- 
wicklung nach Feldem der Lichtwelle. genauer nach den effektiven Feldern am 
Ort eines einzelnen Molekiils. treten pseudoskalare Proportionalitatsfaktoren 
auf, die sich mit Hilfe der Maxwellschen Gleichungen mit dem optischen Dreh¬ 
winkel korrelieren lassen. Das Ergebnis ist (1) bzw. (10). 

Die Storungsrechnung fur (l) bzw. (10) mit 1 bzw. £ als Storopera- 
toren wird nach der Rayleigh-Schrodinger-Storungstheorie durchgefuhrt. Da 
sich das Problem in einem endlichen Kasten praktisch nicht von der Situation 
ohne auBere Begrenzung unterscheidet konnen wir darauf verzichten, das 
kontinuierliche Spektrum zu beriicksichtigen. 

Die Korrekturen erster und zweiter Ordnung von nichtentarteten Eigenwerten 
und Eigenvektoren E i ° ) und |s> ,0) des ungestorten Operators .#' 0 bei Storung 
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durch den Operator i r - Z Jf,j lauten: 

(0 \s\r\ty ouo \t\r\sy°' 


e s " = ,0) <s\r\sy 0 \ e ; 2, = £ 


«*«) 


£(0) _ £j0) 


i ,v(ji_ v k> ,0><0, < /|y |.v> <0> 

'' S ' 2. pO) _ riOl 

II* it L, a c » 


v(2i = v JO 10 ’ I v l0> <>I * |r) (OMOl <r | y-|.v) (0> 
■ ' L rioi _ poi | iL c(0) r(0) 

II c 's ‘-‘t Ik*«I c ‘i Cl r 

t.s>'°"^Cv|)f |.s>'°»! _ 1 < 

I?0| _ pm [ 1 I” 2 

I z tt*j> 


<s|)f'|f> (OUO| <r|r|s> (0) 
' (E^'-eT) 1 


Bei chiralen Methanderivaten gibt es im Modell .W und W auBer Kramersent- 
artung keine symmetriebedingte Entartung. Im ungestorten Modell folgt 
bereits aus der C,,.-Symmetrie der Liganden Entartung von Molekiileigenfunk- 
tionen. Die Storungsrechnung im Entartungsfall fiihrt zu einer unitiiren Trans¬ 
formation der entarteten Eigenfunktionen auf eine storungsadaptierte Basis 
und zu Zusatztermcn fur die auf entartete Eigenfunktionen bezogenen Matrix- 
elcmcntc aus Kap. 11.6 und 11.7. Dies hat zur Folge. daB Teilsummen uber Pro- 
dukte von Matrixelementen, die uber orthogonale Eigenfunktionen zu einem 
entarteten Teilraum laufen und sieh nach der nichtentarteten Storungsrechnung 
in der Form 


1 1IM, <» I ■ • • I s A y°"°Ks A • • • I O' 0 ’ ,0, <* 2 1... I * 2 >' 0 ’ ,0 ’<.v, I... I o)' 0 ’ 

A 

priisentieren, zu ersetzen sind durch 




<o| • • ■ I ,0, <-v J • • ■! ^> ,0) ,0, <\l • ■ • ISv>' 0) ,0> <v v l... ||>>" 


A.m.v -. 


Entspreehcndes gilt fur Entartung des Grundzustandes. 

Man uberzeugt sich im Text ohne Miihe. daB sich aus dieser Abanderung 
weder an der Zerlegung des Rosenfeldausdruckes zum ganzen Molekiil nach 
Tcilsystemen noch an der Interpretation dieser Teilausdriicke etwas andert. Da 
sich die quantenmechanische Definition der elektromagnetischen Tensoren bei 
Entartung entsprechend andert, bleibt auch die Formulierung des Resultates in 
der Terminologic von Polarisicrbarkeiten und Hyperpolarisierbarkeiten unver- 
iindert. 

Der Rosenfeldausdruck, seine Korrekturterme und alle elektromagnetischen 
Tensoren sind in jeder storungstheoretischen Ordnung invariant gegeniiber 
unitiiren Transformationen der Eigenfunktionen zu einem entarteten Teilraum. 
Aus diesem Grunde ist zu ihrer Berechnung die Kenntnis storungsadaptierter 
Eigenfunktionen nicht erforderlich. 


B. Elekiromagnetische Tensoren 

Die quantenmechanische Definition fur die Polarisierbarkeiten <x, a, tJ> a. tK> y, 
(J) y und Hyperpolarisierbarkeiten ‘*'A lJ, A iJ) T eines Systems im Grundzustand 
|o> ist folgende: 
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(Jn «e» = 4 Re Z TI~T <o I ■ m t | s> <s | m, | o> = "a,. 

n a v ao * 

( x» = 4 im £^~^<°i m «i s > <si"i»io>=-*x t . 

n j * 

(K] V = -r Re ITT—r <01 m, I.s> <s 1 ft, I o>, 

” s '*o v 

2 1 

a), /V = -v- Im Z 7^~T <o I m f I s> <s I fiJ o> . 

-^- Re Z <°l m J s > <s|»«»|o> {<s|»tls> - <o|m t |o>} 

+ 'n Re I < s l m »l r > < r I m »t°> 

” S,t{*o) '*OV*J ^ / 

+ <'l"» e |s> <f|wi»l«> ONrU» 

+ TT Re Z ir-Kol^ls) <f |m,|»> <.v|m t |f> 

+ <o|m (f |l> <s|m„|«> <f |ffi r |s» = {R) A„ lr , 

{J 'A qi „= -o- ,m Z7^:!2Tr< 0 l m »l s > < s l m J»> {<s|»»tls>-<«l«tlfl>} 

+ 1*2 Im Z 7, _ 1 m 0 I s > < s I 0 01 

” S,|(^p) 'fo'Vso * f 

+ <t|»» e |s> <s| m„ |o> <o|m t |f>) 

2 1 

+ ,2 Im Z { -r- v 2\ « <, l'”el s >< , l' M »l <, >< A 'l»"tlO 

+ <«N„|/> <i|m,» <f|m r |s» = 

= jr Re Z 7 ]? J727I' < <j I I v > <* I i l * I °> {<- v l w r I s > - <° I m t l°>} 

+ -n-Rc Z ]--r[~ ^;Ko\in a \s) (s\fijt) (t\m x \o> 

" s,M*o) ^'fo'^so * 

+ </|wi„|a> <.v|/i„l«> <«|w t |r» 

+ i Re Z 77V7XZ777«°I m » I*> < f I **• I■°> <- v ! w <l'> 

" x % n*s) 'fi'*so 1 ' 

+ <«|w e l f > < S IaU«> <*KI*»- 

, ' , ' r ^= P" lm Z 7,2-rkr <° I ff, e I S > < s >^ I °> { < s I «. I S > - <o| HI, I o)} 

+ Ty Im Z ,7T- 2r«o|^»|s>< s 'I^U> <?l"»,|o> 

" «.((*<?) 'u>* V jo V J 

+ <f|m,|s> <s|^ 0 |o> <o|m T |f>) 

+ 7,T Im Z 7,2 1 _ r72r«°l m pl 5 > < s l w rlt> 

" j,r(#j) v rj\ v *o v / 

+ <o|m e |t> <s|/i„|o> <r|m c |5». 
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Die Tensoren A und r konnen mittels Storungsrechnung mit der Wechsel- 
wirkungsenergie zwischen elektrischem Dipolmoment und auQerem Feld als 
Storoperator aus den Tensoren a bzw. y und A aus F berechnet werden (vgL [7]). 
Die Formeln fur die Polarisierbarkeiten gelten auch fur den Entartungsfall; 
in den Dcfinitionsgleichungen fur die Hyperpolarisierbarkeiten A und f miissen 
entweder storungsadaptierte Eigenfunktionen vorausgesetzt werden, oder man 
hat Summen liber Eligenfunktionen s ; aus entarteten Teilraumen der Form 

IOI- -K> <s A |.••!*/> I• • • I°> 

A 

zu ersctzen durch 

Z OI-K> I-- !■'•„> <■«„!■•. |o> • 

/-./i 

I m Falle entarteter Cirundzustiinde hat man in den Definitionsgleichungen das 
arithmetischc Mittel iiber einc Basis fur den Eigenwert E„ zu benutzen. 

Bei elcktrisch neutralen Systemen sind die Tensoren ,J,, x lJ ’a. (R 'A, lJ, A orts- 
unabhiingig. nicht dagcgen die ubrigen Tensoren, da sich bcim Obergang vom 
Ort r/um Ort f das magnetische Moment <s|/3|l> gemiiB Formel (5a) andert. 
Damit ergeben sich die Transformationsgleichungen 


Z ,K 'v t - 4 = Z [R) y'w l ‘» - . 1,2 Z - 0 x e „, 

<T ft ^ A 


1,3 


1.3 


1.3 


Z {J 'y U n = Z {J) y‘«n *• + 7 Z X *e • 


1.3 


Z - Z ,R 'l 'e«r - -- v 2 Z U 'W~f) x g. . 


1.3 


1.3 


1.3 


1.3 


Z a, '^‘'> Z‘X^V+ - z"V-r)*'. 

(i n ^ a 

oder mit der Zusanimcnfassung zu komplexen GroBen t = |R ’/ — iv ,J, t 

Z y^ <7 = Z 4* £ - v Z v< F - x • 


1.3 


1.3 


IV 


. 1.3 


Z I'tffij = Z r *n, e. - . V Z A #«('" - x £ • 

/T /T ^ (I 


Damit werden die Formeln (13) und (15) verstiindlich. 

Bei geeigneter Multiplikation von Momenten. Polarisierbarkeiten und Hyper¬ 
polarisierbarkeiten mit der Ladung e bzw. der Geschwindigkeit c erhalten wir 
GroBen von der Dimension der Potenz einer Lange, und zwar: 




</v> 

e 


e 


[*%.] =[ ,R, y.J =«» 3 . 

=cm*, 

Le (K, A ttt J =[e'*T t „J =cm\ 
[ec Ui Zl efff ] = [ec w, r„ J = cm 6 . 
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Fur die Tensoren <*>«, lR 'y, <'> 7 , <*M, ‘ J > A <'T von Liganden mit der Symmetric 
C 3(lt , n**t n ^ 1 oder C^,, gelten die in Tab. 1 aufgefUhrten Symmetrierelationen, 
alle nicht aufgefUhrten Komponenten verschwinden. Ein permanenter elektri- 
scher Dipol kann nur eine Komponente in Richtung e r haben. ein permanenter 
magnetischer Dipol existiert nicht, auch die Komponenten von ,J 'a sind samtlich 
gleich Null. 

Tabelle i 


o>„ _ 

it “ 

<*•>(, = 

""4,.,= 

,J| A, =» 
tJ 'r, = 
<Jl r,= 

•X,- 


'a 

•*rr 

v* f| — 

*»V = 

ju 

[J>„ . 
/«’ ' 


«.» 

tJC),, 


/(( 


*A, 

K, A. 

"'A.. 

R> >1 

“rrr 

U> Z 
n l« 

J, r m . 


_ _(it) A _ _ |X|4 _ (Rl^ 

n tn~ **1 11 ~~ 

— >3 _**» >1 

- 

“ II r 

-■ _ Ml* . U\A _ 

^*rtr n — i 

*-/)r _ __ (J)r .. M) r 

1 r»» " * n 1 ~ 'in 

- _ t J)r 

I I I r 

= _ « J »r 

I I ri 


lm Falle dcr Symmetric C 3 „,, mit n> 1 oder C , „ gilt auBerdem 

,R 'A = 0, 

iJ) r,=o. 

Da auBer ,R, A, und alle Tensorkomponenten in Tab. 1 rotationssymmetrisch 
beziiglich der Symmetrieachse sind, auBert sich in unseren Formeln der Unter- 
schicd zwischen Standard- und „staggered“-Fixierung nur bei Liganden mit der 
Symmetric C 3l . cntsprechend den Beziehungcn 

<R, /4,(Standard) = ~ {R} A„.,. = iK) A. , = - l,!, A(staggered). 

U) r,- (Standard) = - iJ) r, tl = — lJ) r t . (staggered). 

Beziiglich dcs Tensors A mit der Eigenschaft A etin , - A^^ bendtigen wir fur die 
SchlUsse im Text die Relationen 


A 

A 


ini' ~ At 11' • 

lit'r = A'l'l> ■ 


Die folgenden Gleichungen zeigen die Transformationseigenschaften von Ten¬ 
sorkomponenten fur C 3w oder C 0D „-symmetrische Liganden entlang der Sym- 
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metrieachse: 


,J, 7 , = tJ> y:+ ~(r'~ r ) - 


,J) r,. = (J) r r -- (r'-r) iR 'A t , 

{J 'r,, = ,J 'r rl - -ir'-r) 

' c 

Wir noticren abschlieBcnd die Definition fur den Tensor des Quadrupolmomentes 
in Kap. II.5: 

& = 2<3Q -SpQ I) mit Q= Y.Wi ■ 


C. Koordinatensysteme 

/.ur expli/.iten Berechnung der Skalarprodukte und der AusdrUcke 

(‘tf’'' n Formel (15a) fur T d -symmetrische Bindungswinkel beziehen 

wir uns auf die GeriistbezifTerung ge- 
maB Fig. 2 und die Koordinaten- 
systeme gemiiB Fig. 3 und denken 
uns ihre Orientierung weiter festge- 
legt. z. B. in folgender Weise: e, (2> 
und e}? 1 liegen in der von J, und 
</ 4 aufgespannten Ebene mit (t?? 1 -*?,) > 0 
und el 21 = - ej? 1 ; ej* 1 liegt in der Ebene 
von a 2 und u 3 , und cs gilt (ej*’ « 2 ) > 0 
(vgl. Fig. 5). 

Fur das T d -Gcrust gilt mit (t :, r " » :< /’) = cos 9, u, - u, e/' und a i j = \d J — u,\ 

eas'd = - 3. sin.') = 3 \/ 2 , cos® = [/J. sinf = J/ f 

und 2 j 2 2 

a ij — <*f + Uj + s a i a j • 

Die Skalarprodukte fur die Basisvektoren an den Geriiststellen 2. 3 

und 4 sind in den Tab. 2 und 3 aufgefuhrt, die AusdrUcke (iPg-Tye J/ 1 ) in den 
l ab. 4 und 5. Dabei gilt in den Tab. 3 und 5 das obere Vorzeichen fur i = 3. das 
untere fur i = 2. Es gilt ferncr (py* • el/ 1 ) = (P’j* ■ e’J 1 ). 

Wir notieren noch zwei Beziehungen zwischen den Basissystemen an den Pliit- 
zen / und j. die nicht auf ein T d -Gerust beschrankt sind: 

I W-Tu-Wdf x ?*)«0, 

n 

I <*’ • T u -{?/> ?/>} ■ ?» = 0. 

Q 

Fur das T d -Gerust interessiert insbesondere die Beziehung 

? r °- T u - &'} ■?/' = 0. 
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Tabelle2 Tabelle 3 





<f’ 


<f' 


if’ 

<f’ 

1 

7 

0 

> 


2 

“ T 


1/2 

3 

if* 


-1 

0 



0 


e! 3 ’ 



1 




1 




3 




3 


Ta belle 4 



) if> 


if’ 

* r 


«f’ 


1+8-^-) 

0 

_ ^ 



3 \ 

ala / 


3 

\ ujj 1 


0 


- 1 

0 



_ K 2 


0 

;( 

i +4 -"-V"-) 


3 

V a\i 1 


3 V 

«2J / 


Tabelle 5 



if’ 




.r 

-iO 

_ “■««) 

“u / 



if 

±/i 





r 3 

\ “i « / 

«l« 

r s \ ai y 

<f 

6 ' 

V “h / 


M) 


D. Die 2-Liqanden-Funktionen 

Das Verschwinden von 2-Liganden-Funktionen bei T d -Derivaten kann ex- 
plizit nachgewiesen werden; es wurde im Text aus der Eigenschaft geschlossen, 
daB die Teilsysteme </„ lj) unter dieser Bedingung achiral sind. Der Beweis kann 
naiiirlich auch formal gefiihrt werden, und wir wollen das hier fur die 2-Liganden- 
Funktionen in erster Ordnung vorfuhren. In (13) stehen folgende Ausdriicke 
zur Debatte: 

I <*K( l t) "Wy(<?’•' T v-W)■ 

I '*K(W*\Ah)ViyW * 

ff.fr 

ff'.fr' 

Wegen (J) r m = 0 konnen nur die Komponenten und iJ) T zum ersten 
Ausdruck beitragen. Fiir a = t,r verschwinden aber auch diese Komponenten, 
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fur die verbleibenden gilt + tJ} r r , r = 0, woraus das Verschwinden der 
ersten Zeile folgt. 

Der zweite Ausdruck kann mittels 


a = a, 1 + (a, - a,) e, e r , y = y,(e> e r - e,. - e,) 


und der vorletzten Beziehung aus Anhang C umgeformt werden zu 




Bei einem tetraedrischen Geriist verschwindet die geschweifte Klammer. 

Im dritten Ausdruck bleibt wegen der drittletzten Gleichung aus Anhang C 
nur das Glied mit dem Faktor [a, 7 (? ( r ,) x <?*/’)], der seinerseits verschwindet. 

FUr die 2-Liganden-Funktionen der zweiten storungstheoretischen Ordnung 
von Sp <J, y lassen sich bis auf Ausnahmen keine geschlossenen Ausdriicke an- 
gebcn, wenn man nicht von zusatzlichen Naherungsaspekten Gebrauch macht. 
Der explizitc Nachweis fur das Verschwinden dieser Funktionen bei T„-Derivaten 
ist daher sehr umstandlich. Er wurde aber durchgeflihrt und Iiefert das erwartete 
Kesultat. 
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Bemerkung zur Rayleigh-Schrodinger-Storungstheorie 

Dietrich Haase und Ernst Ruch 

Institut fur Quantenchemie der Freien Universitat Berlin 

Eingegangen am 31. Juli 1972 

Remarks on the Rayleigh-Schrodinger Perturbation Theory 

The time-independent Hamiltonians .# 0 and .Jf = .#„ + 1 ' have a discrete spectrum, eigenvalues, 
and eigenvectors ES 0, ,|s> 10 ' resp. £,. |s>. If the RS perturbation theory can be applied here then an 
operator p with the property 

| S )<" +| |= —- p|.v>«», £*"“> = -i — p£l"’ 

w + 1 n + 1 

exists where l.s)'" 1 and E 1 ’ 1 denote the n-th order corrections of perturbation theory if E[°’ is non- 
degenerate. In the case of degeneracy the operation p remains defined and can always be used to 
determine perturbation corrections of quantum mechanical expressions which are invariant in zeroth 
order under transformations of the basis in degenerate suhspaces of The equations 

|.v> = °f |.s><*> - e'|s>«". £, = £ fij" = e» E} 0 ’ 

H m 

correspond to a basis transformation where nondegenerate eigenvectors |.s> 101 and eigenvalues P, n> 
of.Jf' 0 transform into eigenvectors |s> and eigenvalues £, of.#. Examples show the usefulness of this 
formulation. 

Fur zeitunabhiingigc Hamiltonoperatoren Jf„ und .#' = .#□+ V mit eincm diskreten Spcktrum. 
den Eigenwcrten und Eigcnvcktoren E*, 01 ,|s>"" b/w. £,,|s> von Jf 0 und .# sci die Behandlung nach der 
RS-Storungstheorie gewiihrlcistet. Dann existiert ein Operator p mit der Eigcnschaft 

Ij><« ♦ 11 = — i - pi.s) 1 " 1 . e;+" — 1 p E ", 

«+ 1 n-t 1 

wobei Is) 1 "’ und £J" die storungstheorctischen Korrekturen n-tcr Ordnung bcschreiben. falls E 1 , 01 
nicht entartet ist. Im Entartungsfall bleibt die Operation p definiert und kann zur Bestimmung slorungs- 
theoretischer Korrekturen der quantenmcchanischcn Ausdrticke verwendet werden, die in nullter 
Naherung invariant sind gegeniiber Basistransformationen in den entarteten Teilriiumen von 
Die Gleichungen 

l*> = f l*>"' = e*’|s> <0 ', £.= f £1" = e'|s> 101 

N « 

entsprcchen einer Basistransformation. bei der nichtentartete Eigenvektoren |.s> 10 ’ und Eigenwerte 
£1°' von .# 0 in Eigenvektoren |.s> und Eigenwerte £, von .if iibergehen. Beispiele zeigen den Nutzen 
dieser Formulierung. 


Die RS-Storungstheorie 

In der RS-Storungstheorie wird die Annahme gemacht, daii die Eigenwerte E, 
und Eigenvektoren |s> des Hamiltonoperators .)? — + ■f' mit 


( 1 ) 
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nach Potenzen des Hermiteschen Storoperators ? ' entwickelt werden konnen. 
Wir setzen voraus, dafl das Spektrum von Jf 0 und von diskret sei, und schrei- 
ben 

I £?’. |s>= f |s>*-. (2) 

ft ft 

Die Eigenwcrte £i°' und Eigenvektoren |s> <0 ’ des „ungestorten“ Hermiteschen 
Operators werden als bekannt vorausgesetzt, die |s) <0> sollen ein vollstandiges 
orthonormiertes Basissystem im Hilbertraum des Systems Jt bilden. Wir setzen 
weiter voraus, daB die Basis storungsadaptiert sei, d.h. im Entartungsfall fur den 
ungestdrten Operator die geeigneten Ausgangsfunktionen vorliegen. Ef ] und 
|s>"" mit n I bezeichnen die storungstheoretischen Korrekturen n-ter Ordnung. 
Durch Einsetzcn von (2) in (1) findet man das Gleichungssystem 


l*o-ET)|.v> (O, = 0. (3.0) 

(JT„ - £J 0 ') |*>'" = - f |s>' 0 ’ + Ei' ’ |s> ,0 >, (3.1) 

(.*„ - £5 D, )|s>«»= - i |.v>‘ 1 ’ + EJ 11 |s>' 1 ' + Ej 2 '|s> <01 , (3.2) 

<#„ - C*°»)|s> w — —i |s>«" - 1 »+ '£ Ei*’ |s><" -*'. (3.n) 


Mil orthonormierten Eigenvektoren von fiihrt die Forderung nach der 
Orthonormicrung in jeder Ordnung zu den Gleiehungen 


fi + V ft * ' 

y = 0 fur n^\. 

*.* 

Die Gleichungssysteme (3) und (4) erlauben, E™ und |.s> ,n) rekursiv zu bestimmen. 
Die Losungen fur die |s > < " 1 sind nicht eindeutig; ihre Verschiedenheit fiihrt aber, 
wie man weiB, nur zu unterschiediichen Phasenfaktoren in |s>. 

Durch skalare Multiplikation der Gleiehungen (3) mit ( 0 ’<s| finden wir unter 
Benutzung der Hermiteizitat von .#' 0 die Korrekturen zur Energie E\ 0> in der 
Form (5): 

El" = (0 '<s|>'|.v> <0 ', 

Ei 2, = (0, <.r|^'|s) ,,, -Ei ,,,0 '<s|s><", 

£tJ> = | s >' 2 '_ £**><°><s|s>< 2 » - E?' ,0 '<s|s>“\ (5) 


k 

Man findet geeignete Gleiehungen fiir die Korrekturen der Eigenvektoren bei 
Verwendung der beiden Operatoren 


3°‘ = £ 
'**1 


|r> < 0 ,( 0 , <f| 

Ei 0 l -E| 0 ' 


und 0 $ = I |t> l 0 ,, 0 , <t|. 

i cHt 



Rayleigh-SchrSdinger-Storungstheorie 


237 


Dabei lauft die Summe ^ ^ iiber die Eigenvektoren des Teilraumes 2R? 
entarteten Energie E^ 01 und die Summe iiber den dazu komplementaren Ra 


zur 

um. 


sic enthalt also nur Summanden mit nichtverschwindendem Nenner Ej°* — Ej 0) . 
Wenn wir in (3) auf die Zeile (3.n) den Operator — 3* 01 anwenden und Is) 1 * 1 

auf beiden Seiten addieren, wird wegen der Identitat X |f> (0M0 ’<?|s> (n) = Is) 1 "' aus 
(3) das Gleichungssystem ' 


ls> <0 » = ^|s> <0, , 

| s> (l) = 40 ) r|j> ( 0 ) + ^ |s> (l, i 

| S> (2) = | S> (1, _ J(0 )£ <1)| S> (., + ^| S> (2), 

| S >(3) = $0> r , s> (2, _ jj. 0 , ga )| S> (2) _ £01 £<2), s> m + | S> (3) > 


| S >C) = £ 0 ) 


IT | s> tB_1) - 


X £H k) |s><"- k ' 

k 




Falls £* 0> nicht entartet ist, vereinfacht sich (6) zu 


( 6 ) 


|s> <0, = |s>‘°» <0, <s|s> w , 

|s> (, ' = £?'r\ S y 0 ' + |s> (0 ' (0 ><s|s> < ‘', 

|s>(2> = JJ 0) r |s> (1 > - + |s> (0 » (0 ’<s|s> (2 \ (6a) 

|s)< 3 » = i< 0 »^-| s >« 2 »-4 < >'E</>|s>< 2 »-^ 0 >E< 2 >|s> <1| + |s> (0 »‘ 0 »<s|s> <31 , 


|s><"' = Ji 01 


l.n-l 

Tr|s><"->'- X £i*’|s> ( "' M 




Mit einer zusatzlichen Vorschrift iiber den Imaginarteil von '‘’’(sis) 1 "’ wird die 
Phase der Eigenvektoren von festgelegt. Die spezielle Bedingung /m (0, <s|.s) (1) 
= 0 flihrt wegen der Normierungsbedingung (4) zu (0, <s|s) n> = 0; damit wird also 
aus der zweiten Zeile in (6a) 


| s> (l) = J< 0 * r | s> ( 0 ) 


(7) 


Fonnale Lfeung flir die Korrekturen |5> <k) und der Operator p 

Wir definieren eine Operation { } (1 \ die an storungsadaptierten Eigenkets und 
Eigenbras von den Obergang zur ersten storungstheoretischen Konektur 
hervorruft, auch beziiglich der Operatoren und des Einheitsoperators 1 
und an Summen und Produkten von solchen GroBen in folgender Weise: 

a) {| S > <0 »} (,, = |s> <1 >, { <0) <s|} in = (1, <s| ; 

b) {je 0 }i"=r, {r} ( 1 , =o, {i} (,, =0; 

c) {/ <o ’+ 0 <o, } <1, = {/ <o, } (1, + {» <o, } <1) : 

d) {/ .0,^(°)}U, = {/ «»}»» o9 ( 0 » + 


(8) 



238 


D. Huae nnd E. Ruch: 


Das Produkt f <0> • g (0) kann dabd irgendein Produkt zwiachen den genannten 
Groflen sein, wie z.B. cin Operatorenprodukt, ein unbestimmtes oder skalaS 
Produkt. In der Festsetzung {1} ' — 0 driickt sich die Orthononnicrungsbe- 
dingung (4) in erster Ordnung aus, denn wegen a) und d) gilt: 

0 = <°><sl{l }“ >lt> (0> = £ r^y 01 <n <rjt> <0> + <0) (slry i > (0> < rlt > (0> ) 

r 

= «»<s|s>«” <‘<<s|r>< 0 ' + < 0, <s| t) (1 > (0, <tlty 0, = (1) <slO <0 > + < 0> <slty‘>. 

AuBerdem ist damit die Operation { } (t> an den Eigenwerten von jf 0 fur storungs- 
adaptierte Eigenvektoren erklart: 

{Ei o >}<» = {«» (s ijr 0 i s> ( 0 > } (i> = (i > <s iJtr ojs> (o> + (0> <s ir-is> <0) + (0, <sijr 0 isy» 

(0, <sisy i >)+ (0, (sirisy 0> = (0 ><sirisy 0, =Ei t >. 

Wir wenden die Operation { } (i> aul die Zeile (3.1) an und erklaren sie an Is) 01 
und E*" durch ihre Wirkung auf die entsprechenden Ausdriicke in nullter Ordnung 
gemaO (5) und (6) : 

pT 0 - £<°>) {|s) (,, }“» = - 2r Is)*" + 2£< 1, |s> (1 > + {£< 1 »} ,1 »|s> (0 >. 

Der Vergleich mit der Zeile (3.2) liefert 

{£< *>}“» = 2 £< 2 \ 

{|s> a, } u> = 2|s> (2> . 

Die Orthonormierungsbedingung bleibt auch in zweiter Ordnung bestehen, denn 
wir erhalten 

0 = { (0 »<slt>“ ■»+ <‘»<s|ry 0) } (11 = 2( (0) <s)t> (2) + «»<s|t>»> + 12, <s)r> t0) ). 

Eine naheliegende Verallgemeinerung dieses Befundes schreiben wir als Ver- 
mutung in der Form 

{£<"'}( 11 =(n+l)£i" +u , 

{|s> , ")J <1 ' = (n+ l)|s> ( " +1 '. (9) 

Wir stcllen fest, daB (9) fur n = 0 und n = 1 gilt, nehmen also an, daB die Behauptung 
bis n richtig sei, und iiberzeugen uns von der Gultigkeit fur n+ 1. Dazu wenden 
wir auf die Zeile fur |s> w im Gleichungssystem (3) die Operation { } a) an und 
benutzen die Definition (9) fur alle v^b: 

2,11 

= -(n + 1) r Is)'"' + (n + 1) £j u |s><"> + 2£i 2, |s> t ’ ,_11 + £ (n - k + 1)" 

k 

+ X (k + l)Ei* + , '|s> ( "-‘ , + {£i" , } <,, |s> ,0 » 

k 

= -(«+ 1) *■»<">-£fi<*>|s><"-* +1 > + {£<*>} (,, |s>< 0 '. 

k 

Der Vergleich mit der nachsten Zeile in (3) bestatigt die Beziehungen (9). 
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Die Orthonormierungsbedingung in (n + l)-ter Ordnung bcstatigt skh ebcn- 
falls wegcn 

{ *+»“« VU> 

i w <sio ( ’j 

= I ^ + l) 0 ‘ + ‘ , <s|^> <,, + (v + l) < ' ,, <s|^> ,,+ 1, ) 

= (n+l) £ °“<s| *> w . 

M.v 

Wir konnen das Problem 


/(Jf)|s> = /(£,)|s> 

entsprechend behandeln, wenn /(Jf) gemafl einer Operatorentwicklung nach 

0 .CO 

Potenzen von Y in der Form /(Jf) = £ / (l ” (Jf 0 , Y) gegeben ist, wobei 

/ (0) {-Yo,Y) = / (Jf 0 ) und / ( "’ (Jf 0) y) alle Glieder enthalt, in denen die Potenz Y* 
auftritt. Der Eigenwert von /(Jf) zu |s> ist /(£J und setzt sich aus dem Eigen- 
wert /(£i 0) ) zu /(Jf 0 ) und Korrekturen g<"»(£<°i, jg< 1 ... &* 1 ) zusammen, die 
entsprechend einer Reihenentwickiung der Funktion /(£J = /(£i 0, + £i 1, + •••) 
an der Stelle Ef ] nach Potenzen der £i°(i= 1,2,...) durch diejenigen Glieder 
gegeben sind, in denen die Summe der Ordnungen n betragt. Wir schreiben also 

/(£J = /(£i°>)+ I tW/W’, 

n 

wobei 


^<2)(£< 0 l ( £(l >,£< J )) 


_ W, 0 ’) 

dEi 0 ' 


^ 2,+ tt 


W) 

~8 (£i 0> ) 2 


(£i ") 2 


usw. 


Die konsequente Verallgemeinerung von {.Jf 0 } (1, = 1 ^ fuhrt zur Festsetzung 

{/<"»(Jf 0 ,Tr)}"> = (n + 1) / ( " + u (Jf 0 ,n • ( 8 e) 

Damit erhalten wir aus dem zu (3) analogen Rekursionsformalismus fiir /(Jf)|s> 
= /(£J|s> die Beziehungen 

{/(£< 0, )} <, > = <? <, »(£I 0 »,£ 1 1 '), 

{3‘-'(£*°>,£‘ i >.£i" , )} ,1) = (n + l)g ( " +1 »(£ ( , 0 >,£ < . 1> ,...,£ < 1 - +, »). 

In Verallgemeinerung von {£i° , } <1> = £i J ’ haben wir also 

{/(£i 0 >)}< , >=^P-£<". 00 ) 

Damit ist es moglich, die Operation { J* 1 ’ auch auf GroBen wie anzuwenden 
und z.B. die Relation {|s> (l, } (1, = 2|s> <2) explizit nachzuweisen (vgl. Anhang). 
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Die bisherige Analyse zeigt, dafl die storungstheoretische Korrektur erster 
Ordnung zur Korrektur n-ter Ordnung fur einen Eigenvektor von oder fur 
entsprechende Matrixelemente eines Operators bis auf den Faktor n+ 1 auf die 
(n+ l)-Korrektur fiihrt. Mit der Festsetzung lm < 0 , <s|s> <1, = 0 ist dieser ProzeB 
an nichtentarteten Eigenvektoren von Jf 0 durch Gleichung (7) eindeutig erklSrt, 
an cntarteten Eigenvektoren dagegen erfordert die Operation { V 1 ' Informationen, 
die erst der Zeile (3.2) im Rekursionsformalismus (3) zuentnehmen sind. 

Aus diesem Grunde untersuchen wir eine modiflzierte Definition einer ent- 
sprechenden Operation { } <T| , die eine von der Entartungsfrage unabhangige 
Vorschrift beinhaltet. Es gelte fur jeden Eigenvektor von Jf 0 : 

f|s)(°,}‘ T, « J‘ 0 ^1s>' 0 '=|s> , T', { <0 '<s|} <T ' = (0 '<s|f'-J< (), = « T »<s|. (11) 


Fiir nichtentartctc Eigenvektoren von J?’ 0 bedeutet das: 

|.v> ,T >=|.v> ( », ,T, <.v| = «"<s| und £< i t, = £ ( j 1 '. 

Die Gleichung = Z* 11 gilt auch fiir storungsadaptierte Eigenvektoren aus 
cntarteten Tcilraumcn, fur einen beliebigen Eigenvektor |s) (0) dagegen bezeichnet 
im Entartungsfall einen Erwartungswert von t". 

Die Korrektur erster Ordnung vom Projektionsoperator zu einem 
cntarteten Teilraum von ,Jf 0 ergibt sich in der Form 

~ 4 1 <!*>' 1 f <o, 0»l +I*)' 0 ’ ‘' '<*1) 

= f |.v> (0,,0, <.v| + |s>-0 .<,|i 40, + ^| S> ,1,(0,< 5 | + ls yon %sU ^y 

Wegen (4) gilt aber 

^ |A>< ' ’ <0,< ‘ V| + l ‘ V><0 ’''’ <S| ^ 

= Y (|r> , 0 ' , 0 '<f|s> ,,M 0 ’<s| + |s> , 0 ,,,, <.v|t) , 0 M 0 , <f|) 

= y | 4 .>t°» ( °»< f | (<"<s(t> , 0'+ ( o , <.v|f> , i >)=0 

s.ifin 

und daher 


= I (|s> ,0M1, <s| + |s> <,M0, <s|)» y (|S> ,0 ' <T '<S| + |S>‘ 7 "°'<.S|)={^}‘ T ». 


Damit haben wir {U ,u = {1} (T| = 0 und die Aussage, daB die Orthonormierung 
fur gestrichene Korrekturen giiltig bleibt. 

Ein entsprcchendes Resultat gewinnt man fur GroBen und ©$$ der 
folgenden Art: 


y /(£i o> ) is)* 0 ’ <o, <si, 

sen; 

»js*= y ?(£i o v o w o, !s> ,o ». 

icRV 
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Dabci seicn / und g differenzierbare Funktionen der Energie nullter Naherung 
und & 0) ein Operator, dessen storungstheoretische Korrekturen mit 0 (l K & 2) 
usw. bezeichnet werden. 

Filr die Korrekturen erster Ordnung ergibt sich mit storungsadaptierten 
Eigenvektoren |s> <0) 

x is> (o, £j i,<o, < si 

= m°')#£l+ dfi ?p l |s> (0 '£1 t »« 0 »< s |={' 2Q}» t ». 

( jfBtS 

Wegen der Beziehungen 

Y (3< 0 >r, s >«°*<°»<,| + ,><°. <0 '<s |^ 

und 

^ |s>‘°' Ei Tl (0 '< S | = |a>‘°» < 0, <s| * |t> (0 ' 

ist auf eine Summe von Produkten aus Faktoren vom Typ zuriick- 
gefuhrt. 

Entsprechendes laflt sich fur {®k£} ui zeigen. Wir stellen also fest: 

Es gilt = {®»$} (T) , {8iSi} |1>; = {®«^} tT) . und beide Ausdriicke sind, 

auf GroBen nullter Ordnung bezogen, Summen von Produkten aus Faktoren vom 
Typ bzw. Daher ist die emeute Operation { auch durch { } (T ’ 
crsetzbar. 

Da Ji°' cine Summe aus Gliedcm vom Typ ist, gilt insbesondere auch 
'|s> <0, } <u = {j2i 0> ^'|s> ,<,, } ,T ’, wenn Is) 10 ’ nichtentarteter Eigenvektor von 

.W 0 ist. 

Zusammenfassend konnen wir feststellen: 

Ein quantenmechanischer Ausdruck in Eigenkets und Eigenbras von Yf, 
dessen Naherung im ungestorten System invariant ist gegeniiber einer Basis- 
transformation in den entarteten Teilriiumen von -#o, geht durch die Operation 
{ } (T) in die Korrektur erster Ordnung iiber, und die Korrektur (n 4- l)-ter Ordnung 
cntsteht aus der Korrektur n-ter Ordnung durch Anwendung der Operation { }*’* 
und Multiplikation mit dem Faktor l/n+ 1 . 

Wir formalisieren unscr Ergebnis durch Einfuhrung eines Operators p, der, 
wie aus dem folgenden ersichtlich, nicht mit einem linearen Operator im Hilbert- 
raum verwechselt werden darf. Er ist auf GroBen f {0 \ g i0> anwendbar, an denen 
die Operation { } <T| dcfiniert ist. p wirke als Linksoperator auf alle Faktoren, die 
rechts davon stehen. Wir schreiben [p.] •••, wenn sich seine Wirkung nur auf den 
ersten Faktor eines entsprechend zerlegten Produktes beziehen soil. Entsprcchend 
den Eigenschaften von { } <T) gilt also 

a) p|5> <0, = ^°'tF1s> ( 0 ', p‘ y, <s! = (0, <s| 

b) p(/ (O, +3 (O ’)=p/ <o ’+P0 <0 ’; 

c) p(/ ,0) -0 (0 ') = t p/' 0 '] ' g w + /< 0 ’ - p<T; 

d) [p,i] = o, [p,.r 0 ] = r, [p,t ]=o, [p,/{jr 0 )] = / (1, (jr 0 ,n; 

e) p »/<°* = p»--(p’"/< 0 >). 


(12) 
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Wcnn wie in c) mit [p f i0r ] zum Ausdruck gebracht werden soil, dafi p nicht 
auf die rechts von der Klammer stehenden Faktoren wirkt, gibt es eine konse- 
quente Schreibweise ohne Klammer. Aus 

p/ <0 ’ * g {0) = [p/ <0 »] g i0) + /< 0 ’ ptf 0 ' = p/ (0 > ° g (0 > - / <0 > - pg (0 > + f <0 > - pg (0 > 

folgt namlich fp/ (01 ] = p f (0> - / (0l p. In dieser Formulierung hat der Operator p 
keinen EinfluB auf nachfolgende Faktoren. Es ist daher konsequent, die Definition 
fiir die Anwendung von p auf Operatoren 0 durch den Kommutator 

[p,0] = p (9-Op 

festzulegen, wovon in d) bereits Gebrauch gemacht ist. 

Alle Operatoren die von der Energiedeflnition eines quantenmechanischen 
Systems unabhangig sind, und alle Zahlen mit dieser Eigenschaft gehoren zum 
KocITizientenbereich des Operators p. Fiir solche „c-Zahlen” gilt [pc] = 0. 

Unter Vcrweis auf die Ergebnisse iiber die Operation { } <T ’ konncn wir folgende 
Konsequenz ziehen: 

Fiir nichtentartetc Eigenvektoren |s) ,0) von ,)f 0 gilt 

p|s)'"' = (n+ l)ls><" + ", p ( "><s| = (n + l)'" +,, <s| 

und (13) 

p £l"‘ = (w + 1) &; 4 ", pff'"'(El 01 , £i">) = (n + 1 ) 0 ,n +1 ’ (Ei 0> .E<" +1 ’) • 

Fiir entartete Eigenvektoren von ist die Anwendung von p gleichfalls definiert, 
fiihrt aber nicht auf die Korrektur zu einem F.igenvektor von Jf. 

Unabhangig von der Frage der Entartung gilt die Orthonormierungsbe- 
dingung (4) Fur die „p-Korrekturen" zu eincr orthonormierten Basis aus Eigen¬ 
vektoren von .Jf 0 . 

Fiir quantenmechanische F.rwartungswerte E, die in der Naherung von Jf 0 
invariant sind gegeniiber unitiiren Transformationen in alien entarteten Teil- 
raumen von jf 0 , gilt ebenfalls 

pF*' = {n+ l)F { ” +l >. (13a) 

Fiir einen Operator O’ mit dieser Invarianzeigenschaft schreiben wir 

[ p, = p — ^‘"'p = (n+ 1)C' , " +U . (13b) 

Mit der Definition 

[P. 0 ,O ’]o - C' (0> , [p, C' <0 ’], = [P, fP ( °’], [P. = [P.[P, ,] 

gilt dann 

n n ! 

Wir werden im nachsten Kapitel zeigen, daB die aufgefiihrten Beziehungen von 

praktischem Interesse sind. Die folgenden Konsequenzen sind formaler Natur. 

0 .-* | 

Mit der formalen Summe e* = £ —-p" konnen wir fiir nichtentartete Eigen- 

H ^ ' 

werte von .W 0 die Eigenwerte und die Eigenvektoren von .Jf in der Form schreiben 


|s> = e" |s><°\ <s| = e p(0, <s|, £, = e’E*, 01 . 
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Fiir Ausdrilckc F der obigen Art gilt 

F = e p F i0} . 

FUr Operatoren 0 konnen wir wcgen 

0= °f °f ^7 [p,0 <O) L=0 (O, +Cp^ <O) ]+ ^[p-Cp.O] + - 

* * n ^ ■ 

= ( 1+P+ TTP 2+ '") 0 <o, ( 1_ F + -yrP 2 —) 

die Schreibweise verwenden: 

(p =e Pff(0)g-p 


Speziell gilt also: 

Jf = 

AbschlieBend stellen wir fest: 

Der Operator e* bewirkt die Transformation einer orthonormierten Basis aus 
Eigenvektoren |s) <0> zu Jf 0 in eine andere orthonormierte Basis, in der alle Vek- 
toren, die aus nichtentarteten |s) <0 ’ hervorgehen, Eigenvektoren von .if sind. 

Im folgenden soli der Nutzen des vorgetragenen Standpunktes an zwei Bei- 
spielen illustriert werden. 


Beispiele 

a) Ein Teilchensyslem bestehe aus N Teilsystemen mit schwacher Wechsel- 
wirkung. Entsprechend soil der Hamiltonoperator 

l.JV l.N 

*= I^+ j 

i i<j 

mit 

l.N l.N 

■*o = Z ^ und r= £ r i} 

i t<j 

in einen ungestorten Teil und einen Storterm zerlegt werden: 

,if=jf 0 +-r. 

Die Eigenvektoren und Eigenwerte von den Teilsystemen Jf t seien mit |s ( > und 
E 1( bezeichnet. Demnach sind die Eigenvektoren von Jf 0 Produkte von der Form 

|x> <0, = |Si)|s 2 > I s *) = |s,s 2 ... s N r> . 

Fiir die Eigenwerte in nullter Ordnung gilt 

l.N 

£ 0, = I E,. 

i 

Wir beweisen folgenden Satz: 

Fiir Eigenvektoren |s> und |r>, die in nullter Naherung nicht entartet sind,gilt: 
Das Matrixelement <s|i4 (m) |f> eines c-Operators A m , der sich auf m<N Teil- 
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systcme bezieht, hat die Eigenschaft, daB die n-te storungstheoretische Korrektur 
eine Summe von Ausdriicken ist, die von hochstens n + m Teilsystemen abhangen. 

Wir beweisen die Behauptung zunachst fur n — 0 und u = 1. Die m Teilsysteme, 
von denen A lm) abhangt, seien Jf,, J? 2 . m . Dann gilt in nullter Ordnung 

l0 '(s\A< m >\ty 0 ' = <s,s 2 ... s m |/4 (m ,|t 1 t 2 ... t m > "n’ N 6.^ , 


d.h. (s\A (ml \t) hiingt nur von den m Indizes 1,2, ...,m ab, fur die Korrektur erster 
Ordnung: 


|0 Vsiy IrV 0 ’ ,0 Vrlf'lt'> ,0) 

y . y_< n vrM i/v o, + y i r \(Q).. y± r J 1 / _ 

L i/<oi _ r-<oi ^ L \ > l /l (*)l r / ciO)_r(0) 

ri * 1 | t- 4 * c r r(*r) 


] ' N /« « I i ' lr r S l ’ N m+i.N 

Z I I _V~ t- < r l r 2 " r m\AmUlt2 "t m > n Kr* II 


ri* % |i' j + fc\j Er, “ ^Tj 


\.N y IV ' | f t \ m+ I.N 1 .N 

+ I I < v t <i 2 - ■ r 2 ... r w > --- y _‘ J F 'J f n n 

I|*I||<J *-•«, ' *-'• j r 't, C-r, k 


Fur Glieder mit i > m und / > m werden die ^-Faktoren von der Form 





'jh 



d 


n’j ■ 


Daher unterscheiden sich die entsprechenden Teilsummen aus der ersten und 
zweiten Zeile nur im Vorzeichen und kompensieren sich gegenseitig. Nichtver- 
schwindende Ausdriicke geniigen also der Bedingung »'gm oder j^m und sind 
daher cine Summe von Gliedern mit hochstens m + 1 verschiedenen Indizes. 

Fiir die Korrektur n-tcr Ordnung: 

Die (n - l)-te Ordnung 


ist, wie aus dem Prozeli dcr sukzessiven Anwendung von p hervorgeht, eine 
Summe von Gliedern. die sich aus Faktoren vom Typ (0, <k|/l (m) |/> ,0) , ,0, <p|* |^) <0 * 
und /(El, 01 - £|°’) zusammensetzen. Dabei ist /(Ej 0 * - EJ, 0 ’) eine Funktion des 
Nenners in Ji°'. Wir nehmen an, daB diese Produkte von nicht mehr als n + m—1 
Indizes abhangen. Beim Obergang zur n-ten Ordnung entstehen daraus Produkte, 
in denen jeweils einer der Faktoren durch p' 0> <lcjA (BI ,|/> t0> bzw. p <0> <p|^'|^) (0) 
ersetzt ist. In den ersten beiden Fallen konnen wir aus dem Vorangehenden 
schlieBen, daB die Indexmenge in konstituierenden Teilsummen hochstens um 
eins anwachsen kann. Es bleibt also nur noch, das Entsprechende fur ein Produkt 
mit p/(£i 0l -EJ. 0 ’) als Faktor nachzuweisen. Sei SR die Indexmenge, von der / 
abhange, dann konnen wir /, ohne etwas zu verandem, durch das Produkt von 
/ mit einem Faktor S UnVt€ ersetzen. 
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Aus der Gleichung 

P /(£i°»-£T) nc. 

K#« 

d fiE*^ — & 0 ') f ltN \ 

= J^kTe^) (I n 

sehen wir, daB die rechte Seite verschwindet, wenn weder i noch j zur lndex- 
menge SR gehort, d.h. auch der Faktor /(£< 0) - E\?) erhoht seine Indexmenge bei 
Anwendung von p hochstens um eins. 

Damit ist der Beweis unserer Behauptung mittels vollstandiger Induktion 
erbracht. 

b) Ein System geladener Jeilchen befinde sich unter dem EinfluB eines auBeren 
elektrostatischen Feldes S — {S l ,S 2 ,S 3 }. Wir betrachten die Dipolenergie 

1.3 

— Y, M> e^o a ls Storterm fur das ungestorte Ladungssystem mit dem Energie- 
» 

operator ,W 0 . Dabei ist /k={m„m 2 ,m 3 } der Operator des eiektrischen Dipol- 
momentes. 

Unsere Methode erlaubt die Berechnung der Poiarisierbarkeit aus dem 
Dipolmoment, der Hyperpolarisierbarkeit aus der Poiarisierbarkeit usw. Es gilt 

p <0 ><s|.#’ 0 |s> ,0 > = -p 0, <s|^|s> (0, <? e . 

Q 

p«\ S | *,»«»= 

a 

P<’= 

T 

Dabei sind (0, <s| jw»|s> , 0) das elektrischc Dipolmoment, a ,0> und ft 0) die Tensoren 
der statischen eiektrischen Poiarisierbarkeit und Hyperpolarisierbarkeit des 
Systems im nichtentarteten Zusant |s> <0, (vgl. z.B. [1]). 

Eine Reihenentwicklung von |s>, <.s||s) usw. nach Potenzen des 
Feldes S kann daher in der Form geschrieben werden 

<s|jf , |s> = t» (0 ><s|.jr 0 l*>“ >> 

= (0, <s|.r 0 |s> , ° 1 - S' 0 '<3i^|s> ,0, ^-^ r j;cv. 

-T- I CW — 

^' C.ff.r 

<s|^ # |s> = ^ <0l <s|^ e |s> (0 > 

= <°*<sK|s><°'+ ZC*.+ Tl - 

a ** ’ o.x 

=C'+ ZC/+-- 
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Wahrcnd man unter Bcrufung auf das Hellmann-Feynman-Theorem bei Kenntnis 
der Entwicklung von <s|Jf’(/ # )|s> nach dcm Parameter t t nur <s|«k # |s> gemaB 


<s|« e |s> = - -jj- <s|jf (/ # )|s> 

gewinnt, nicht aber die Entwicklung von usw., fiihrt die Anwendung des 
Operators p von einer vorgegebenen Korrektur zur nachsten. 


Anhang 

Explizitc Berechnung der zweiten Korrektur zu einem nichtentarteten Eigen- 
vcktor |a) , 0) mit dem Operator p: 

|.v) < "=p|s> ,0 * = ^ 0, ir|s>(0', 

2|s> (J » =» p #?'-r\sy 0 > = [p, ir | S >«°» + J< 0 >^rp|s> <0, . 

Wegen 

r„ jion v v /k> , °’ <0, <r|y'|f> ,0M0> <t| , |t>« 0)(0 »<fhr|r>' 0 " 0 »<rh 

1 * 1 ,im rhu \ (£J 0 ’ ~ £J 0 ') (£} 0) - &?') (^ 0) - £| 0) ) (£} 0) - EJ 0 ’)/ 

- ^ 7£ii~£pi)^ ( m < s \ r \ s y 0) - ,o, <f i^io* 0 ’) 

= Jj 0, ( f -- ,0, <s|^>> (0 ')j 2J 0 ' - !s> ,0,(0 ><s|*' i2< 0 > - ^°'^ 0 ^ls> (0 » (0 >< s l 

ergibt sich 

2|.V> <2, = - 10 »<A|t'|s> ,0) )^ 0) r|s>' 0, -|s> ,0 » l0) <s|TriJ 0) 4 0 >^|s> (0) . 

Der Vergleich mit (6a) bestatigt dieses Resultat bei Beriicksichtigung der Nor- 
mierungsbedingung 

und der speziellen Phasenwahl Im <0| <.v|s) <2> = 0, also 

2' 0, <s|s> ,2 > = - (0 *<s|ir | s >(°». 
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Quantenmechanische Theorie der optischen Aktivitat 
der Allenderivate im Transparenzgebiet 
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Quantum Mechanical Theory of Optical Rotatory Power 
of Allene Derivatives in the TYansparent Region 

The quantum mechanical theory of the optical rotatory power of methane derivatives [2] is 
applicable to the class of allene derivatives if one makes appropriate changes in the model Hamiltonian. 
We hereby find a physical interpretation for parameters already determined empiricaly in the course 
of experimental studies of this molecular class [7], 


Die quantenmechanische Theorie der optischen Aktivitat von Methanderivatcn [2] wird mit 
entsprechenden Veranderungen des Modelloperators fUr die Energie auf die Klasse der Allenderivate 
iibertragen. Dabei findet sich eine physikalische Interpretation von Parametern, die im Rahmen einer 
experimentellen Untersuchung [7] empirisch berechnet worden sind. 


Modell und Stdrungsrechnung 

Nach dem Muster einer algebraischen Theorie der pseudoskalaren Eigen- 
schaften von Molekulen einer Klasse mit achiralem Molekiilgeriist [8] ist das 
spezielle Phanomen “optische Aktivitat” ftir Methanderivate quantenmechanisch 
behandelt worden [2], Trotz der Spezialisierung auf Methanderivate dokumen- 
tieren sich in der Wahl des Modell-Energieoperators Oder in der Diskussion der 
Stdrungsrechnung Ziige, die an anderen Molekiilklassen in entsprechender 
Interpretation bestehen bleiben. Beispielsweise liefert die Stdrungsrechnung in der 
benutzten Form, wie aus [3] geschlossen werden kann, bei beliebigem Geriist 
den Ansatz nach dem zweiten Verfahren (vgl. [8]). Insofem liegt eine allgemeine 
quantenmechanische Theorie fur beliebige Molekiilklassen auf der Hand. 
Andererseits interessiert der quantitative Aspekt der Stdrungsrechnung. also z. B. 
die Frage, inwieweit die Formeln in ihrer Abhangigkeit von ligandenspezifischen 
GroBen wie Dipolmoment, Polarisierbarkeit u. a. die optische Aktivitat der 
Molekiile numerisch zufriedenstellend beschreiben. Experimentelle Daten zum 
systematischen Test von empirischen Bestimmungsstucken der formalen Theorie 
der optischen Aktivitat [8] liegen inzwischen fur Allenderivate [7] und Methan¬ 
derivate [5] vor. Die physikalische Interpretation solcher Bestimmungsstiicke 
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liefert die quantenmechanische Analyse, wie fur Methanderivate 
und speziell fiir solche mil der T d -Bedingung in [2] gezeigt 
wurde. Die hier beabsichtigte Erganzung betrifft Allenderivate 
und speziell solche, die wir D 2d -Derivate nennen wollen. 

Den Derivaten des Allens oder von Kumulenen mit einer 
ungeraden Zahl von Kohlenstoffen ist ein Molekiilgeriist der 
Symmetric D 2d mit vier Ligandenplatzen entsprechend Fig. 1 
gemein. Wir nennen sie D 2d -Derivate, wenn die substituierten 
Liganden eine Symmetrieebene besitzen und so fixiert sind, 
daB diese Symmetrieebene mit der jeweiligen Spiegelebene des 
Geriistes zusammenfallt. 

Die qualitativ vollstandige Chiralitatsfunktion fur D 2d -Derivate enthiilt 
zwei Komponenten, deren eine formal mit der von T d -Derivaten identisch ist. 
Da diese T d -Komponente in [2] ausfuhrlich diskutiert wurde, und da aus experi- 
mentellen Befunden [7] entnommen werden darf. daB sie bei Allenderivaten 
ofTenbar keinc nennenswerten numerischen Beitrage zum optischen Drehwinkel 
liefert, bcschriinken wir uns auf den verkiirzten Ansatz. Er besitzt nur eine 
Komponente. er ist qualitativ vollstiindig fur alle Molekiile mit mindestens zwei 
glcichartigen Liganden, und er erfullt ein Additionstheorem, das in [7] und [8] 
ausfuhrlich diskutiert wurde. 

Der verkiirzte Ansatz nach dem zweiten Naherungsverfahren lautet: 

/ff|« U' ^3' U) ~ VOi' U) + *p(l2' U) ~ 1 > U) ~ > fj) (1) 

niit 

<pU t , lj) = <P(lp h) ■ 

Nach dem ersten Verfahren hat cr die Form 



f ig. I 


xtf.. 12 ■ is. U) =r.[w,) - ms rM/.,) - ms 
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I Hl 3 ) 


1 

HU) 


( 2 ) 


die mit ipUj. lj) = a(Ij) aus (1) entsteht. 

Wir diskutieren mit dem quantenmechanischen Formalismus aus [2] und 
unter Benutzung der dort erklarten Bezeichnungen die optische Aktivitat von 
Allenderivaten, indem wir uns im wesentlichen darauf beschriinken, Aspekte 
der Theorie hervorzuheben oder Resultate explizit zu formulieren, die fur Methan- 
und Allenderivate verschieden sind. Die folgenden Betrachtungen beziehen sich 
ebenso auf Derivate der oben erwahnten Kumulene oder von Verbindungen mit 
einem anderen D 2d -Geriist entsprechendcr Anordnung von vier Liganden¬ 
platzen. Wir beziehen uns im Text auf Allene und vermerken, daB damit nur ein 
charakteristisches Beispiel fur derartige Molekiilklassen betrachtet wird. 

Wie fur Methanderivate sei das quantenmechanische Modell durch einen 
Energieoperator # charakterisiert, in dem die Operatoren fur Teilsysteme und 
fiir die Wechselwirkung zwischen diesen Systemen entsprechend wie in [2] 
erklart sind. 

# = ‘f (.#. + i ;) + .tr e + l f jF tj + 'f jp ic 

I i<) i 


( 3 ) 
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j?i + ^ er Operator fur einen formal gebundenen Liganden J f einschlicBlich 
des endstandigen KohlenstofTrumpfes am Allengeriist, einer Abschirmladung 

—div grad und jener Elektronen, die die Bindung ans Geriist besorgen. 

f’l ist die potentielle Energie der Teilchen des Liganden an der Geriiststelle i 
ohne den Geriistkohlenstoff im Feld dieser Abschirmladung. Die Potentiate 
und die dazugehorigen Ladungsverteilungen haben die Symmetric C,, Unter- 

1.4 

symmetric der Geriistsymmetrie D 2d ; das Gesamtpotential <t> = £ 4; besitzt 

_ i 

also die Symmetrie D 2d , Jfy, die Operatoren der Coulomb-Wechselwirkung 
zwischen den Liganden I, und lj , sind formal identisch mit denen zwischen den- 
selben Liganden in Methanderivaten. sind Coulombsche Wechselwirkungs- 
operatoren zwischen den Liganden und dem Geriist. Jf G , der Energieoperator 
des Geriistes, hat die Symmetrie D 2d und entha.lt gewiinschtenfalls auch Terme, die 
von einem weiteren Abschirmfeld stammen. 

Fiir Liganden, die nur aus einem Elektron bestehen, verschwinden wie beim 
Methan (vgl. [2]) wegen k(/ ( ) = 0 die Operatoren fur die Wechselwirkung mit 
anderen Teilsystemen. Im Modelloperator fiir das Allenradikal mit je einem 
ungepaarten Elektron an den Platzen L 2. 3,4 verschwinden daher alle Wechsel- 
wirkungsterme die Jf, + f\ beschreiben die ungepaarten Elektronen im 
oben erwahnten Abschirmfeld. .jP ist also auch noch in diesem extremen Grenzfall 
ein verniinftiger Modelloperator. 

Zum ungestorten Hamilton-Operator 

i 

gehoren die Eigenvektoren |s) (0 ’ = |s,> js 2 > |s 3 > |.s 4 > |s G > = Ks 2 s 3 .v 4 s c > und 
|0) (O) = |0 1 0 2 0 3 0 4 0 c > fur den Grundzustand. 

Wegen 

[Sp (J V] (0 ’ = i Sp {J 'y(li) + Sp {J) y(G) (4a) 

i 

finden wir den optischen Drehwinkel in nullter storungstheoretischer Ordnung: 

M (0, = EM)] + MG)] (4b) 

i 

mit 

[cu(/ f )] = K Sp < ‘ ,) y(/ 1 ) und [«(G)j = K Sp (Jl y(G) • 

Wegen der achiralen Gerustsymmetrie gilt Sp <J, y(G)=0. und daher verschwindet 

[qj]' 0 ', wenn die D 2d -Bedingung erfullt ist. i, 4 i >4 

Das Ergebnis der Storungsrechnung erster Ordnung mit £ + Y Jf iG 

•<j i 

als Storoperator finden wir in [2]. Der Tensor [‘■ /) y] il> ist eine Summe von Aus- 
driicken, die nur Eigenwerte, Eigenvektoren und Wechselwirkungsoperatoren 
zu jeweils einem Paar von Teilsystemen enthalten, also entweder von einem 
Ligandenpaar </,, /j) oder von einem Liganden und dem Geriist </ ( , G) ab- 
hangen. 
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Es ergibt sich also 

[Sp'-'W 1 * = I [Sp'^d,, 10 " + I [Sp'^ft, G)p (5a) 

und entsprecbend ‘ <J 1 

M (,) = I [cod,, 10 " + I [eo(i„G)]“» (5b) 

i<j 1 

mit 

[<«(/„/;)]'" - K[Sp<-”><(/„ 10 ", M/„ G)] (1> = K[Sp<-V„ G)]<». 

Im Gegensatz zu T d -Derivaten des Methans verschwinden bei D 2d -Derivaten 
des Allens nicht alle Beitrage aus der ersten storungstheoretischen Korrektur, 
denn nur die Teilsysteme 


und </,, G> fur alle i 

sind achiral. 

Die Systeme 

(ii>ij), ^2>uy 

sind dagegen chiral und liefem nichtverschwindende Beitrage in (5 b). Sie sind mit 
dem Operator &+(ij) = \ {0(e) + @((ij))} im ModellJ? von der Form 


[Sp«V„/>)] ,I, = -~^^ + (y)Im I I r it '(l i )(e?-T lj {<m(l J )>+c J }) 

V V 

+ «„(/|)« - • ~ vx t a.(lj) fj X |£P j (#J' ■ T,J • e*/ , )J . 


( 6 ) 


Als individuelle Bezugspunkte fur die ortsabhangigen GroBen y(lj und T(/,) 
konnen wieder die Ladungsschwerpunkte r, der Kernsysteme ft, gewahlt werden. 


Diskusston des Resultats 

/. Allgemeine Form 

Ahnlich wie fur Methanderivate gilt fur die vorliegende Molckulklasse: 

Alle geometrischen Figuren mit vier ausgezeichneten Punkten, die ohne 
Symmetrieerniedrigung stetig in ein D 2d -Geriist (z. B. D 2d -symmctrisches 
Tetraeder mit den vier ausgezeichneten Eckpunkten) deformierbar sind, 
und nur solche reprasentieren mogliche Gertiste von Molekiilklassen mit 
der Eigenschaft, daB die D 2d -Komponente Bestandteil der qualitativ voll- 
standigen Chiralitatsfunktion ist. 

Solange wir also im Bereich kleiner Abweichungen von der D 2d -Symmetrie 
des Geriistes und von der D 2d -Bedingung bleiben und solange die Symmetric 
des Geriistes sich wesentlich von der des regularen Tetraeders unterscheidet, 
kann die erste storungstheoretische Ordnung von Sp ,y, y fur den Hauptbeitrag 
zum optischen Drehwinkel verantwortlich gemacht werden. Fiir Allenderivatc 
solcher Art zeigen die experimentellen Befunde [7] die Zustandigkeit des ver- 
kiirzten Ansatzes. Wir haben also Veranlassung, auch ohne Spezialisierung auf die 
D 2d -Bedingung. die quantenmechanische Storungsrechnung bis zur ersten 
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Ordnung ais gute NMherung fur Allenderivate zu betrachten und bekommen 
dementsprecbend folgende Form fur [co]: 


[®] = M <0+ " = * (I Sp <J, y(l ( ) + Sp'-'V(G) + I [Sp/,)]<" 

+ 1 [Sp< J, y(l„ G)]* 1 *)- 


(7) 


2. D 2d -Derivate im Modell J? 

Fur D 2d -Derivate vereinfacht sich (7) zu 

[W] = ["(<!, / 3 fl + [co(/i, /*)] + [co(l 2) / 3 )] + [tu(l 2 . i 4 )] (8) 

mit 

Wie in [2] deflnieren wir eine Funktion cp(l h Ij) gemaB 

[<p(/i,y] = [Sp / s )3 ,u . 

die sich im Gegensatz zu [Sp </, y(/ i , /y)] U) in der Reihenfolge ihrer Argumente 
auf die festen Geriiststellen eins und drei bezieht. Daraus folgt fur ein Derivat, 
in dem die Indizes der Liganden mit den ZifTem der Geriistplatze iibereinstimmen, 

[Sp^’vd,, i 3 )T ] =9(i t . t 3 ). [Sp w V(/ 2 , U)T' = v(i 2 , U ), 

[Sp^Vl/,, / 4 )]«" = -9(/„ U, [Sp ,J, y(/ 2) / 3 )] <n = -<p(1 2 , / 3 ), 

auBerdem gilt 

Damit ist (8) mit dem verkiirzten Ansatz nach dem zweiten Naherungsver- 
fahren identifiziert, 

M = xdu / 2 . / 3 , /J = KM/„ i 3 )+ <?(/ 2 , / 4 ) - <P(/„ W ~ <P(/ 2 , W). (9) 

und die Komponenten <p(l t , IJ) sind quantenmechanisch interpretiert. 

Aus (9) folgt die Beziehung 

C®] = x(ht J 2 » hi U) = x(h< h> U) + Wi> hi h* h) + hi hi h) .jq. 

+ xOiihihih) 

mit beliebigen Liganden l s , l 6 . Man verifiziert diese Funktionalgleichung, indem 
man jede Chiralitatsfunktion der rechten Seite von Gleichung (10) nach 2-Liganden- 
Funktionen gemaB (9) zerlegt. In Gleichung (10) kommt folgendes Additions- 
theorem zum Ausdruck: 

Der optische Drehwinkel eines D 2d -Derivats nach dem verkiirzten Ansatz 
des zweiten Verfahrens ist gleich der Summe der optischen Drehwinkel von 
vier D 2d -Derivaten, die man erhalt, wenn man die Liganden an den Geriist- 
stellen 1 und 3, 1 und 4, 2 und 3, 2 und 4 jeweils durch willkiirlich gewahlte 
Liganden l s und l 6 ersetzt. 
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Insofem die Storungsrechnung bis zur ersten Ordnung quantitativ zufrieden- 
stellende Aussagen liefert. ist neben den Spezialfallen 

x(i t . / 2 .( 3 , U) + xUi-. ( 2 * U- U) + x(h' ^2' /«> f 3 )— 0 , . 

(10a) 

x(h< ^3' U) + xOii 1 2 • U* h) + xOi< h) = 0 » 
die man mit / 5 = /, bzw. / 6 = / 3 aus (10) erhait, das Additionstheorem 

*(/|. / 2 . / 3 . W + 3t(/i. / 3 ./ 2 ) + *(/,. / a , / 3 ) = 0 (11) 

ein einfaches and experimentell nachpriifbares Kriterium fur die Gliltigkeit der 
D 2d -Bedingung. 


3. D 2i -E>erivate im Modell Jf 
Wir schreiben (6) in der Form 

[S p <J V(/,./ J )] ,I, = ^ + (0K(/ 1 J j ) (12) 

mit der Definition: 

td.jj)-~2 KiKj X ■ v (W+gJ) 

+"V(/,) ■«•(/,) ft’ • ?„*) (?:»• % ■ ?</) 

+ •'’«„(/,) ,R V tf „(/ J ) ft' • ?/) ft' • Tij • 2</>) 

- 2 * ,R> a^(/,) 'X„.(/,) [% • ft' x ?/)] ft 0 • T u ■ 

+ ~ v J a Vd.) '%■,.(!,) [*, • ft' X &)] ft' • T tj . 2<*)j. 

Die spezielle Cleometrie des Allengeriistes und die D 2d -Bedingung erlauben, 
die £(/,. lj ) gemiiB (12) weiter auszurechnen. Wir wahlen dazu fur jede Bindungs- 

richtung i ein rechtwinkliges Dreibein 2} ,, ,2}".2J n 
mit dem Vektor 2J. ,) in Bindungsrichtung und dem 
Vektor 2J f) in der Ebene der beiden benachbarten 
Bindungsrichtungen eines endstandigen Kohlen- 
stoffs (vgl. Fig. 2). Die Vektoren 2J" und 2{*' von 
benachbarten Bindungsrichtungen sind also paral¬ 
lel und entgegengesetzt gerichtet. Alle interessie- 
renden Symmetrieeigenschaften von Tensorkom- 
ponenten fur Liganden mit der D 2d -Bedingung 
finden sich im Anhang A, ihre Indizierung ent- 
spricht derjenigen fiir die obigen Einheitsvektoren. 

Die Ausrechnung fuhrt zu einer Formel. die 
sich wesentlich vereinfacht, wenn wir die Liganden- 
symmetrie auf C nv mit n ^ 3 festlegen. Da zu er- 
warten ist, daB diese Einschrankung bei Liganden 
der Symmetric C, oder C 2v in giinstigen Fallen zu 
einer vertretbaren Vernachlassigungkleiner Korrek- 
turen fuhrt, wollen wir die explizite Form nur unter dieser Voraussetzung angeben. 




Optische Aktivitilt der Allenderivatc 


253 


Mit den leicht nachpriifbaren Beziehungen 


I la tJ ■ (?,“ x ?“')] (?» • T tJ • ??) = 0. 

e 


« 


und den im AnhangA aufgefiihrten Eigenschaften von Tensoren der Symmetric 
C nv mit n ^ 3 finden wir: 


5(/ ( . Ij) = k(/,) *(/,)j-2 [<">«„(//) - **’«„(/,)] T ir {e\ n e'»-e\P <?{*}.?“*) 

(12a) 


Wir beziehen diese Funktion wieder auf die Geriistplatze eins und drei in der 
Reihenfolge ihrer Argumente. berechnen die Skalarprodukte gemiiB Anhang B und 
bekommen damit nach Anwendung des Operators .^* + (//) die Ligandenpaar- 
funktion (p(/;, lj) im Modell 


<PUis lj) = 


3d K(/,) K{lj) 
4 a(l h // 




+ )f {/>(',. 0) ^ '"’“(O ^ ,J, H> (J V,, (/,)} 

a(/ ( , /j) = a(/j, /,) = (d 2 + d(a(/,) + «(/;)) + a (/,) 2 + «(// + j a(/,) af /,)) 1 ' 2 

fc(/„/;) = irf + a(/,) + ia(/;) 


(13) 


und den Diflerenzen der Polarisierbarkeitskomponenten in Hauptachsenrichtung 


d«*»o £ (/ ( ) = , ' i) a rr (/ j )- 1 X(0- 


Dabei ist a(/,) der Abstand des Entwicklungspunktes fiir die Multipolentwicklung 
(Schwerpunkt des Systems ft,) vom benachbarten Kohlenstoflatom des Allen- 
geriistes und d der Abstand der beiden endstandigen Kohlenstoffatome im Allen- 

geriist. Der Winkel zwischen den benachbarten Bindungsrichtungen ist mit -y 
festgelegt. 

Fiir ausdehnungsmaBig ahnliche Liganden sind die Abstande a(/ f , lj) zwischen 
Liganden an den Geriiststellen eins und drei uahezu dieselben, und es ist verniinftig, 
sich mit der Naherung eines konstanten Abstandes zu begniigen. Wir setzen 
also mit einem gemittelten a(l ) a a(l t ) 


a{l„ lj)»a = {d 2 + 2da{!) + f a{[) 2 ) 112 

und 

b(liJj)»b = y + ia(l) 
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und erhalten damit (8) in der Form 




i|l 3F\ 1 1 

cl 4 a 2 J K(/,)d < * , a(/ 1 ) k( 1 2 ) A iR) tz(l 2 i 

1 1 
' **»«(/,) k(U)A' r ' a(/ 4 )| 


3b ( 

+ »H 


(14a) 


1 


K(/|)d (a, a(/,) k(1 2 ) A ,Jt) a(/ 2 ) 


1 1 
*d3)‘V(/ 3 ) »c(/ 4 )>,(/ 4 ) 


+ 


1 1 


1 1 
K (/ 3 M <J, >a(/ 3 ) k(/ 4 ) J <K, a(/ 4 )| 


Unter der weiteren Annahme, daB die elektromagnetischen Polarisierbarkeiten 
der Liganden ,J> y„ (l l ) gegeniiber den elektrischen Polarisierbarkeiten vcrnach- 
lassigt werden diirfen, kommen wir schlieBlich zu der Form 


r , , * « 3d_n 3 b 2 \ 

[ ] ~ K c 4a 3 \ 4 a 2 ") 


1 1 
«:(/,M'*»«(/,) *(/ 2 )d ( *>a(/ 2 )| 


1 


1 


K(/ 3 )d'*' a (/ 3 ) K(/ 4 M ( *'a(/ 4 ) 


(14b) 


Wegen — - 3b 2 < 0 fiihrt nach Abspaitung des Faktors (-1) die Multiplikation 


der zweiten Zeile in jeder der beiden Determinanten mit 
auf den verkiirzten Ansatz nach dem ersten Verfahren 1 : 


K « 3d 
c 4 a s 


3 b 


-t! 


1/2 


mit 


[a»]=-[A(/ 1 )-A(Z 2 )][A(/ 3 )-A(/ 4 )] 


A(/,) = 


it 3d 
c 4a 5 


(“*- 4 )' 


1/2 


(15) 


KftM ««(/,). 


4. Vergleich mit dem Experiment 

Da aus Messungen des optischen Drehwinkels zusammen mit Runge und 
Kresze [7] hervorzugehen scheint, daB ein verkiirzter Ansatz nach der Polynom- 
methode quantitativ befriedigende Resultate liefert, berechnen wir [a>] nach 
Formel (15) an einem speziellen Allenderivat. Wir wahlen optisch aktives 
1,3-Dimethylallen, dessen Liganden also der Symmetriebedingung C BV mit 
n 2:3 und der D 2d -Bedingung geniigen und fiir das wegen des Auftretcns von 

1 Die hier gewahlte Geriistbezifferung geht in diejenige des regutiiren Tetraeders in [2] fiber. In [7] 
dagegen sind die GerllstzifTem 1 und 2 vertauscht. Aus diesem Grund entspricht dem Faktor c = +1 in 
[7] der Faktor c = -1 bei der vortiegenden Beziflerung. 
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Ligandenpaaren gleicher Art die T<,-Komponente verschwindet. Der verkiirzte 
Ansatz ist dafiir also qualitativ vollstandig. 

In der Literatur linden wir fur den molaren Drehwinkel von 1,3-Dimethylallen 

/ Grad/dcm \ 

bei der Natrium-D-Linie folgende Werte in--— 3 — g : 

\ g/cm J / 

[to] = -17,2; -154; -118; -59,3. 

Der erste Wert bezieht sich auf Messungen in CC1 4 als Losungsmittel und wird 
ohne Angabe iiber den Grad der optischen Reinheit mitgeteilt [10]; der zweite 
Wert ergibt sich aus einem MeBwert von —10,8 in Ather und einer geschatzten 
optischen Reinheit von 1% [11]; der dritte Wert ist im Rahmen eines klassischen 
Helixmodells berechnet und auf Athanol als Losungsmittel bezogen [1], Der vierte 
Wert ist mit A-Werten bestimmt. die sich aus Messungen der optischen Drehung 
an anderen Molekiilen ergeben haben [7], Dabei wurde fur Athanol als Losungs¬ 
mittel gefunden: 

A(H) = 0; A(CHj) = 7.7. 

Wegen der ausgezeichneten Obereinstimmung von experimentellen und theo- 
retischen Daten, die sich mit empirischen A-Werten von sechs Liganden bei 
zwolf verschiedenen Allenderivaten erreichen laBt, halten wir den Wert -59,3 
fur den zuverlassigsten. 

Zur Berechnung von [to] gemaB Gleichung (15) entnimmt man der Literatur 
folgende Werte fur A {K) a(l,) (in 10" 25 cm 3 ); 

d <R 'ot(H) = 0 und d tR, a(CH 3 ) = 7,9; 20,9. 

d (R) a(H)=0 entspricht den experimentellen Erfahrungen nach Stuart [9], Der 
Wert 7,9 fur A <K, a(CH 3 ) folgt aus gemessenen Polarisierbarkeiten an Athan [4], 
wiihrend 20,9 Messungen an Benzol und Toluol entnommen wird [9], 

Es ist zu erwarten, daB der Wert fur d (R, a(CH 3 ) im Falle eines Allenderivats 
zwischen den beiden angegebenen liegt, denn die Bindung von CH 3 an das Allen- 
geriist reprasentiert eine Situation zwischen den zwei Extremfallen in CH 3 ~CH 3 
und C 6 H 5 -CH 3 . Da wir hier nur eine erste Information iiber die Giite der Bc- 
schreibung beabsichtigen, legen wir uns in folgender Weise auf plausible Zahlen- 
werte fest: 

A (R) a(H) = 0 und d l * ) a(CH 3 )= 15 . 

Die geometrischen Parameter unserer Gleichung werden wie folgt zahlenmaBig 
festgesetzt: 

a(/)= 1,5-10" 8 cm; d = 2,68-10' 8 cm. 

Damit ergibt sich a = 4,57 ■ 10" 8 cm und b = 3,22 • 10" 8 cm. Mit der Wellenlange 
A D = 5893 -10' 8 cm Rir die Natrium-D-Linie und dem Brechungsindex n = l,36 
fiir Athanol als Losungsmittel ergibt sich 

A(H) = 0, A(CH 3 ) = 7,1, [to] = - 50,4, 
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wahrend 

;.(H) = 0, A(CH 3 ) = 7,7. [to] =-59,3 
den halbcmpirischen Befund aus [7] wiedergibt. 


SchluBbemerkung 

Die vorgetragene Theorie ist ein Beispiel dafiir, wie aus der quantenmecha 
nischcn Theorie der optischen Aktivitat von Methanderivaten mit geeignete 
Modifikation der Voraussetzungen andere Molekiilklassen mit vier Liganden 
platzen zu bchandeln sind. Die beiden Naherungsverfahren entsprechen wiede 
der quantenmechanischen Interpretation im Modell,^ bzw. einer vereinfachtei 
Fassung im Modell W. Beim Vergleich mit den experimentellen Befunden bein 
1,3-Dimethylallen bestatigt sich das theoretisch gefundene Vorzeichen de 
optischen Drehwinkeis und auch der errechnete Betrag im Rahmen der bei diesen 
Vergleich moglichen Genauigkeit. Ah ooo-Rechnungen der Parameter in (15 
odcr der Bestimmungsstiicke in (14b) sind natiirlich ebenfalls interessant; sii 
sind aber nicht das primare Ziel einer Theorie iiber das Phanomen der optischei 
Aktivitat von Allendcrivatcn. Da sich diese Theorie auf eine Klasse von Verbin 
dungen bezicht. steht in erster Linie zur Diskussion. inwieweit es gelungen ist, dii 
individuellen Details bei den einzelncn Verbindungen mit einem klassenspezi 
fischen LinfluB der Liganden auf die optische Aktivitat quantitativ zufrieden 
stcllend zu beschreiben. 


Anhang 

A. Elektromagnetische Tensoren 

Die quantenmechanische Definition fur die Tensoren der Polarisierbarkeiter 
'"'a, <J, a. [K) y. und der Hyperpolarisierbarkeit {J T eines Systems im Grund 
zustand ist in [2] angegeben. In den Tab. 1 und 2 sind fur Liganden der Symmetru 
C, und C„„ (a ^ 3) die nichtverschwindenden Komponenten der Polarisierbar 
keitstensoren und des elektrischen Dipolmoments <m> aufgefiihrt und von 
Tensor U) T die nichtverschwindenden Komponenten des Typs lJ) r ai/a . 


Tabelle 1. (.'.-Symmetric 



<m> : <m,>. <m,> 

( *’a : '"V. "V. 

"'a : l/l a„ = 

t*)y ■ IK, y ri , IK, y rr . , **y , 

tJ> y wie '*'y 

oir . oi r (jyr Wir 
'»»• • • tu’•> 1 i ’ it * 1 m‘ 
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Tabelle 2. g 3(- und C'„,..-Symmetric 



B. Koordinatensysteme, Skaiur- und Vektorprodukte der Basisvekioren 



Am D 2d -Gerust gilt mit (?J. n 
= (5J. 3 ’ • <:?*') = cos = - y fur die Abstiinde 
a tj zwischen den Orten a, = und aj = a/l 1 ': 
afj = a? + a) + a,Uj fur ((/) = (12), (34); 
afj = d 2 + d(cii + Uj) + u? + a) + 

fur (y) = (13), (14), (23). (24). 

Die Skalarprodukte die Spatpro- 

dukte a, 3 •(? e 1 ’ xe l „ 3 ) und die Ausdriicke 
sind in den Tab. 3,4 und 5 

aufgefuhrt. 


Tabelle 3 



?, 31 

?,’> 

?, 3 ' 

?!" 

3 

1 


4 

2 

4 

?!" 

1 

2 

0 

/3 

2 



VI 

1 


4 

2 

4 


Tabelle 4 


fluff,"*?!, 31 ) 

2(3) 

JJ3I 

?! 3 ' 

?i" 

+fl,) 

3 

'? fl3 


?;." 

3 

~4 a ‘ 

1 

d + (a, + «,) 


?!" 


' 4 “ 3 

3 

-4 d 
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Tabelle 5 


■wwi- 

2 ' 2 fl?j / 

4 ' a ij / 


2 \ 2 uj, 

i/ 1 ie' u T 4 L,, i«r 9 a -“ 3 
» 1 3*% I ^ . , 

4 «t.i 

1/3/ 3 Oj(d+Jfl,+2a,) 




a? j 


l ' 3 (. 3 ,rf4 ^’ +2 I a '- ,( - J - +i<, 'l) 

4 '. u{, / 


r 2 (i 2 


l''3 /, 3 «,(</ f !u J + 2a,) 




1 (</+ J«| +2a,)W + iflj +2«,)\ 


1 3 
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Rearrangements of ligands attached at given sites of a certain skeleton may be classified according 
to two principles: symmetry equivalence, where the same permutation of objects is related to symmetry 
equivalent sites and rotational equivalence, where the resulting isomers differ just by their orientation. 
The combination of both these principles leads to a classification wanted by experimentalists. This 
latter classification is shown to be correlated to double cosets, which easily allow to find the rear¬ 
rangements belonging to a class in a formal way and to enumerate the distinguishable classes for any 
given problem. 

IJmordnungcn von Liganden. die auf vorgegebenc Pliit/e eines bestimmten Molekiilgeriistes 
verteilt sind, kdnnen nach zwei Prinzipien klassifiziert werden: Symmetrieiiquivalenz. gekennzeichnet 
durch diesclbc Permutation von Objcktcn bezogen auf symmctrieaquivalcnte Cieriistpliitze. und 
Rotationsiiquivalenz. dadurch charaktcrisicrt, dafl die entstchcnden Isomere sich nur durch ihre 
Oricntierung untcrschciden. Die Kombination dieser beiden Prinzipien fiihrt zu einer Klassifikation. 
die zur Interpretation von F-xperimenten benotigt wird. lis wird gezeigt. daB diese Klassifikation auf 
Doppelnebenklasscn fiihrt, mil denen die Umordnungen einer Klassc auf formale Wcisc leicht zu 
linden sind und die Anzahl der unterscheidbarcn Klassen fur jedcs vorgegebene Problem bestimmt 
werden kann. 


Double Cosets and Configurations 

In a previous paper [1], it has been shown that double coscts of permutation 
groups are the natural algebraic analogue of configurations of pcrmutational 
isomers. 

The representation of configurations by classes of permutations, and formulas 
for their enumeration, have been discussed on the basis of the concept “ordered 
molecule’’, which implies an artificial distinction between distributions of n 
numbered ligands on n numbered sites of a rigid molecular skeleton. The set of all 
ordered molecules can be classified into subsets such that each contains all 
those ordered molecules which cannot be distinguished if we ignore the numbers 
assigned to ligands and sites and disregard the orientation and conformation 
of a molecule. This classification is associated with a classification of ligand 
permutations acting on a reference ordered molecule. It has been shown [1] 
that these classes are the so-called double cosets of two subgroups 91 and S of 
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the group 3„ of all permutations, 'it and 9 being chosen according to the special 
classification one has in mind. 91 contains all permutations representing rotations 
of the whole molecule and may contain further permutations representing inner 
rotations or some other rearrangements which one assumes to take place inde¬ 
pendently of the attached ligands within the characteristic time of the experiment. 
91 expresses exclusively properties of the skeleton. 91 contains all permutations 
of ligands of the same kind or ligands that are not distinguished by the experiment 
concerned and refers to the sites occupied by like ligands in the reference isomer. 
8 expresses exclusively properties of the ligands. Since the concept configuration 
used in chemistry should be defined by the kind of experiment considered, we 
may speak of 918-configurations. 

A double coset 91./,® consists of all permutations which can be written as 
« /■/ where ./, is a given element of 3„. // and / are any elements respectively 
of 91 and 8. 

The classification of the set 3„ thus obtained can be expressed as a sum of sets 
3„ = 918 + 91/ 2 S + - • 4- 91./. 8 (1) 

where + means the union of sets having no permutation in common. 

918 consists of all permutations leading from the reference isomer to ordered 
molecules which cannot be distinguished from the reference isomer by the 
experiment concerned. The permutations of 91./-,8 with i jt 1 lead to experi¬ 
mentally distinguishable classes of mutually non-distinguishable ordered mole¬ 
cules. Therefore the double cosets 91./-,® or representative elements of them, 
c.g.. the ./-, with ./-, = < (identity permutation) may be used as symbols for 
configurations of pcrmutational isomers. 

The number of different configurations can be found by calculating the 
number e of double cosets. For this some formulas have been derived [1], which 
hold independently of the special type of groups we have been discussing for our 
purpose. We give just the one which we also want to use for the subsequent 
treatment of another problem. 

J®J £ |« nC r ||8n (S f | .. . 

‘ |9H |8| i, ttt r l 

(£ r is a class of conjugate elements of 3,. |3„|, |9l|, |8| and |(£ r | denote the number 
of elements of the groups 3., 91, 8 and of the class C r , and |9In U I® n(f r | 
designate the number of those elements belonging to the class (£ r which are con¬ 
tained in 91 and 8 respectively. The sum runs over all classes (E r . 


Double Cosets and Modes 

A completely different classification problem will be shown to be soluble 
on a very similar basis also using double cosets. We refer again to rigid molecular 
skeletons with numbered sites occupied by ligands. A rearrangement of ligands 
on a given skeleton should be defined with reference to the numbered sites dis- 
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regarding the nature of the ligands which are rearranged and disregarding the 
special way in which the rearrangement takes place. 

If the skeleton has a certain symmetry, then there are rearrangements which 
effect different isomerisations but occur under precisely the same influence of the 
skeleton. They are related to different site numbers in a special way. Their cor¬ 
respondence is such that corresponding site numbers can be mapped into each 
other by a symmetry operation of the skeleton. Using rearrangements which 
correspond to symmetry operations of the skeleton we can transform a given 
rearrangement into a “symmetry equivalent" one. A symmetry-corresponding 
rearrangement followed by a given rearrangement followed again by the inverse 
of the first rearrangement leads to a rearrangement that is symmetry equivalent to 
the given one. Referring to the skeleton symmetry we will speak of the set of all 
rearrangements which are symmetry equivalent to a given one as of a rearrangement 
process. A process therefore does not imply the transition from a given molecule 
to a certain isomer but to a certain set of isomers. 

On the other hand, if we differentiate only those rearrangements which lead 
from a given distribution of ligands to different isomers we have to collect as 
being nondistinguishable all those rearrangements which can be split into a 
given rearrangement followed by a rearrangement corresponding to a rotation. 
Such rearrangements may be called rotationally equivalent. Rotationally 
equivalent rearrangements lead to the same isomers. 

For a demonstration of the concepts introduced above we refer to the 
tetragonal bipyramid (D 4/I ). The rearrangements corresponding to the permuta¬ 
tions (12),(23), (34), (14) are mutually symmetry equivalent while the one associated 
with (15) is not equivalent to any of these. The rearrangements belonging to (12) 
and (23) e.g. arc related by the reflection (13) according to (13)(23)(13) = (12). 



F 


They are however not rotationally equivalent. 

On the other hand the rearrangements corresponding to (12) and (134) are 
not symmetry equivalent, yet they are rotationally equivalent as we have 
(1432) (134) = (12) where (1432) represents a rotation. 
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f rom the foregoing examples it is obvious that we have to concern ourselves 
with the group S„ of all permutations on the n sites of a given skeleton and two 
subgroups (6 and 91 of S„. 

We denote by © the group of permutations corresponding to the symmetry 
operations of the skeleton and by 91 the subgroup of © containing all permutations 
which correspond to proper rotations. 

'21 is a subgroup of index two in <6 if the skeleton is achiral and all molecules 
with n different ligands are chiral. If a is any permutation of © not belonging to 91, 
i.e. a permutation which represents an improper rotation or a reflection, 

© = '21 + <t' 2I = 91 + 9l<x 

is the decomposition of © into the subgroup 91 and its coset. 

The remaining case 91 = © may be regarded as a special situation for which a 
does not exist. It designates two types of molecular classes: either the skeleton 
is chiral and correspondingly all molecules are chiral (chirality order n; cf. [2]) 
or the skeleton is achiral but reflections are represented by permutations which 
are also representative for rotations. In this case all molecules arc achiral provided 
the ligands fulfill certain symmetry conditions (chirality order 0, e.g. benzene 
derivatives). 

The definition of symmetry and rotational equivalence reads now: 

Two rearrangements ./• and y are symmetry equivalent if y=y.ry~ 1 where 
y is a permutation of ©. 

Two rearrangements ./• and y are rolationally equivalent if y = a.r where >i 
is a permutation of 91. 

Rearrangements belonging to the same rearrangement process therefore 
are of the form p.r y ~ 1 with a given x and any y e ©. Such a class of permutations 
is called a subclass with respect to ffi. The group S„ decomposes into subclasses 
with respect to ©. Each of the subclasses represents a rearrangement process. 

In addition we note that a subclass with respect to ©. {y-z-y -1 } with any 
y e © can be considered to consist of two subclasses with respect to 91, {«.ra “ 
and {aaxo' 1 <?'‘} with any a e91 which are either identical or disjoint. 

Rotationally equivalent rearrangements are of the form ax with a given x 
and any a e 91. Such a class of permutations is called a right coset of 91. The group 
S„ decomposes into right cosets of 91. Each of these cosets represents a class of 
rotationally equivalent rearrangements effecting the same isomerisation. 
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It is a field of current interest to investigate the occurrence and probability 
of one-step rearrangement reactions as far as the influence of the skeleton is 
concerned, i.e. independently of the ligands varying over an appropriate assort¬ 
ment. Correspondingly one does not want to differentiate symmetry equivalent 
rearrangements. Using experiments which measure the isomerisations effected by 
such reactions one cannot distinguish rotationally equivalent rearrangements. 
For these experiments therefore distinguishable sets of rearrangements consist 
of symmetry equivalent rearrangements and all those rotationally equivalent to 
them. We call such a set a mode - a word which has been proposed by Musher [3]. 

Gielen and Vanlautem [4] to our knowledge were the first to give a classification 
according to the idea of modes for special cases (tetrahedron, square, trigonal 
bipyramid, octahedron) by writing down properly classified permutations. 
Essentially the same thing has been done by Musher [3]. But no general concept 
for this classification has been developed, applicable to more complicated cases. 
We shall give an algebraic concept of modes that allows one to work out the 
classification in any case whatever and to calculate the number of distinguishable 
classes, as we shall see below. 

According to the mode concept as developed above we define: 

Two rearrangements x and y are mode equivalent if y is rotationally equivalent 
to ./■ or to a rearrangement which is symmetry equivalent to x. i.e. if y = «</■> </ 1 
where a and y are permutations of VI and © respectively. 

The class 4It(.?) of rearrangements which are mode equivalent to ./■ is the mode 
to which x belongs. It can be given as follows: 

9W(./') = {«y jy " 1 } with any » e VI and any ye©. 

4H( ./■) is composed of two double cosets 

VI ./ VI = {//./ //'} with any <>. a' e VI 

VI oxer ls }\ = {aoxa~ 1 //} with any //,//'eVl 

which are either disjoint or identical. Therefore SW(./-) can be expressed as 

DiU) = VU VluVlff./ <r~ 1 VI 


where u denotes the set theoretic union. If <r does not exist, ®l(./-) reduces to 

aw(.z)=vi./Vi. 

Two modes 9W(./) and 3W(y) are either identical - if the rearrangements ./■ and y 
are mode equivalent - or disjoint - if x and y are mode inequivalent. Therefore 
the set of all rearrangements, S„, decomposes into modes 4H, = 4R(.r ( ): 

= VI + (Vl.^ 2 VIu Vlff x 2 (j -’ VI) 4- • ■ ■■ + (VI./- ,VI u VI(T~/’ ' 1 VI) (2) 

where SR, = = VI is the mode of the identity rearrangement consisting of all 

rotations. The identity permutation /■ and x 2 ,..., x z are representative permuta¬ 
tions of the classes aW„SW 2 , ...,3W r . They can be used to characterize distinct 
modes. 
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It should be explained that 

1. 2l./-;2l and Wa r,< j~ ‘*21 may be identical or disjoint. Therefore it can happen 
that each class reduces to a double coset 21./-, 91 (trigonal bipyramid). 

2. The sets '21./, WuWa.r i a' ‘21 and 91 rf 1 21 u 9I<x./7 1 1 21 likewise are either 

identical or disjoint. Because they consist of mutually inverse elements, either 
these two classes are selfinverse or each of them contains the inverse elements 
of the other one. Sometimes e.g. for the trigonal bipyramid and the octahedron 
all classes ®1, are selfinverse, but generally this is not true. 

3. The sets 9l./ j 21u9l<7./,ff '21 and 9l<T./- j 2lu2l./,<T~ '21 are also either identical 
or disjoint. If they are disjoint they may be called enantiomeric modes because 
their rearrangements lead from a given molecule to sets of isomers which are 
related to each other by cnantiomerism. 

For experiments which do not distinguish enantiomers e.g. NMR-meas- 
urements, enantiomeric modes must be regarded as belonging to one class which 
we shall call a racemic mode. A classification of rearrangements given by Meakin, 
Mucttcrtics cl ill. [5] for the octahedron is in agreement with the idea of racemic 
modes. 

The set of rearrangements belonging to a racemic mode 91P(./) is by definition 
the set theoretic union 

91./21u21<t./<t , 9Iu2I<T.r2lu2l./ , <7 _, 91. 

Recalling the decomposition of © into the subgroup 21 and its coset we see that 
the tUP)./) are simply double cosets: 

m/) = ©./©. 

The set of all rearrangements, decomposes into racemic modes according to 
3„ = to + (f).,,(r, + ■•• + (3) 


The Number of Modes 

Having given a well defined group theoretic class concept we turn to the 
problem of enumerating these classes without the need of elaborating them. 

We use formula (I a) for the number of double cosets 91/ 21,91./©, ©/9l and 
©./■© in the corresponding decompositions 


0„ = 91 + 91/' 2 21 + ••• + 2I./;,21, 

(A) 

s.=21 © 4- 2i y 2 to 4 — 4-21 . r " Zl ©, 

(B) 

8. = ©2i 4- ©./-a 2i 4- ••• -i- ©<,21 , 

(C) 

0, = © 4- ©•/;© 4- • •• ■ 4- ©.rl";©, 

(D) 

10.1 f |g,n9l| 2 


|91| 2 h nu 



1'SJ f |C r n2l| |g r n(5[ 

’’ m i©i r=i icy 

= jo,| * [g,n©| 2 

4 l©| 2 |g,| ' 
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Using the decomposition G = 81 4- <r81 and noting that <r8l = 8lo = 81<x 1 = a ~ 1 81 
we can write 

G.r8l = 8l.r8lu8lff./-81, 

G*-G = 8l.r81u8l<r.r8lu81./-<T- '91. 


One can easily verify that for each quadruple 81./-81, 810^81, Hj-a ~ 1 Ml, Mlcr^rr ' 1 81 
one of the following five conditions is fullftlled 

a) 8l.r81,‘81 and 8l<r.r<x _, 8l are all identical. 

P) 8f.r8I and 81 <t./-<t~ , 8I as well as 8Itr^-8l and 8l./<r -, 8l are identical. 
y) 8I.r8l and 8l<x.r8l as well as 8l.rff " 1 81 and 81 <t-/<t~ 1 81 are identical. 

<5) 81/81 and 8l./-ff _, 81 as well as 8 Ict^ 81 and Vloj-a '81 are identical, 
c) 8I./-81,81 <r.r81,81 ./<r ‘ '81 and 8ltra<r" *81 are pairwise disjoint. 

Assuming that in the decomposition (A) there occur r, quadruples of type 
a, : fi of type /?, z y of type y, i t of type S and : c of type c, we can infer from the 
decompositions (B), (C), (D) and (2) the equations 

i = z a + 2r # + z J + r, + 2z t 
z i = z « + 2z f + 2z y + 2z t + 4z t 
z 2 = i a + z fi + z y + 2z s + 2 z c 
: i =~, + ~f + 2 z y + z 6 + 2 z £ 

Zt^Z' + Zp + Zy + Zp + Z, 

which are solved to give 

r = r, + 2z 4 — z 2 — z 3 . 

Using formula (la) for r,, z 4 and z 2 = z 3 we get the counting formula for z 

|®J y |g f n8l[ 2 + |C f n ff 81| 2 
‘ |8l||G| M " l«J 

For the use of formula (2a) it should be mentioned that if permutations are 
written in the form of products of disjoint cycles it is very simple to find the numbers 
|(£ r n8I| and |(E r n<r8l| by inspection, while the orders |(£ r | are given by 


|G,I = 


n ' 


T'r,! 2 r 'r z !... n'"r K l 


where r, . r„ denote the numbers of cycles of length 1 , 2 ,.... n. 

Formula (1 a) for 81 = © = G gives the number z (r) of racemic modes 

2 ir, = ]^ly i ^®! 2 

I®| 2 r=, 1<£J ' 


(3a) 


A formula for the number z (p) of processes which is equal to the number of sub¬ 
classes with respect to the group G can be given without proof 

, P) = JSJ y 

Iffil ,-l l<£,l ■ 


(4a) 
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Examples 

The following table gives the number z of modes for eleven examples 


Skeleton 


1 


4 


5 


ft 


7 


8 



distorted 

tetrahedron 


trigonal 

pyramid 



trigonal 

bipyramid 


tetragonal 

pyramid 


trigonal 

prism 


tetragonal 

bipyramid 


pentagonal 

pyramid 


octahedron 


Number 
of sites 

Symmetry of 
the skeleton 

Number of 
modes ( z) 

4 

c 2r 

6 

4 

C„. 

4 

5 


6 

5 

f*. 

7 

6 

Du 

20 

6 

D« t 

13 

6 

c„ 

24 

6 

o. 

5 


9 


tetragonal g ^ 

prism ** 
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In the second table we have written down representative permutations for 
each mode of the first eight skeletons. The numbers in square brackets give the 
numbers of different isomers arising from any starting isomer through the various 
rearrangements belonging to any rearrangement process of the corresponding 
mode, provided the ligands are all different. 


1: (1) 11 ]. (12) 11 ]. ( 1 3) [4], (12?) [4], (13)(24) [ 1 ], (1324) [ 1 ] 

2: (1) [1], (12) [1],(14) [3], (124) [3] 

3: (1) [ 1 ], (12) [ I ], (14) [6], (124) [6], (14)(25) [3], (1425) [3] 

4: (I) [ 1 ],(13) [1 ], (15) [4], (12) [4], (125) [8]. (12)(35) [8], (135) [4] 

5. (1) [1], (12)(45) [1], (12) [6], (123) [2]. (34) [6],<t2)(34) [12], (234) [12], (1422) [6], (1224) [6], 
(1243) [6], (142) [12], (124) [12], (14) [3], (14)<23) [6]. (13)<45) [2], (1254) [6], (15)(34) [6], 
(1543) [6], (1345) [6], (14)(25) [3] 

6: (1) [1], (13) [1], (15) [8], (135) [8], (12) [4], (125) [16], (12)(35) [16], (15)(26) [8], (1526) [8], 
(15)(263) [8], (15)(236) [8], (15)(36) [2], (1526) [2] 

7: (1) [1], (12)(35) [1],<!6) [5],(12) [5], (126) [10], (12>(36) [10], (123) [5], (1236) [5], (1263) [10], 
(1362) [10], (13) [5], (136) [10], (I3)(26) [5], <!5)(36) [5], (135) [5], (1563) [10], (1365) [10], 
(1325) [ 1 ], (1523) [ 1 ], (13256) [5], (16523) [5], (13)(56) [ 10], (1356) [5], (12)(356) [5] 

8: (1)[1].(13)[1],(12)[12],(125)[8],(12)(35)[8] 
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The theory of chirality functions described in a previous publication is generalized to allow for 
chiral ligands. In the earlier theory, all symmetry operations of the molecular frame could be thought 
of as permutations of the ligands among the sites; in the present work, improper rotations not only 
permute the ligands, but convert them into mirror images. The group that generates all isomers from 
a given ordered molecule belonging to a frame with n sites is now the “hyperoctahedrar group of 
order 2'n! consisting of all possible combinations of permutations and site reflections. The 
representation theory of these groups is described, and applied to the problem of constructing 
qualitatively complete chirality functions, and of deciding which ligand partitions, and which isomer 
mixtures, are chiral. It is found useful to classify chiral representations of the covering group as 
"ligand specific" and "class specific". The ligand specific representations describe chiral properties 
which are common to all frames and arise purely from the chirality of the ligands, while the class 
specific representations describe the chiral properties of the frame. A number of examples arc 
explicitly worked out. 


1. Introduction and Statement of Problem 

A chirality function is defined as a function which describes a pseudoscalar 
property of molecules belonging to a class in its dependence on the nature of the 
particular molecules. If the molecular class is characterized by a frame, or 
skeleton, with n sites for ligands, and if molecules belonging to the class are 
distinguished by the nature of the ligands and their distribution among the sites, 
then a chirality function for this class is partially determined by the frame, and 
depends on variables f, with indices r for the ligands. 

A general theory of chirality functions [10], formulated without reference 
to the particular physical phenomenon being studied, enables one, under any 
set of special assumptions about the nature of the molecular class, to make 
various meaningful statements. 

The frame is assumed to be achiral. If two isomers differ from one another 
by a rearrangement of the ligands corresponding to a symmetry operation of 
the frame, they must bei either identical or mirror images. This leads to a 
requirement on the symmetry, placement, and orientation of the ligands. Achiral 
ligands must be so fixed in space that all symmetry operations of the frame 
which leave a given site invariant are symmetry operations for the ligand found 
on that site. Up to now, our theory has been restricted to molecules with 
exclusively achiral ligands. 
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In this article, we drop the restriction to achiral ligands. Only symmetry 
operations of the first kind (pure rotations) which leave a site invariant are 
required to be symmetry operations for the ligand located on the site. Symmetry 
operations of the second kind transform chiral ligands into their mirror 
images'. The concept of isomer is to be understood as also including molecules 
in which chiral ligands may be replaced by their mirror images. Isomers which 
differ from one another only by a permutation of ligands among the sites 
(without inversion of any ligand) will be referred to as permutational isomers. 

The basic formulation and definitions will be the same as, or analogous to, 
those used in fit)]. <6 is the symmetry group of the frame, T> the invariant 
subgroup of the pure rotations. The column matrix 



w 


represents a given “ordered molecule" („geordnetcs Molekiil“, cf. [10]). To each 
rotation of T there corresponds a ligand permutation j on the fixed frame. The 
application of / to L leads to the ordered molecule 



This determines a homomorphic mapping of T 1 onto a permutation group 91. 
In the case of achiral ligands, in which one need not consider their conversion 
to mirror images, one can also associate permutations with the rotary reflec¬ 
tions of (ft (elements of the coset of T 1 in (6). In this way, all elements of (*> may be 
described by pure permutations. In the case of chiral ligands, however, 
representation of an improper rotation must include the simultaneous transforma¬ 
tion of all ligands into mirror images. 

The operation which transforms the ligand on site k into its mirror image 
will be denoted by r*, and the mirror image of by /,*. Thus, we have 



x k is therefore a reflection, restricted to the ligand located on the site fc, in a 
mirror plane of the frame which contains site k ; or, if there is no such mirror 
plane, in a plane containing a symmetry axis of the first kind passing through 
site k\ or. if there also is no such axis, in a plane chosen in such a way that the 

1 Note that the symmetry requirement for the ligands is automatically satisfied if the ligands 
arc assumed to be freely rotating, or if an ensemble average over conformations is to be taken. 
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reflection leads to the natural orientation of the mirror image ligand We shall 
refer to such an operation as a “site reflection”. 

If t 0 = t, t 2 ...t, denotes the simultaneous site reflection of all ligands, then 
each improper rotation of © can be represented by an operation of the form 
j'x 0 — T o d< * in which / denotes the corresponding rearrangement of the ligands 
among the sites. Thus, we find 



The totality of the improper rotations, i.e., the coset of I) in © is mapped in 
this way onto the set of elements r 0 /, in which j' is a permutation describing 
only the reordering of the ligands under an improper rotation of ©. We have 
the homomorphism _ 

of the group © on 6= {'Jl, t 0 j'9I}. 

We also have the isomorphism 

3 = 3 = {'Jl, j'9l} 

in which 3 denotes the permutation group whose elements describe the symmetry 
operations of ffi neglecting the reflection of ligands. In the case of exclusively 
achiral ligands, the x k are symmetry operations for the corresponding ligands, 
and it is therefore permissible, as in [10], to make use of the group 3 
instead of 3. 

The group of all operations transforming a given ordered molecule into all 
its isomers, in our extended definition of the term, shall be denoted by 3,. Its 
elements a are pure permutations, pure site reflections and products of the two. 
The subgroup I of site reflections on fixed sites, without simultaneous 
reordering, consists of all possible products t, Zj...x r of site reflections on sites /, 
/,... r. Since the ordering does not affect the result of a sequence of site reflections 
on fixed sites, it follows that 1 is a direct product of groups I, = {e, r f }, each of 
which consists of the unit element and the reflection on one site: 

I = xl 2 x ■■■ xl„. 

It is clear that the result of a site reflection operation of I followed by a 
permutation, can also be reached by the same permutation followed by site 
reflections on other sites. It follows that 

This, together with the commutativity of all site reflections, leads to the con¬ 
clusion that I is an abelian invariant subgroup of 3 r The subgroup 3, of the 
pure permutations, on the other hand, is not invariant Since S„ and Z have 
only the unit element in common, 3, is a semidirect product of Z and the 
symmetric group 3„: 

& H = Zv& K , |3j = n! 2". 
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As in [10], with completely analogous definitions and the same reasoning, we 
may consider the elements of the group algebra of as denoting ensemble 
operators. Application of an element a of the group algebra to a column 
matrix L of type (1), i.e., the application of an ensemble operator a to an 
ordered molecule, leads to a linear combination of ordered molecules with 
complex coefficients, „L = I a(a) oL . 

Special ensemble operators are the projection operators 


/'*= j^| X ' and 


1 , 


/* T o J } 


which can be applied to an arbitrary a to give 

h = //jjc/ and ft r n = ftyti. 

The operator <J is expressible in the form 

<7 -with coefficients a{a ^ 

j 

and elements rr running through a representative system for right cosets of 91 

ini, 

[ ho coefficients n(o y ) in /„«/. = refer to a collection of ordered 

molecules /i 9 (TjL differing only by their orientation in space if the numbering of 
sites is ignored. Therefore different faajL with / = 1,2... arc representative for 
different isomers provided the ligand assortment does not contain like ligands. 
Because or the equation ./ = - for any clement r„./ of the coset of 9i 
in each coefficient in L can be replaced by the negative coefficient of a 
corresponding enantiomer; if all coefficients of « are real, ft t r>L can therefore 
be written with positive coefficients which may be interpreted as concentrations 
of the components of an isomeric mixture. Because the application of t 0 ./ on 
ftf"L changes the sign of all coefficients, the condition /> 7 <7 /() is necessary and 
sufficient for the existence of non-raccmic mixtures tiL or 7iL. will be 
referred to as the chiral component of the ensemble operator a. An ensemble 
operator will be called chiral if Extension of the ensemble operator 

concept to elements of the group algebra with complex coefficients is formally 
permissible, making possible the formulation and solution of our problem in 
terms of the language and methods of representation theory. 

A chirality function (f>{\L) is, by definition, invariant under a reorientation 
of the molecule which effects a symmetry operation of the skeleton. This 
behaviour expressed in terms of the site numbers, corresponds to invariance 
under the operator Since 4>(\L) changes sign under reflections of the molecule, 
we can define a chirality function by means of the equation 


S,<l>{\L) = <t>{\L), 

where is an operator corresponding to f> v but operating on functions. This 
definition assures that <f>{\L) transforms according to the chirality representation 
r t of the group ». For an isomer oL, the chirality function 4>(\erL) has the same 
value as another function <f>(o\L) of the original molecule: 


<I>(\(tL)= <f>{<j\L). 
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There are a number of qualitative requirements on a chirality function for a 
molecular class which must be fulfilled if the function is to give a satisfactory 
description of pseudoscalar observations on chiral molecules. By means of the 
present formalism, as derived in [10], these requirements can be collected and 
expressed by a single physically realistic property of the function for isomeric 
mixtures. 

A linear combination of functions <j>(a\L\ with a e is related to the 
chirality function for a corresponding isomer mixture JL as follows: 

Y a(o)<(>((T\L) = ^a(o } )<l>(o i \L)=Y.a(<j j )<f>(\o } L)= Y a(ff)<£(|<rL). 

j J 

Thus, seemingly completely different states of affairs for molecules and isomer 
mixtures lead to results which are reciprocally related. It is desirable that a 
chirality function not vanish for all chiral molecules in which certain numbers of 
identical ligands are prescribed, i.e., for molecules possessing a certain “active 
ligand partition". It is also desirable that a particular type of chirality function 
for a molecular class remain useable when the frame is continuously distorted 
into a frame of higher symmetry without altering the number of sites or at any 
intermediate point decreasing the symmetry. These and similar, seemingly 
trivial properties are not automatically present in the great majority of cases if 
functions of the usual type are used. Such properties arc all encompassed in a 
property which wc have named "qualitative completeness” („qualitative Voll- 
standigkeit", cf. [10]), a concept which may be defined as follows in terms of 
isomer mixtures: 

A chirality function for molecules of a certain class is called qualitatively 
complete if there is no nonracemic isomer mixture for which the function is 
identically zero, independently of the nature of the ligands. 

This definition remains meaningful for the extended concept of isomers, 
hence for molecules with chiral ligands; the reasons for utilizing qualitatively 
complete chirality functions arc the same as before. The following mathematical 
formulation is equivalent: 

A chirality function </>[\L)js qualitatively complete if it gives rise to “regular" 
[9] induction from S to S„. 

Or in other words: 

The functions 0(rr|L) for ueS, form a basis for a representation f of S„ 
which, on decomposition into irreducible components contains each T r 
exactly as many times as the chirality representation r x is contained in T r . 

If we denote this number for T, by r r , then we must have 

f=Ir r f,. (2) 

r 

As the treatment of the achiral ligand case has shown, this property expresses a 
structural aspect of the chirality phenomenon for a molecular class which 
furnishes much relevant information. A great deal of this information (such as 
chirality numbers, statements about active ligand partitions, and so forth) is in 
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/* T o J ) 
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j jeW 
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in 3, each coefficient in ft y n L can be replaced by the negative coefficient of a 
corresponding enantiomer; if all coefficients of <t are real, ft r nL can therefore 
be written with positive coefficients which may be interpreted as concentrations 
of the components of an isomeric mixture. Because the application of x 0 .7 on 
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referred to as the chiral component of the ensemble operator «. An ensemble 
operator will be called chiral if ^ 0. Extension of the ensemble operator 
concept to elements of the group algebra with complex coefficients is formally 
permissible, making possible the formulation and solution of our problem in 
terms of the language and methods of representation theory. 

A chirality function 0(|Z.) is, by definition, invariant under a reorientation 
of the molecule which effects a symmetry operation of the skeleton. This 
behaviour expressed in terms of the site numbers, corresponds to invariance 
under the operator Since <f>(\L) changes sign under reflections of the molecule, 
we can define a chirality function by means of the equation 


L) = <H\L), 

where is an operator corresponding to f> v but operating on functions. This 
definition assures that <f>{\L) transforms according to the chirality representation 
r x of the group <». For an isomer aL, the chirality function 4>(\oL) has the same 
value as another function $(ff|L) of the original molecule: 

<f>(\oL)S:<t>(o\L). 
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practice - and sometimes in principle as well - expressible only in terms of 
special properties of the irreducible representations of S r Among these special 
properties are the one-to-one correspondence between irreducible representa¬ 
tions and so-called Young diagrams. Young operators, and a newly discovered 
lattice structure for Young diagrams. In the generalization to the group (©, it is 
thus worthwhile to seek corresponding relations between representations and 
diagrams, and a corresponding lattice structure. It is equally desirable to 
formulate corresponding approximation procedures which lead to qualitatively 
complete chirality functions. 


2. Properties of the Group 3£ a and Its Representations 

In this Section wc state without proof some properties of the which we 
shall need. Proofs of statements in subsection 2A are to be found in the 
mathematical literature. Since this literature is somewhat inaccessible to the non- 
mathematician, wc give these proofs in Appendix 1. 


A. The Croup 3„, Some Subgroups, Its Young Operators and Partition Diagrams 

A class of conjugate elements in the group S„ is known to be characterized 
by the cyclic structure of the permutations, i.e., by the type of cyclic permutation 
factors into which the permutations can be decomposed such that each of the 
numbers I, 2,... occur in one and only one of the cycles. Like the decomposition 
of a certain permutation into cycles, a certain decomposition of n into a sum of 
integers denoting the cycle-lengths is representative for a class of conjugate 
elements. Such a partition of n, on the other hand, may be visualized by the 
lengths of rows in a partition diagram. A partition diagram of order n consists of 
n boxes arranged in rows and columns such that the number of boxes in a 
column or row does not increase if going from left to right or from top to 
bottom, respectively. In the case of n = 10, for example, one of the classes is 
denoted in three equivalent ways in Fig. 1. 

An element of is a product of a reflection operation r and a permutation .j, 
which may be assumed written in cyclic form. Moreover, since each site reflection 
Tj commutes with permutations not involving site (/'), we may reorder the factors 
so that each cyclic permutation is followed immediately by reflections on sites 
involved in the cycle. Thus, each element of can be expressed as a product of 
commuting operations, each of which consists of a cyclic permutation among g 
sites followed by reflections on some of these sites. If the number of these reflections 
is even, we call the cycle even and denote it by q { + ) : if the number of reflections 
is odd, wc call the cycle odd and denote it by g [ ~ ’. It has been shown [11], and is 
also proved in Appendix l.A, that this indexed cyclic structure determines the 


— ( 3 , 3 , 2 , 1.11 - — 
Fig. I 


I (.)(. I 
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(3 t+) ,l' + ) 1 ,<+l 1 3'->, 2 t->) 
Fig. 2 



classes of two elements are mutually conjugate if and only if they possess the 
same indexed cyclic structure. Thus, a class of «„ may be represented by a 
partition of n into a sum of integers indexed by ( + ) or (-) respectively, or 
equivalently by a two-part diagram of order n, consisting of two ordinary 
diagrams, a “plus” part of order n i+ \ and a “minus” part of order n l_) . Figure 2 
shows three equivalent ways of representing one of the classes of S 10 . We will 
also sometimes omit the signs, separating even and odd cycles by a semicolon. 
In this notation, the class of Fig. 2 would be denoted by (3,1,1; 3,2). 

In Ref. [10], we drew much advantage from the fact that, in the case of S„, 
there is also a one-to-one correspondence between the set of all possible 
diagrams of order n, y (,) , and the irreducible representations F r of <5„: 

r r i->y ,r ’. 

As we shall see presently, a precisely analogous correspondence holds 
between two-part diagrams y*' 1 of order n and irreducible representations 

r r ofS„: 

A two-part diagram whose n boxes are filled in any order with the symbols 
1,2, ...,n (which may be thought of as representing the numbered sites) will be 
called a (two-part) tableau of order n 2 . A tableau in which the numbers appear 
in their natural order when one reads first the plus part and then the minus part 
as in a book, each row from left to right and the rows from top to bottom, will 
be called the book tableau. For each tableau P r) belonging to the two-part 
diagram y <r) , we can define some particular subgroups of as follows: 

Let 2t <,) = s 2l <r * 1 x $l (r ‘ 1 be the subgroup of containing all those permutations 
which effect only rearrangements within the rows of both component tableaux 
f ,r+) and t <r ~ ) in a tableau T <r> of f r) and ® |r) = ® (r+) x ® ,r ~ ) be the corresponding 
subgroup of permutations within columns. 

We will sometimes denote an arbitrary member of by a + . one of 9l ,r-1 
by a_, with a (without a subscript) denoting an arbitrary member of SI <r) . fi will 
play the analogous role for ® <r| . 

Let I <,+) and I""’ be subgroups of I containing all site reflections in t ir+l 
and t tr ~ ) respectively, and consisting of elements i+, r_. 

With the semidirect products I (r+, v® ,r+) and 2 (r_, v® <r ~ l being direct 
products of groups <S V for each row in the plus- and each column in the minus- 
diagram respectively we get the needed subgroups Q (r| and Cl (r, of according 

2 The definhion of tableau given in Ref. [ 10] is different from the one used here. The present 
definition corresponds to normal usage, and to the requirements of the present article. 



276 


A. Mead et al.: 


to the following definition: 

Q<'» = I ( ' + >v9I ,r+ 'x9I lr ~' anc j 6 ,,) = S (r+ ’x® (, ' l vI <, - ) . 

We note that Q , '' , and & ir> have only the unit element of £„ in common, 

Q |rl nC w = f. 

We define the “alternating representation” of Q <r) as the one having the 
character - 1 for odd permutations and for single site reflections. Therefore an 
element a of C (rl has the character (+ 1) if both the permutation and the number 
of site reflections are even, or both odd, otherwise it has (-1). 

The projection operators for the identity representation of Q ,r) and for the 
alternating representation of Q'' 1 which we need are 


y' = /<' 4 and = ) . 

The factors, which are commutable, are defined as follows: 


// 


tr • i 




y, ft 


ir - ) _ 





1 

)v rV) \ 


n (< + t i)' 

Mr'* • 


/■(r i I 


I 

|UV r ’ '| 






I 



1 

PM 


n 

r,el (r “ ' 


where = t I if .< is even and if .< is odd. 

These operators may be combined to define the Young operator 


_ j)lr> j(r\ 


associated with the tableau in question. If the Young operator belonging to the 
book tableau is denoted by ^j, rl , then any other Young operator belonging to 
7 ,rl may be expressed as 

1 

with a properly chosen <r. 

The Young operators possess the following properties, proved in Appendix 1 .B: 

Each Young operator is. apart from a constant coefficient, a primitive 
idempotent projecting onto a single component of an irreducible representation 
of 3„. Young operators generated by tableaux belonging to the same two-part 
diagram project onto equivalent irreducible representations, those from different 
diagrams onto inequivalent ones. Thus, the correspondence 

r r ~; r* 

is made precise by the statement that Young operators belonging to f rl project 
onto the irreducible representation T,. AH projection operators onto r, may be 
expressed linearly in terms of the #‘ rl and products 9 lr) 'o& ir \ Moreover, since 
the number of different two-part diagrams is obviously equal to the number of 
classes, and hence to the number of irreducible representations, of we know 
that we obtain all irreducible representations in this way. 
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We will also need another subgroup of S„. called 3* which contains both 
$ and S„ as subgroups. It consists of all pure permutations, as well as 
— T , r 2 '' ‘ T n»and products of the two, and may be defined as the direct product 

S; = S ,xl 0 where I 0 = {<•, r 0 }. 

Because the element t 0 commutes with all permutations, classes of conjugate 
elements are the classes in 3„ and those arising by multiplication with t 0 . 
A characterization of classes may be given therefore by single diagrams as for 
3„, but marked with an additional index distinguishing a class with the factor t 0 
from a class without this factor. 

Because the subduction from an irreducible representation of S|, to the 
subgroup S„ gives rise to an irreducible representation f, of S 0 and because the 
subduction to the subgroup I 0 leads to a multiple of either the identity or 
alternating representation we can denote the irreducible representations of 
31, by f rfl and T ry . The corresponding notation for diagrams with an index g or u 
yields the one-to-one correspondence between irreducible representations of 
3|, and diagrams with n boxes 


Corresponding Young operators follow from those defined for the irreducible 
representations of 3, according to 

•#<'»> = £(, + T(1 ) ^ ,rl and #"•“> = }(, -t 0 )'^ ,r ’ 

and the definition W irt = ,/ <r) S ir> where a tr) and A |r) refer to a single diagram y |rl 
with n boxes. 


B. The Regular Induction from 3„ and S|, to 3 n 

As we saw in Section 1, the construction of a qualitatively complete chirality 
function requires the determination of the integer coefficients : r of formula (2). 
: r is the minimum number of different chirality functions transforming like 
linearly independent vectors of an irreducible representation space for T r which 
we need, properly chosen as additional components in a qualitatively complete 
chirality function for each r. z t is simultaneously the number which tells us how 
often the chirality representation is contained in T r . If character tables for 
are available, : r can be determined in a straightforward manner. If not, the 
characters may be calculated by means of the formula derived in appendix (l.B, 
Theorem 4). Even for relatively low n, however, this procedure becomes extremely 
tedious. The induction is much more easily carried out by means of another 
procedure, which we now proceed to explain. It is based on the knowledge of the 
readily available characters for S' and consists of a decomposition of the 
induction process into the induction from 3 to and from S* to 

If the chirality representation is contained X t times in the irreducible 
representation Tj of 3^ and if r/ is contained Y lr times in T r of S* then z r can be 
determined by the formula 
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As the character tables of 3J, allow us to determine the X, , our problem reduces 
to finding the Y lr . For this purpose, we first note that a _two-part diagram v <r| is 
characteristic not only for the irreducible representation T f of but also for the 
irreducible representation x f r . of the direct product group 2 ,<r.> x 
because y ,,+l and y ir ~ ) are the diagrams for the irreducible representations T r+ 
and f, of the factors 2 ,,<r., and 3,,, ,. 

In Appendix l.C we prove the following theorem: 

The representation of 2„ which we get by means of the regular induction with 
an irreducible representation of x associated with the diagram pair 
y'" is the same as that obtained by subduction of T, to 3„. 

Because the induction from 3„„., x 3,,<..->_to 3, is known [5a, 7], we need 
only reverse this process to induce from 3„ to 2„. By a slight modification we get 
the step we want, the induction from 3|, to o„. 

The representation [T,]®" of regularly induced by F r of 3„ is constructed 
as follows: 

We fill a single diagram y ,rl containing n boxes with tc, symbols 1, k 2 
symbols 2 , ■ ■ ■ k, symbols t subject to the conditions k 1 ^k 2 ^-k, and 
n 

k | f k 2 + + k, < in such a way that 

1) No two symbols of the same kind may be in the same column. 

2) When all the boxes containing the symbol r are removed the remaining 
boxes constitute a diagram; it must remain so when all boxes with t and t - 1 are 
removed etc. 

3) Reading from right to left along the rows, beginning with the top row and 
working down, one must get a "lattice permutation” of 111...22.... That is, at 
each point one must have read at least as many I’s as 2’s, as many 2's as 3's. etc. 
l or each way of doing this, the induced representation contains an irreducible 
representation whose (+) diagram is the diagram of empty boxes and whose (-) 

diagram has rows of lengths k,, k 2 . k,. If the plus and minus diagram arc of 

different order, the induced representation also contains a second irreducible 
representation corresponding to a two-part diagram in which the plus and minus 
diagrams are interchanged, otherwise not 3 . 

The induction from 3^ to 3„ is the same, except that the induced diagram 
pairs reduce to those with an even or odd number of boxes in the negative part 
according as the inducing representation is r rg or r n . 

In Fig. 3, we give an example of the induction from 2 7 to 2 7 . 

With reference to the inducing process from 2 7 we must distinguish between 
the indices of the inducing representation g or u and consequently ignore 
induced diagram pairs with an odd or even number of boxes in the minus 
component. Thus, referring to Fig. 3, if the inducing representation of 3 7 is 
(3,2,2)„, we obtain only the representations under column (u) in the figure; 
if it is (3,2.2) f we get only those in column ( 3 ). 

•’ If the two parts are of the same order, but are not identical, there is always another allowed 
way of filling in the symbols which leads to the diagram pair with interchanged signs. The 
prescription us stated prevents this from being counted twice. 
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C. Remainder Diagrams und the Transfer Condition 

In Ref. [10], the investigation of active ligand partitions, and of other 
questions of physical importance, was greatly facilitated by studying the 
properties of the “partition lattice”. In the present subsection, we lay the 
groundwork for an analogous treatment for the case of chiral ligands. 

For single diagrams of order n, the partition lattice provides a very simple 
answer to the following question: 

Consider two single diagrams of order n, y ,rl and y (l) , the boxes of the latter 
being filled with symbols 1 in the first row, 2 in the second, etc. Is it possible to 
transfer all the symbols into the boxes of y |r ' in such a way that no two like 
symbols appear in the same column? (“column condition”, or “C-condition”). 
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When this transfer is possible, we will say that the transfer condition (T-condition) 
is satisfied. 

The answer to the question turned out to be: The T-condition is satisfied 
if and only if 

y) } y«> 

(■/ r> is greater than y 1 ' 1 ). The “greater" relation may be defined in three 
equivalent ways, viz: 

i) ■/” D if and only if •/'' is obtained from y ,rt by moving boxes downward. 

ii) Let Vj denote the length of the /’th row of a diagram and 



I hen y lr| y"' if and only if 

for all/. 

iii) Let /i ; denote the length of the f th column of a diagram and 

I 

w. = Y /', 

j- 1 

] hen y"’’0 y' 1 ’ if and only if 

for all/. 

It is proved in Ref. [10] that these three definitions arc equivalent, that the 
partial ordering of diagrams so defined is a lattice, and that this ordering has the 
stated relation to the 7-condition. 

As will become clear in the next Section, the appropriate generalization of 
the /-condition for our problem is the following: 

Consider two two-part diagrams of order n, f’' 1 and y"’, the boxes of the 
latter being filled with symbols 1 in the first row, 2 in the second, etc., with the 
symbols in the minus part distinguished by primes. The “generalized T-condition” 
is said to be satisfied if all the symbols can be transferred into the boxes of y (r) 
in such a way that 

11 No two like symbols appear in the same column of the same part of f r) 
(primed and unprimed symbols being counted as different for this purpose); and 

2) All the unprimed symbols are in the plus part of y trl (though primed 
symbols may be in either part). 

We now consider what properties the diagrams must have in order to 
satisfy this condition. 

First, the plus part of y lr| must be able to accommodate all the unprimed 
symbols with no two like ones in the same column, though some boxes may be 
left unfilled. This means that the first row of y ,, + ) must be long enough to 
accommodate all the l’s. the leftover boxes in the first row plus those in the 
second row enough for the 2s. etc. Continuing in this way, by reasoning exactly 
analogous to that used in Ref. [10] for single diagrams, one concludes that, to 
fulfill this part of the T-condition, it is necessary and sufficient that 

o! r+ '£oj ,+ \all i. 
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Second, there must be enough different kinds of primed symbols to fill the 
first column of y lr ~\ the unused ones plus those of which there are at least two 
must be enough to fill the second column, etc. Again, by reasoning analogous to 
that in [10], one concludes that this part of the T-condition is satisfied if and 
only if 

all i. 

The above two conditions are necessary, though not sufficient, for the 
T-condition. By means of them, we can define a “greater” relation for two-part 
diagrams which is analogous to the known one for ordinary diagrams, as 
follows: 

We say that y * 0 D y 0) (y* r ' greater than y*' 1 ) if 

oJ ,+ »^o! i+) , all/. 

and 

^ all /. 

A second, equivalent, definition is: y* r) is greater than if and only if y * 0 can 
be obtained from f r] by moving boxes from the plus to the minus part, and/or 
downward within each part. 

It is shown in Appendix 2.A that this partial ordering defines a lattice. 

If y <r) ^y ,l, , then the above considerations show that we can transfer all the 
unprimed symbols into y (r+l , with no two like ones in the same column and 
n rl = — n <, + * = n <, ~ 1 boxes remaining empty. Also, we can fill y (r ~' 

with primed symbols, no two like ones in the same column, with n rl symbols not 
being used. In general, this partial transfer can be done in several different ways. 
The T-condition now will be satisfied if we can transfer the n r , remaining unprimed 
symbols into the n ri empty boxes with no two like symbols going into the same 
column. We can express this condition as a T-condition for ordinary diagrams 
as follows: First, form a diagram y' rH ’ of order n rl whose column lengths are the 
numbers of empty boxes in the columns of y (r+) . Form another diagram y lrl ~ ] of 
order n rl whose row lengths are equal to the numbers of unused primed symbols 
of each kind. These diagrams will be called remainder diagrams. In terms of 
them, the question of transferability of the unused symbols becomes: “Can all 
the symbols be transferred from y ,rl 1 to y ,rl 41 in such a way that no two symbols 
from the same row of y {r '~ ) go into the same column of y (r,+, T This, however, is 
just the ordinary T-condition for y ,r, ~’ into y (r, + ) , and we know that it is 
satisfied if and only if y <r<+1 D y (r ' “ ’. 

The remainder diagrams, however, are not uniquely determined, as the 
partial transfer of the symbols can in general be carried out in many ways. 
To satisfy the T-condition, we need only one way of doing the partial transfer 
which will make y (r,+, Z)y ,r '"*. Since the two parts of the partial transfer 
are independent of each other, we can transfer the unprimed symbols into y ,r+) 
in such a way as to make y^* as large as possible, and similarly transfer the 
primed symbols so as to make y (W ' * as small as possible. The possibility of doing 
this depends on the existence of a unique “largest remainder” for the transfer 
of the unprimed symbols, and a “smallest remainder” for the transfer of the 
primed symbols. In Appendix 2.B, it is shown that such unique largest and 
smallest remainders exist, and that they are constructed in the following way: 
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1) Largest Remainder: Given two diagrams and y (b> , with o\ a) ^ o\ b> for 
all i, the boxes in the first row of y (1 ” being filled with 1’s, the second row with 2’s, 
etc. Transfer the symbols into the boxes of y'"' one at a time, in any order, 
placing each symbol as far down as possible subject to the condition that it 
does not go into a column already occupied by a symbol of its own kind. If there 
are two or more boxes satisfying this condition and equally low down, choose 
the one farthest to the right. When all the symbols have been transferred, the 
unfilled boxes will be in diagram form without further rearrangement, and this 
diagram will be the largest remainder y m , x (y ( "’, '/*'). 

The question of the smallest remainder y w ‘' takes a completely analogous 
form if we reformulate it somewhat. Instead of transferring the symbols from 
■/' 1 into y fr ', we imagine that the boxes of y <r "' are transferred into -f l ~\ with 
no two from the same column going into the same row of y (l ~K The symbols 
remaining uncovered by transferred boxes form the remainder. It is obvious that 
this is equivalent (as far as forming the remainder is concerned) to the formulation 
in terms of symbol transfer, and that it differs from the situation of (1) above 
only in the interchange of the roles of rows and columns. The construction of the 
smallest remainder is therefore carried out as follows: 

2) Smallest Remainder: Given two diagrams, y M and y ,b> , with u\ a> ^u\ b> for 
all i. and with the first column of y ,M filled with symbols I, the second with 2’s, 
etc. Transfer the symbols into the boxes of one at a time, in any order, placing 
each symbol as far to the right as possible consistent with the condition that it 
not go into a row already occupied by a symbol of its own kind. If there are two or 
more allowed boxes equally far to the right, choose the one farthest down. When 
all the symbols have been transferred, the unfilled boxes will be in diagram form 
without further rearrangement, and this diagram will be the smallest remainder 

/„mi ,,(H> 

/ min' / * / h 

Examples of largest and smallest remainder construction are shown in Fig. 4. 

From the above discussion, we see immediately the criterion for satisfying the 
'/'-condition for 7 (,> into 7 ,rl . It is satisfied if and only if 

1) y ,r »Dy''' and 

->1 (v' ,+ l "•/ ' >»-)■.. . > -.<>■- >> 

/max'/ * / /-'/mm'/ ' / ’ ' 

We note that the T-condition is not transitive. For example, referring to 
Fig. 5, we see that the T-condition is satisfied for 7* 31 into and for J ,2> into 
7*". but not for into 7" 1 . 


y 



ymoxty.y’) 



Fig. 4 


ymin<y. y’> 




283 



Molecules with Chiral 

Ligands 

+> 

t+lt-l 

(+1 (-) 

I 


0 “ 

yin 

yta> 

y(3) 


Fig. 5 


In the case of we have the partition lattice for S„ twice, one containing 
all the diagrams with the index g, the other those with index u. If we allow 
transfer between diagrams no matter what the index, the T-condition reduces to 

yW y<o ne gi ec ting the indices g, u. 


3. Active Ligand Partitions 

According to the statements in the end of Section 1 and the technique 
developed in Section 2 we can construct qualitatively complete chirality func¬ 
tions for classes of molecules with chiral ligands. Approximate ansaetze for 
such chirality functions according to the first and second methods, of Ref. [10], 
shortened ansaetze for subclasses, specifications of classes according to the 
minimum-interaction between ligands needed for physical pseudoscalar pheno¬ 
mena, and other related matters, discussed in [ 10 ] for achiral ligands may be 
best understood on the basis of a discussion of “active ligand partitions” and 
their representation in the partition lattice. Analogous results in our case will be 
found discussing these questions with reference to chiral ligands. A ligand 
partition specifies the number of each type of equivalent ligands. For achiral 
ligands, equivalent means identical in its configuration, for chiral ligands 
equivalence is defined as including ligands which are identical or enantiomers. 
The reason for this definition will become obvious later. A ligand partition 
according to this definition may be characterized by a two-part diagram y* 11 
where the numbers of boxes in rows correspond to the numbers of equivalent 
ligands, achiral ligands being represented by y (,+l and chiral ones by y ,,-) . We 
denote with L (( * an ordered molecule with a ligand assortment belonging to the 
partition y*' 1 . 

We call a partition y ( “ active if there is at least one chiral ordered 
molecule L {> \ It is said to be active with respect to an ensemble operator a if 
there is an L (h such that a. L il] is not racemic. Recalling that negative coefficients 
in a are to be interpreted in terms of positive concentrations of enantiomers, 
we see that the statement that the mixture is not racemic means formally 

0 , 

i.e., the total coefficient of each particular ordered molecule in L (,) is 
formally not equal to zero. Conversely, the mixture is racemic if 

fi t «L v '= 0 . 

Each ensemble operator a can be expressed as an achiral component plus 
a sum of terms of the form ji x ~ft r) a., where / lr) is the projection operator onto 
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an irreducible representation T r with z r # 0. We call f' 1 ‘T,-active" if there is 
an L ,h with L 0> / 0, Obviously, y* l> is active with respect to a if and only 
if it is T r -active for some f, with ^ x J^ r) a #0. Equally obviously, it is active if 
it is f,-active for some T r . Hence, essentially all questions about active ligand 
partitions are answered if we can decide when a partition j* 1 * is f r -active. 

We note that an ordered molecule L {,) is left invariant by the following 
operations. 

(1) Permutation of any two identical ligands. 

(2) Permutation of any two enantiomeric ligands followed by site reflections 
applied to both. 

(3) Site reflections applied to achiral ligands. 

Since the projection f (r) can Jpe built up out of the Young operators # |r ', 
we can study the question of reactivity by studying the effect of the # r> 
(considered formally as ensemble operators) on L tl> . Consider an arbitrary one 
of the # [r \ belonging to the tableau P r) . The operator 'W lr) antisymmetrizes with 
respect to the following operations: 

(1 1 Permutation of any two ligands located on sites in the same column of 

P". 

(2) Site reflection on any site located in t ,r ' ’. 

(3) Permutation of any two ligands located in the same column of P r ' 
followed by site reflection applied to both. 

Thus, if L ih has any two identical or equivalent ligands on sites in the 
same column of P rl , or any achiral ligand in a site located in t ,r ~K then <& lr) will 
antisymmetrize with respect to at least one operation^ which leaves L 0) 
invariant, and we have = 0. If this is not the case, f ,, T |, 70. 

Thus, there will be an L U) with if and only if it is possible to 

distribute the symbols from f" among the sites in such a way that no symbol 
from y a 11 goes into a site in l lr 1 and no two symbols from the same row of f" 
go into sites in the same column of P rl . This, however, isjust the 7’-condition 
for y ih into f r| . If the condition is not fulfilled, we_have & (r, L {,) = 0 for all ■# (rl 
and L 0> . If the condition is fulfilled, then for each there is an L {l> such that 
& ,r 'L u ’#0. Since //, cannot be orthogonal to all the ^ (r K it follows that, if the 
7k:ondition is satisfied, there is also an L (h with /> r /P r) L lt) ^ 0, and we conclude 
that f l] is / r -active. 

Summarizing, we have found that a necessary and sufficient condition for 
y m to be f r -active is that the T-condition be satisfied for y ll> into y ,r) , i.e. that 


and 


ntr> ^t/) 
i t 






4. Jff- and ^-Partitions and the Corresponding Decomposition of Chirality 

Functions 

In contrast to the case in which all ligands are required to be achiral, in the 
present case we have chirality functions which are the same for all permutational 
isomers, and which are present for all molecular skeletons. To study their 
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properties, we note that the representation r,, of whose diagram is shown 
in Fig. 6, always has z,„= 1, regardless of the skeleton. For the representation is 
one-dimensional, so z lu cannot be greater than one. On the other hand, the 
representation is symmetric under all jeS # in particular under those in 91, 
and antisymmetric under all t 0 j, in particular those in r 0 j'9t, so it follows 
that it contains T,. Moreover, f 1# is symmetric under the elements of so 
that always z 1# = 0. We conclude, then, that there are always chirality functions 
belonging to the totally symmetric representation of S„ all of these belonging 
to r,„ of®;. We call these functions ^-chirality functions (ligand specific), since 
they arise purely from the chirality of the ligands, and are independent of the 
nature of the skeleton and of the distribution of the ligands among the sites. 

If we define the projection operators 


— v 
*'■ 


and 


<f%— ‘ 9 x * 

then wc can decompose any chirality function into independent components as 
follows: 

<j>(\L)= + <t>ly v \L) ■ 

The functions 4>{(/ v \L) will be referred to as class-specific, or %-chirality functions. 
Unlike the J^-chirality functions </>{py\L), they depend on the nature of the 
skeleton. Because the operator commutes with r/y, this decomposition 
is compatible with the decomposition according to representations of ®„. 

The designation of a chirality function as ¥ or *6, it is to be noted, refers to 
the representation of to which it belongs, not to that of <©„. The two, 
however, are not independent. According to the induction procedure of 
Section 2.B, the representations of induced by Tare: 

(/i- 1; 1), (n - 3; 3),.... 

There is always one ¥-chirality function belonging to each of these representa¬ 
tions, and there may be <£-chirality functions as well, depending on the 
skeleton. Chirality functions belonging to other representations are always 
% -chirality functions. 

Thus, for any f, with z, # 0, we may express z t as a sum 

For the representations listed above, we always have zf — 1, z* = z r - 1. For 
all other representations, we have zf = 0, z* = z r . 

It is easy to see that i?-chirality functions vanish identically if the ligand 
assortment is racemic, i.e., if the ligands are all either achiral or pairwise 
enantiomeric. 
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5. Chirality Numbers 

By means of the T-condition, we may easily determine maximum numbers 
for identical or equivalent ligands and minimum numbers for types of 
nonequivalent ligands in molecules with Tractive ligand partitions f'\ This 
means, if any one of these numbers is exceeded or not reached respectively, then 
vanishes even if the molecule is chiral and the isomer mixture /? r, «L 
becomes racemic. 

We need only the relation y 1 ' 1 D y 1 ' 1 to derive the following relations for the 
lengths of first columns and rows. 


1 > o' 


, Mi- 


All these limiting numbers are attained in at least one /^-active partition; the 
first and the second inequalities become equalities for y (r) = representing a 
Tractive partition. The third and fourth inequalities become equalities for the 
diagram y"’ whose plus part vanishes and whose minus part consists of the 
columns of y' r 1 1 and y ,r ' properly ordered. It is active as it is smaller than f rl 
and max(-/ r '', y" 1 ') - y ,rl D min(y lr \ y" Therefore we may conclude that for 
Tractive molecules 

o',''' is the maximum number of identical achiral ligands 

o\ r ’ 1 i o\ r 1 is the maximum number of equivalent chiral ligands 

n', r ' is the minimum number of inequivalent chiral ligands 

maxlt/'i' ‘ u\ r ') is the minimum number of incquivalcnt ligands. 

l ach of these numbers occur in at least one Tractive ligand partition. 

By forming the maxima or minima respectively of these quantities, the 
extrema being taken over all r with #0, we get chirality numbers which are 
characteristic properties of the frame. It should be emphasized that the condition 
is :* #0 and not : r ^i) because the latter would only lead to trivial numbers 
which express the fact that a ligand partition is active for any achiral frame if it 
contains at least one chiral ligand. The non-trivial numbers we want should 
present information about the pseudoscalar properties of the particular molecular 
class in question. We find these "chirality numbers" from the following maxima 
and minima: 


chirality order o f =max {o', , + l } 

o = max {(/, r + ' t-f 
chirality index u = min {w\ r ’} 

17 = min {maxU/p 1 . u\ r ')} 


maxima and minima arc to be 
taken over all r with r* ^0. 


We call a molecule % -chiral if its pseudoscalar property depends on the 
particular frame with its sites and not only on the composition of the ligand 
assortment, i.e.. if it possesses a non vanishing ^ -chirality function. Correspond¬ 
ingly we call a ligand partition ^-active if there are ^-chiral molecules 
belonging to this ligand partition. Now we may formulate the meaning of the 
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chirality numbers as follows: 

o + is the maximum number of identical achiral ligands which may be 
present in a tf-chiral molecule. 

o is the maximum number of equivalent ligands which may be present 
in a -chiral molecule. 

h is the minimum number of incquivalent chiral ligands which must be 
present in a % -chiral molecule. 

17 is the minimum number of inequivalent ligands which must be present 
in a % -chiral molecule. 

In a “chiral class” which by definition contains chiral molecules with 
exclusively achiral ligands, all these chiral molecules are Vf-chiral. In an 
“achiral class" the chirality is only due to ^-chirality. Therefore, we have for 
any class 

u= 0 . 

For chiral classes we have proved in Ref. [10], under the restriction to achiral 
ligands, that the chirality order has the lower limit n — 3 and the upper limit 
n which characterizes chiral skeletons. If chiral ligands are admitted we have 
the relation o> o' and therefore the same limits for o. 

n — 3 ^ o g n 


6. Explicit Forms of Qualitatively Complete Chirality Functions 

A. General Remarks 

The general form of a qualitatively complete chirality function is 

<t>{\L)=' r £ <t>{J^\L) 

r 

where the irreducible representation F f is induced z r -timcs by the component 

D. 

According to Ref. [10], Section 2, we may achieve the required property of 
<A(/ r| | /„) starting with a set of functions o/ 8 rl ( \L),q= 1,2,... /, for which /P r) u) { '\\ L) 
docs not vanish. Let the choice be such that the operator # {r) does not 
annihilate «/'*( \L) and denote the resulting projection with v ,( /’( I L). In this 
section. Young operators without subscripts refer to the book tableau. 

# ,r W;'( | L) - |C) and w';V| L) = = H^(\aL). 

Then, a component 0(/S ,,) |L) with the desired properties is constructed by a 
sum of expressions 

with properly chosen g and j e 3 n 4 . 

These expressions, being chirality functions as well, are obviously again linear 
combinations of fn ( ff r, (ojZ.) with a given q and some elements ae&i,. ip ( e °( | L) refers 

* Note that even here the group elements may be chosen to be pure permutations. This follows 
from the form of the projection operator ft w where the sum index is also confined to elements of S„. 
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to the book tableau of f rt and the ordered molecule (1) of Sect. 1. It transforms 
under site reflections as follows: 


c (tj if.) 


= 4-v’';’( ID if + ' 

= -</£'( ID if n ,r+, + 1 gign. 


Without loss of generality we may define a pseudoscalar function *.•(/,) for 
single ligands, i.c.. 

C It,) x (/,) = icf/*) = -*(/,) 
and writeV’^'flD in the form 

v' r e 'i\L\ = k(/ 

where ip'J'i |/,) satisfies the relation f tr ' 'ct 1 '' , ip i ' t (\L) = fp i ' > (\L) and is 

symmetric under all site reflections. From & ir> to < ' , ( \L) - v>£’( | L) it follows that 
the same decomposition may be chosen for mj'f |D 

<’(| D = f] <,(/,) •o7;’( |L), 

I 1 

|/.) being invariant under site reflections and f irt) a ir + '/^" 1 a { ’ ' , <75 ( e r ' = 
Since the above decomposition is always permissible we shall use it for the two 
approximate procedures of [10] which will be generalized in Section B and C. 
Two further remarks are worth making beforehand: 

1) *(/,) may, in principle, be chosen quite arbitrarily, though a particular 
choice may recommend itself in certain cases or for specific purposes. There is 
no need to use the same k for different equivalent or inequivalent representations 

2) Without loss of generality we have expressed the pseudoscalar ligand 
properties by one pseudoscalar ligand parameter k. On the other hand, 

, ■•■/„), which is a function of the scalar properties of the ligands, does 
not necessarily depend on values of single ligand parameters only. Rather, this is 
an additional postulate, which we use for an approximate type of qualitatively 
complete chirality function as outlined in subsection B. 


H. First Procedure: Polynomials of Lowest Decree 

We use the form (I) for «/'’(|L) and choose iojf’l\L) to depend only upon 
values of a one-parameter achiral property of the single ligands /(V,) and being 
a polynomial of lowest degree in /.(/,) such that the operator V' 4 ’/*''" V r ' 1 
does not annihilate f3 ( # r, ( |D- Because this operator is the product of two 
commuting operators / ,r 4 ’ <i ,r 4 ’ and f {r “ ’ « ,r " ’, for single tableaux of y ir+ ’ and f r ~ ’, 
we may choose | L) as in Ref. [10] and we choose p ( e r> ( | L) to be a polynomial 
of lowest possible degree in the /.(/,). For this purpose we start with a polynomial 

n 

«(!D = «■(/,) ,)■■■/.{/„)) 

I * *»' * '+ 1 

which is of lowest degree g irt in a(f ( ) such that ^ <r W e r ’( |D does not vanish. The 
operator f ir¥) a ir *'t {r ~'a {, ~' in the equation 41 « ,r 4 't lr * « ,r ~ |L)=i/^’flD 

is the product of two commuting Young operators <* <r+ V r4 ‘ and for 

the single tableaux of y ,r * 1 and y""'. Therefore we may choose co^’flD as in 
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Ref. [10] as a monomial in where each A(^) occurs in the (/- l)th power if i 
is the row number in y‘ ,+> or y (r ~\ As we concluded from [10], this is a monomial 
of lowest degree which does not vanish when << <r+ '<7 (r+) f< <,_ V r_) is applied 
Its degree is 

g {r) = £<i-l)(vi ,+, + vr‘). 

1 

The application of & {r> on oo^ leads therefore to the homogeneous polynomials 

t=*r* )+ ! 

They are of degree « (f “' in k and g {,) in !(/,). and this is also true for the chirality 
functions & x \p i ' ] (o\L) which can be used according to Ref. [10] to construct 
<t>Cp r) \L) with the required properties. 

Exactly as in [10], it can be proved that a polynomial of lowest degree 
induces r r only once. Therefore, we need z, polynomials depending upon 
different types of parameters A (0 , A l2 \ but the k(/,) may be chosen to be 

the same. The polynomial of lowest degree depends only upon differences of the 
scalar parameters. This is proved by introducing new variables =LA(/' i ), 

— A(/ 2 ) . lj K = A(f„_ i) - A(f„) and from the fact (which follows from 

the symmetry) that £, must occur as a factor of the polynominal if present at all. 
One infers as in [10] that does not occur if the degree is the lowest. We denote 
the qualitatively complete chirality function according to the first method with 
X(\L). 

C. Second Procedure: Linear Combinations of Functions Depending on as 

Few Ligands as Possible 

In this subsection, we do not restrict the number of scalar parameters for 
single ligands, but we postulate that io { '\\L) depends on as few ligands as 
possible, again using the form: 

<’(iT)= n *</,.)<(id. 

>+i 

This postulate implies a minimum number of (, occurring in SjT’dL). Assume 
oj’f | L) depending on h ligands; then it is certainly totally symmetric under permu¬ 
tations among the remaining n-h ligands. Because t {r + , a l - r+) /f t '~ > a (r ~ ) | L) 

is antisymmetrical with respect to permutations within columns, ligands which 
do not occur in GJ ( e r, (|£’) must all be in different columns. From this it follows 
that 

vy + » + vf-'^fc, 

where, if h denotes the minimum number, the equal sign is to be taken. Con¬ 
sequently, ffl ( e r) (|L) depends upon at least n-v l j r+) -v ( 1 r-> ,tw , f r> (|L) depends there¬ 
fore upon h{r) = n — v ( , r+) ligands and the chirality functions & x 4> { ' ) [o]L) are linear 
combinations of functions depending upon h{r) = n- v l [ +) ligands each. They 
can be used to construct the components <£{/E <r, |L) of a qualitatively complete 
chirality function x(|Z.) according to the second procedure outlined in Ref. [10]. 
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Because all components of y(|L) depend on a minimum number k (r> of 
which cannot be decomposed into sums of functions depending on fewer 
variables, k (r> is the minimum number of ligands between which interaction has 
to be taken into account in order to describe the phenomenon due to T t . Recalling 
the chirality numbers we conclude: 

k = n-o + is the minimum interaction between ligands to be taken into 
account in order to describe pseudoscalar phenomena on the class in 
question. Of course, a qualitatively complete description also necessitates, 
in general, components with higher interactions. 

Because of the bounds on o + , the number k has one of the values 1, 2 or 3. 
This is a very useful aspect for general statements about properties of classes as 
pointed out in [10], or for the quantum mechanical treatment of special 
pseudoscalar phenomena such as the optical rotatory power shown in [3] and [4], 


7. Examples 

Some examples may help to make the derived results clearer. In connection 
with special classes (examples B, C, and D) we give the partition lattices for two, 
three and four sites. The chosen numbering of diagrams is arbitrary but allows 
one to design the representations of S„ correspondingly. With reference to given 
classes, all diagram pairs with /0 are shaded, those for which zfV 0 have a 
heavy border. The induction from to is presented for all those diagrams of 
3J, which correspond to irreducible representations of <S' m containing r r In the 
discussed examples is contained only once and the induction from a given V 
to delivers each induced representation of <§„ only once as well. Therefore 
these numbers are not mentioned. In example D a representation of <»„ is 
induced from two different representations of S*. The corresponding two 
components for chirality functions are adapted to the originating representations 
of S'. The advantage of this choice becomes clear from the comparison of the 
T d and D 2(/ -frame, where one of both components of D u vanishes in the T,, case. 

A) y-chirality Functions 

y'-chirality functions arc functions transforming according to T, H of 3^ 
represented by the diagram (n)'“\ The induced representations of correspond 
to the diagram pairs [(n- 1) < + I , 1* ’]; [(n- 3) , + \ 3 <_> ] and so on. Because the 
component diagrams have not more than one row, we find with help of the 
derived formulas for the order y ir) of the polynomials and for the minimum 
number h w that «5(|L) according to both methods becomes a constant. Both 
methods lead therefore to identical chirality functions 


(nr 



{(/i-irui)* ’}~2></,) 

(=i 

{(n-3)‘ + ',(3r*}^ I h-(/,)k(^)k(^) 

i<j<k 
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B) Frame with Two Sites, Skeleton Symmetry C, Fig. 7, Induction Fig. 8, 


Partition Lattice for S 

2 Fig- 9 


yp 

1 & 

1 


1 2 Fig- 7 


X{? m \L) = x(7> {1 '\L)=X(l)-H2) 

1<J 

1 <g 

1 

(+11-1 

3 □□ 

1 

4 di 

i 

xW S) \ L) = X (? <5 U) = M 1 ) K- (2) [2 ( 1 ) - 2(2)] 
X(^ 3 >!L) = ^ 3 '|L) = M1) + M2) 

* — 

Fig. 8 

*8 

Fig. 9 



C) Frame with Three Sites, Skeleton Symmetry C 3l , Fig.tO, Induction Fig. II, 
Partition Lattice for S 3 Fig. 12 

xtf" W-[2(1)-2(2)] [2(1)-2(3)] [2(2)-2(3)] 
j}(^*»|L)-a»(1.2) + «i(Z3) + «»(3,l) with w(i,k) = - co{k,i) 
Xtf' 7 '\L) = X(? n \L) 

= M1 ) k(2) [2(1)- 2(2)] + fc-(2) M3) [2(2) - 2(3)] 

+ jc(3) k( 1) [2(3) - 2(1)] 

X (?'*%) - X(? W \L) = k( 1) + »c(2) + M3) 


3 



(+K-I 


Fig 12 


• Bia 

\ 

8 r-^Ti 

\ 

9 

10 



2 

Fig. 10 


«3 



1 +) 


I+II-) 

D B 



Fig. 11 



292 


A. Mead at at.: 


D) Frame with Four Sites, Partition Lattice for <® 4 Fig. 16 

a) Skeleton symmetry D w Fig. 13, induction III!) shaded Fig. 15. 

b) Skeleton symmetry T d Fig. 14, induction \ \ \ \ \ shaded Fig. 15. 

X(7 , - , '1L)=[;.(1)-A(2)][A(3)-A(4)] 

y(7 <3 '| L) = cud, 3) - cu(l, 4) - cu(2,3) + cu(2,4) 
with <o((. k) = io(k, i) 

/t (7f'* 3, |L) = 2[*cd)M2) + k(3)k(4)] [2(1)-2(2)] [2(3)- 2(4)] 

- [MI) M3) + k{2) k(4)] [;.(3)-2(1)] [2(2)-2(4)] 

- 0(1) kt(4) + M2) k(3)] [2(1) - 2(4)] 0(2) - 2(3)] 

H7 ‘"*’|/.) - 2[MI)M2) + k(3)k( 4)] [cu(1,3) - cu(l, 4)-cu(2,3) + cu(2,4)] 

- [k( 1) k(3) + k(2) k(4)] [cu( 3, 2) - cu(3,4) - cud, 2) + cu(l, 4)] 

- 0(1) M4) + k( 2) fc(3)] [cu( 1,2) - c«( 1,3) - cu(4, 2) + cu(4,3)] 
with c«(i, k) — cu(k, /) 

/(7""| 1.) ■--- /(7c ,l, 'l L) = [MD - M2)] 0(3) — k(4)] 

/\J 1 K ’| L) -Ml) M2) M3) M4) [2d) - 2(2)] [2(3) - 2(4)] 

y <7' 1M, |/d - MI) M2) M3) M4) [cu( 1, 3) - cu( 1.4) - cu(2.3) + cu(2,4)] 
with cu((, k) — to\k, i) 

- A7'°'\L) = M1) 122(2)-2(3) - 2(4)] + M2) [22(1) - 2(3)- 2(4)] 
f M3) [22(4) - 2(1)- 2(2)] + M4) [22(3)-2(1)-2(2)] 
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X(^\L) = x(? ls ‘|L) = k(1) M2) k-(3) [22(3) - 2(1)- 2(2)] 

+ k(1) M2) k(4) [22(4) - 2(1) - 2(2)] +k(1) k(3) k(4) [22(1) 

- 2(3) - 2(4)] + k(2) M3) k(4)[22(2) - 2(3) - 2(4)] 

*(/f 6, l L) = [2( 1) - 2(2)] [2( 1) - 2(3)] [2( 1) - 2(4)] [2(2) - 2(3)] [2(2) - 2(4)] 
[2(3)-2(4)] 

X(/? <6, |L) = co(l,2,3) — o»(l, 2,4) + to(l,3,4) — co(2,3,4) with a>(i, k, 0 
totally antisymmetric 

fc(? ,# U)-[Ml)M2) + M3)M4)] [2(1)-2(2)] [2(3)-2(4)] 

+ [M1) M3) + k(2) k-(4)] [2(3) - 2(1)] [2(2) - 2(4)] 

+ [k-(1)k(4) + k(2)k(3)] [2(1)-2(4)] [2(2)-2(3)] 

X 2 (^ ,13 '(L) = [Ml) M 2) + M3) M4)] [g>( 1,3) — et>( 1.4) — w(2,3) + w( 2,4)] 

+ [M1) k(3) + M2) k-( 4)] [to(2,3) - o>(3,4) - o>( 1, 2) + t»(l, 4)] 

+ [M1) k( 4) + M2) M3)] [oi(l. 2) - u»(l, 3) - u>(4,2) + o>(4,3)] 

with <u(i, k) — <v(k, 0 



Fig. 16 
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X(7 ,20 U) = Ml) M2) M3) M4) [Ml) - ;.(2)] [Ml) - M3)] [Ml) - M4)] 

■ [M2) - M3)] [M2) - M4)] [M3) - 2(4)] 

}SJ (20 '\L) = k( I) k'(2) k(3) k(4) [«(1, 2.3) - co( 1,2,4) + o>(l, 3,4) - o>(2,3,4)] 
with a>(i, k , /) totally antisymmetric 

/(?'*%) = x(7 ,4 U) = Ml) + M2) + k(3) + M4) 

?(/ ,2, \L) = /(? ,2, \L) = kt( 1) M2) k( 3) + Ml) M2) k(4) + k(1)M3) k(4) 

+ M2)k(3)k(4) 

a) In case of D i((< f\ 3 occurs twice; therefore we have to use each of the two 
components for T, 3 twice with different parameters in order to have the general 
ansatz according to the first method. But if we use these components only once, 
the ansatz is qualitatively complete and reads as follows: 


/( \D = ?SJ n '\L) + x\T'\L) 4- i(J w \L) + y\J {1 \L) 4- xiJ m \L) + (?< 12 >|L) 
4 y A (J, { ' s '\L) 4 - x 2 <7"- ,| | L) + L) + x(? ,18, |L) + x(7> a "'\L) 


(analogously for y). 

b) In case of T d , /',, occurs only once, and the ansatz is as follows: 


/(|L) - y(J {M \L) + x(J w \D + + r.2i7' nM \ L ) + M7 ,2, 'U) 


(analogously for /). 


ft. Discussion 


We have seen that, by means of the theory of the groups and 3„, the 
theory of chirality functions can be conveniently generalized to allow for 
chiral ligands. Although the groups are of large order even for relatively small n. 
the existence of a general representation theory nevertheless makes a systematic 
investigation feasible. 

There are two obvious directions in which the theory could be further 
generalized, viz: 

(a) One could consider the theory, not just of pscudoscalar, but also of vector 
and tensor properties of molecules. This could be done with the groups already 
at hand, simply by considering induction, not just of the chiral representation, 
but of an arbitrary representation, from the molecular symmetry group to the 
covering group. 

(b) One could allow the ligands to have arbitrary transformation properties 
under the symmetry operations of the frame. In this case, the covering group 
would no longer be but an arbitrary wreath product group [6]. 


Appendix 1. Representation Theory of the Groups 3, 

A. General Properties: Classes 

The group 5, consists of all products tj. where j is a member of 6„ 
(permutation of n ligands among n sites), and t = ]~I r(/X with the product 

j 

running over an arbitrary subset of the n sites. The order of the group is 
obviously 2"n! This is not a direct product group, since the t and j do not 
necessarily commute. For example, reflection at site 1 followed by permuting 1 
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and 2 leaves a reflected ligand on site 2, while permutation followed by 
reflection on 1 leaves the reflected ligand on site 1. It is, however, a semidirect 
product: The subgroup I, consisting of all the reflection operations t, is, as we 
shall see presently, an invariant subgroup, while the subgroup S„ is not. 

These groups were first studied by Young [11] who called them “hyper- 
octahedral groups". Further properties of these groups have been discussed by 
Frame [2], In modem notation [6], they may be thought of as special cases of 
“wreath product" groups. 

To elucidate the class structure, we first note that, since the operators t do 
not move the ligands, we always have 

tj = •).>', (1) 

i.e., the permutation part ( j) follows the multiplication table ofS„. The t operators 
do not commute with the j, but they do with each other, and each r is its own 
inverse. 

Because of (1), we can write 

= ( 2 ) 

t'= .jx.j' 1 . (3) 

Now, if t — |~f t^/), and j takes the ligand on / to the site s r then .Jt.r 1 first takes 

the ligand on Sj to /, where it is reflected, then taken back to Sj. The net effect, 
therefore, is to reflect on all the sites and we have 

r' = H T (Sj) = r ,5) . (4) 

j 

Now consider a group element t.j, and conjugate it with a pure permutation 
>(j-* r j). Because of (3), (4), we can write 

It is known from the usual theory [la, 5b] of ®„ that >j>~' has the same cyclic 
structure as If j has the cyclic form 

, U1J2 ’"Jm) (I m +!./« + 2 • ’+ ■ ' 

then 

= { r j l r j l --- r j„)(rj mt , r j„, - ■ 

Also, from (4), if r = z(j). then 

j 

Thus, conjugation of za with a pure permutation gives an element whose 
permutation part has the same cyclic structure, and whose reflections are 
distributed in the same way among the sites in the permutation cycles. For 
example, if 4 has I reflections on the m sites which are permuted in an m-cycle, 
then tot' 1 will also have l reflections on the sites belonging to an m-cycle. 

Next, we consider conjugation with a reflection, at first restricting ourselves 
to the case of a single reflection t(/). We find 

T(/) TdT (/)' 1 = T (j) XOX{j) = X(j) X T(Sj)j = t(/)t(^)t d , 
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where we have used (4), plus the fact that the r commute with each other and 
are their own inverses. Conjugation with x(j\ therefore, has the same effect as 
multiplication with r (/)t(Sj). Conjugation with a general reflection operation 
can be thought of as a series of successive conjugations with single reflections. 
By conjugating first with x(j) and then with t(Sj), we achieve the net result of 
multiplying by t(/)t(s?), where sj is the site to which the ligand on j is taken by 
two successive applications of the permutation j. Continuing in this way, we can 
multiply by any two reflections on sites belonging to the same cycle of a. Thus, 
conjugation with an arbitrary t is equivalent to a series of operations in which 
one carries out two reflections on sites belonging to the same cycle of j. The net 
effect, therefore, is always to change the number of reflections in each cycle 
(if at all) by an even number, and all combinatioas are possible subject to this 
restriction. Conjugation with an arbitrary group element can be thought of as 
conjugation first with a permutation and then with a reflection. Combining the 
above results, we arrive at the prescription for classes given in Sec. 2.A of 
the text. 


B. Young Operators and Irreducible Representations 

Our method of proof in this subsection will closely parallel that of Boerner [1] 
for 3„. For definitions, the reader is referred to Section 2.A of the text. 

Theorem I. The number of_different two-part diagrams of order n is equal 
to the number of classes of 3^ hence also to the number of its irreducible 
representations. 

No further proof of this theorem is needed, beyond the argument already 
given in Section 2.B of the text. 

We now state and prove _ 

Theorem 2. The operator iV' r ' (defined in Section 2.B) is, up to a multiplicative 
constant, a primitive idempotent for the group (that is, it projects onto a 
particular coordinate belonging to an irreducible representation), ^-operators 
from tableaux belonging to the same diagram project onto equivalent irreducible 
representations, while those from different diagram pairs project onto inequivalcnt 
representations. All irreducible representations are^ found in this way. 

In the following, we omit the superscript on W ir> . The proof of the first part 
of the theorem is based on the known theorem: [lb]. If an operator « = Zm(<t)<t, 
with u(<’MO, has the property that, for all x in the group algebra, 

uxu = yu , (6) 

(y a number, in general a function of x). then u is, up to a multiplicative 
constant, a primitive idemjKUent, and conversely. 

We will show that W has the property (6). We first note that, for any 

a _ = ,:(/( + )/<' + l ;/<' ’0_ = fi(/L)/ ,r *’. (7) 

One also has, trivially, for arbitrary r + . r _: 

x + / lrt> — / ir+, x + = +1 ; r.= / lr 't. =£(t_)/ (, ~ i . 

Because of (7) and (8), it follows that, if c= (x arbitrary), then 

r + atc fix- = E(/f)c(T_)<'. 


(9) 
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for arbitrary ol/J, t + , r_. We now show that any operator with the property (9) 
satisfies c = g&. This will complete the proof that 9 has the property of u in ( 6 ), 
as we know that 9x9 has the property (9). 

We write the operator c as 

c = £r(ff)<7 

a 

where the sum goes over all group elements a. Equation (9) means 

X>(<T) x 4 . aafh _ = E(p)r.( r _ )£c'(ff)<r, ( 10 ) 

a a 

for arbitrary a, p, t + , t_. First consider terms whose permutation part is of the 
form ap. We multiply 5 by T + ot.../?t_. On the left-hand side of (10), the term 
t 4 k/?t_ appears for a = t*, on the right-hand side for cr = T + aj?T_. We thus 
have, for arbitrary a, /?, x +. t_ 

f(e) = e(/J) c(t_) c (t+ a/?t_). 

This means that the coefficients c(o) for those terms <r which appear in 9 
(permutation part = a(l) arc equal to the coefficients of the same terms in 9, 
multiplied by o(t'). We must now show that, when the permutation part of a is 
not <xp , c(<x) = 0 . If a — tj, j / a/f, there are two possibilities to consider: 

i) j does not mix the (+) and (—) tableaux. In this case, a can be written as 
t + jt_, and it can be shown [Id] that there exist a transposition a and a 
transposition p such that 

a.i P~ j . 

Choosing this at p pair, we multiply by r + ‘> t_. For this operation, 
r:(/J) j:(t_)= — 1 :/J, being a transposition, is odd, and r x (P ’’ is even. Applying 
this to our term a, we have 

t+ z'fa T-, j t_/f t 1 " ’’t. = T+aj/Jt- = r+ .> r. . 

Thus, the term t,jt. appears on both sides of Eq. (10) for a — x f j r_,and we have 

o(rr)=-<(cr), r((T) = 0 . 

ii) If j mixes the two parts, then there is at least one site j in the (-) tableau 
such that Sj is in the (4-) tableau. We choose i + = x(sj), r. — x (/), and multiply 
by x+...x .. Again e,(P) k(t_) = - 1. We find 

I + T J T _ = r(.Vj) T t(.Vj) -J — X.>. 

The term x.>, therefore, appears on both sides of (10) for a = x.> and we have 
again c(t j) = - c(t o), c(t j) = 0 . 

This completes the proof that 9 is a number times a primitive idempotent. 
To prove the statement^ about equivalence of representations, we must consider 
the behavior of the 9 operators under conjugation. We first consider con¬ 
jugation with a pure reflection operator t = t + t_. We obtain 

x9x l = x9x = x+X-/+9+9-/-X.x+ = x + t + 9 + x + x_9_/.x_, (11) 

5 This notation means: multiply on the left by r, i, on the right by p i . 
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where W+ — /7 (,+ V (, *'\ ‘&_ = a ,r ~ , t( <r \ and we abbreviate /*' * with 

Consider the portion / + W It may be written, apart from the normaliza¬ 
tion factors, as 

=/ 1 Id/i + )»J 4 T t = / + lE(^)T l ;* , *'a + /I + = /+f + 
where we have used (4) and (8). With another application of (8), we have 
r, / + r + = / f . Similarly, one proves 

Thus, we see that _ _ 

T » T -'=djr. (12) 

We now lake up the conjugation of the Young operator ^ = #(F) with an 
arbitrary clement = Let P be the tableau obtained from F by applying the 
permutation and denote the corresponding operators also by primes. We find 

= t/; #r. r. t = t#t = .r, ( “* 


where we have used (4). (12), and a trivial generalization of a theorem [le] 
on the conjugation of ordinary Young operators: sW-j " 1 = W. 

Now, a necessary and sufficient condition [If] for the equivalence of the 
representations generated by two idempotents # and is that there exist 
some v in the group algebra such that 

Hf'xiV* 0. (14) 

l-irst, let iif. belong to the same diagram._Then. because of (13), there is a 
group element n with the property a Wn 1 = W. It follows that 

•ty ‘(T= <V' 1 o = k W 0 

where we have used the fact that <¥' is a multiple_of an idempotent, 
!#‘ 2 -kH/'- 'ity'(T ~ (j W is not zero, since if it were, i9' = a e HVa' i would also be 
zero. Thus, the condition (14) is satisfied with x = t7. and wc conclude that the 
representations arc equivalent. 

If W, W refer to different diagrams, then there are two possibilities: 
i) n 4 #m’ ( . In this case, there is at least one site./ which belongs to the (-) 
part of F and to the (+) part of P (or vice versa). Thus, /+(/ + ) contains (e + Tj) 
as a factor, and /-(/' ) contains (c —r y ). Hence, either /'+/'- =0 or /'_/+ =0, 
and we have 


r w=/\ r + sr. / .( t $ + »w + # _ t + = o. 


ii) n + =n_. If the sites are divided differently between the ( + ) and (-) parts 
of the two tableau pairs, then again there is a site which belongs to the ( + ) part 
of one pair and to the (- ) part of the other, and we see, just as in case (i), that 
^' ^ = 0. If they are distributed in the same way, then it follows immediately 
from a known theorem [lg] that either 

■r + & + = o, or <r_#_ = o. 
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Hence, 

<&'<&=/; <r_& + / + /_ = /; <r + # + «r _ / + /_=o. 

Thus, for tableau pairs belonging to different diagram pairs, 

WH = Q. (15) 

But also, for any group element it, 

Wo® = Wo$o “ 1 ff = = 0, 

where is the Young operator generated according to (13) from # by a. 
Since &“ refers to the same diagram as <W, the last equality follows from (15). 
For an arbitrary element x of the group algebra, we have 

#'.v#=£x(<r)#ff#=0. 

a 

Thus, the condition (14) cannot be satisfied, and the two representations are 
inequivalent. 

The Young operators, therefore, generate a set of inequivalent irreducible 
representations equal in number to the number of different two-part diagrams. 
But, according to Theorem 1, this is also equal to the number of classes in the 
group, hence to the total number of inequivalent irreducible representations. 
Hence, we have found all the irreducible representations. 

This completes the proof of Theorem 2, which encompasses the statements 
made in Section 2.A of the text. 

We now proceed to define a “standard two-part tableau”, analogously to the 
definition of the “standard tableau” in the usual theory of ®„. 

A standard two-part tableau is a tableau in which, in each part, reading from 
left to right along the rows, or from top to bottom along the columns, the 
numbers always increase. 

Theorem 3. The % operators corresponding to different standard tableaux 
(same diagram) are linearly independent. The number of different standard 
tableaux is equal to the dimension of the corresponding irreducible representation. 

Proof. For each distribution (</) of the sites between the ( + ) and ( —) parts, 
arrange the standard tableau pairs_in “dictionary” order [lh], F dl , F d2 ,.... If 
#, <&' belong to different d' s, then W # = 0 because of the orthogonality of the 
/ parts, as used in the proof of Theorem 2 Within the same d. a trivial 
generalization of a known theorem [li] gives 

for i<k. (16) 

Now consider a linear combination 

1^ = 0. 
d.i 

Multiplication from the right by gives zero for all terms except d 1, from 
which we conclude 0*1=0. Then we multiply from the right by and 
conclude a d2 = 0. Continuing in this way, we find that all the a 4j =0, which 
proves the linear independence. 
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Because of the linear independence, it follows [lj] that the number of 
standard tableaux, F r , belonging to a given representation T cannot be greater 
than the dimension of the representation. We show the equality by showing that 


£ Ff = n ! 2", the order of the group. 


For a diagram pair with n t = /, «_=«-/, there are — - distributions d. 

I‘(n — I) 

For each d , the two parts must separately be standard tableaux, and the number 
of ways of achieving this is just the product FJ y * ) F i a / .of the number of 
standard tableaux belonging to the ( + ) and (-) diagrams, and y_. Hence 


Fr ~ 


The sum of the squares is 




From the theory of 3„, we know that 

I hV' ! = l'.. 

Hence, 

" In') 2 

V /•* = V - =n!2" 

r i -1 /!<«-/»! 


which completes the proof. 

We now turn our attention to the calculation of the characters of the irreducible 
representations. For a two-part diagram y = (}’+•}’-) we can use the 'W operators 
for the standard tableaux, applied to some suitable function or set of functions 
(of suitable variables, such as properties of ligands on sites), to generate a com¬ 
plete set of linearly independent basis functions which will transform among 
themselves under S„ according to the representation r. Functions corresponding 
to different ifs will already be orthogonal because of their different reflection 
symmetries. Within a given d, we can assume that the functions y ' dJ have been 
orthogonalized and normalized. 

Now consider the effect of a group clement a with cycle structure 


*> " 1 • 1 2 »••••*! ' ’ 2 »•••»■ 

The character /F' is the sum of the diagonal elements a^j in the F expressions 

= I Ojj;d ) VY/ ■ 

d’.j’ 

If d is such that a mixes the two parts, then the diagonal element is zero, since 
a v’ gives a function belonging to another d. Hence, only those d contribute to 
the character for which each cycle of a has all its members (sites) in the same part 
of the tableau pair. In other words, the cycle structure £ breaks up into parts 
£+, of cycles belonging completely to the ( + ) and ( —) parts, respectively. 
Within such a d , however, the permutation part of a acts simply as a direct 
product of two operators: one a member of 3„ + . with cycle structure <J + in a 
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space belonging to the representation T+; the other a member of S„_, cyclic 
structure €_, in a space belonging to the representation f_. As for the 
reflections, those in £ + simply multiply by unity, while each reflection in <f_ 
multiplies by (— 1). The overall effect, then, is simply to multiply by r 1<h where 
E d - ± 1 according as the number of odd cycles in £ _ is even or odd. So we find 
the character 
Theorem 4. 



where the sum goes over the above-described “compatible” distributions d. 
In this way, the character for can be calculated from the known ones for 
the 8.. 

As an example, we calculate the character of 8* belonging to the 
representation 

< H ( ) 


for the class with cycle structure 

€-( 1 , 2 ; 1 , 2 ). 

The different contributions are: 


d 

X 

+ 

« 



> 

* < 

contribution to x 

1. 

(2; ) 

(1: 1. 2) 

1 

- 1 

0 

0 

2. 

I ; 2) 

(1. 2: 1) 

-1 

-i 

0 

0 

3. 

(1: 1) 

(2:2) 

-1 

i 

2 

-2 


Total character = -2. 

It should be noted that d 's which differ in the exchange of two cycles of the 
same kind count as different. Thus, in the above example, the first two d’s would 
still be different for the class (1,2,2; 1) 

C. Induction and Subduction Between 8 ^ 8 ^ 8 „ 

A representation F of 8„, applied only to the members of the subgroup 8„ 
“subduces” a representation of ®„, in general reducible, which may be broken 
up into its irreducible parts. Symbolically 

f-»£f rr r. (17) 

r 

Because of the Frobenius induction theorem [lb,9], C rr is also the number of 
times f is contained in the representation of <©„ “regularly induced” by the 
representation T of 8„. From the general formula for coefficients in terms of 
characters, we have 


1 
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where the sum goes over all j, i.e„ over all members of the subgroup S*. Because 
of Theorem 4, the expression can be rewritten as 


c rr=-K Zx in (^ XV// V//’- 

"• j 4 

In this case, .> contains no odd cycles, so we have £j = 1 for all d. The sum goes 
over all and for each .> over all “compatible” d. However, it may equally well 
be thought of as a sum over d , and for each d over compatible j, i.e., j e (S„ t x S B ). 
Thus, it may also be written as 

c n = -- 71 T x' n i>) -’ • 

" ■ d j 


T he sum over is obviously independent of d, with the consequence that the 

n! 

n ! n ,! 

V IM| » 


sum over d just gives the number of different d’ s, 

1 


. So we find 


t'n = 


n , ! n 


! 


1 x' r '(>)xl"rt 


*3„ ) 


This is obviously just the number of times the representation (T + x r. ) is 
contained in the representation of (S B( x S„ ) subduced by T. The answer to 
this subduction problem is known, however, and corresponds to the procedure 
used in the text 15a. 7). 

As for subduction from 8„ to 3', we note that the representation T is g or u 
with respect to the operator t„ according as n Ls even or odd, and that further 
subduction to 3„ must give (17). Clearly, therefore, in the subduced representa¬ 
tion of 81, by a f with even n , each representation 1' 9 appears C> r times, 
the r„ not at all; if n is i>dd, the roles of g and u are reversed. 

In induction from ® B to the procedure is reversed: In the representation 
induced by T r each F with even n_ appears times, the others not all; in 
that induced by f u , those with odd «_ appear Cy r times, the others not at all. 
This completes the justification for the induction (subduction) procedures 
described in Section 2.C and used in the text. 


Appendix 2. Proofs of Assertions Made in Section 3 


A. Lattice Structure of 3 Relation 
The set of diagram pairs is a partial ordering defined by 

Contention: It is also a lattice. 

Proof. The union of and y* 2 ’ must be larger, therefore provided it is 
existent it must satisfy the condition 

o, max (oJ ,, .o} 2) ), 
u,gmin (m! u , m} 2 ’). 

Let us construct “pseudo diagram” y with the partial sums 

o , l + , = max(o < 1 u , o' 2 *), 
u| ' = min(u! n , ul 2 '); 
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bccduss of 

“S'"' - *4+1 = M ~ 1 - “I-i - «i;l = 2min(n} 1 u\ 2 >) - min(«}L*„ u} 2 >,) 

- min(iiJVi.Mi+i) ^ 2min(wS 1) ,«j I, ) 

- minfuj'J, + ujV,,+ u{i',) 

= min(2uj 1 _», + 2 n\ l \ 2h‘ 2 _» 1 + Itf*) 

- min(2u} , _ ) 1 + /tj u + /i}Vi. 2u< 2) , + /4 2) + 1 ) ^ 0 

the lengths of columns do not increase with increasing indices. Therefore y 1 " 1 
is a diagram; the pseudodiagram y < + ) has rows for which increasing cannot be 
excluded. Let us take therefore the columns of y <+ *. they do not increase with 
increasing indices as follows from the construction of y <+) . Now we construct 
the diagram y' (+l with the same columns. For this we have 0 ,' (+, ^o} +) . Any 
single diagram which is larger has other columns, therefore it is the smallest 
single diagram. It follows that the diagram pair with o\ {+) and u ' l i ~ ) — uj _) is the 
smallest of all larger ones and we may call it union of y*" and y* 2 ' ‘Ly 12 ^. 

B. “Largest Remainder" 

In the beginning of this section, wc consider the largest remainder prescrip¬ 
tion with the transfer being carried out in a particular order: First the l’s,then the 
2’s, etc. At the end, we will see that the order is irrelevant. 

To prove the validity of the prescription, we start with some definitions and 
preliminary remarks. 

We call two allowed arrangements of the symbols among the boxes 
"equivalent” if they have the same remainder. Since the remainder, as well as 
the C-condition, depends only on the number of symbols in each column, we can 
assume without loss of generality that all symbols in a given column are piled 
up at the bottom of the column. Now, for fixed number of symbols in each 
column, we define a “standard” arrangement as one in which the 1 's are placed 
as low down as is compatible with (C) and the fixed column distribution 
(number of symbols in each column), the 2's as low as is compatible with (C), 
the column distribution, and the placement of the l’s, etc. 

Now, starting with an arbitrary arrangement s/ f we can rearrange it into 
standard form as follows: 

We rearrange the symbols among the occupied boxes so that the Is are at 
the bottoms of the v ( 1 f,) longest occupied columns (i.e., in the v'/" lowest-lying 
occupied boxes with no two in the same column), the 2’s are at the bottoms of the 
v</> longest columns of the remainder which still have space available, etc. This 
standard arrangement ,s/, is equivalent to .c/, as the same boxes are occupied 
as before, though not necessarily by the same symbols. Now, if we can move an 
entire pile of symbols from one column into a longer, previously unoccupied 
one, we obtain an arrangement with a larger remainder than since we have 
increased the length of a shorter column of the remainder at the expense of a 
longer one. Let us do this with all the “1-piles” (piles with l’s at the bottoms), 
i.e., move the 1-piles into the v, longest columns of y ( *’, choosing the columns 
farthest to the right in case of ties. (This will not displace any other piles, as the 
1-piles already are in the longest occupied columns.) The resulting arrangement 
has the l’s placed according to the prescription, and has a larger remainder 
than does It is standard as far as the placement of the l’s is concerned; if it 
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is not also standard for the other symbols, we rearrange them as before to form a 
standard arrangement, .<✓' whose remainder is larger than that of s/,. Similarly, 
wc now move the 2-piles (the 2’s, plus whatever else may be on top of them) into 
longer columns (of y ,a) minus the squares already occupied by l’s) where possible 
and rearrange into a standard arrangement, in which the l’s and 2’s are 
arranged according to the prescription and whose remainder is larger than 
that of ,c/', hence also larger than that of .t/,. Continuing this procedure for the 
3’s, 4’s, etc., we end up with the prescribed arrangement. Its remainder is greater 
than that of hence also greater than that of the equivalent arrangement sJ. 
But sj was arbitrary, so the prescribed arrangement has a larger remainder than 
any other, and the validity of the prescription is proved. 

It is evident from the nature of the proof that the prescription is, as 
claimed in Section 3, independent of the order of placement of the symbols. 
Io prove the prescription for another order of placement, one need only 
redefine “standard arrangement’' in such a way that first preference (i.e., the 
lowest available places) is given to the symbols which are to go in first, then those 
which go in next, etc. 
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The usefulness of Self-consistent perturbation theory and of a variation perturbation treatment 
both in semiempirical form (CNDO/2) is tested by application to hydrogen bonding in water dimers. 
The results are comparable to variational calculations. A splitting of the total energy in various com¬ 
ponents provides insight into the nature of hydrogen bonding. 

Die Anwendbarkeit von SCF-Stttrungstheorie und eines Variationsstorverfahrens, beide in 
semiempirischer Form (CNDO/2). wird an der Wasserstoffbriickenbindung im dimeren Wasser 
gcpriift. Die l rgcbnis.se sind vergleichbar mit Variationsrechnungen. Eine Aufspaltung der Gesamt- 
energie in verschiedene Komponenten vermittelt einen Einblick in die Natur der Wasserstoffbriicken¬ 
bindung. 


Introduction and Methods of Calculation 

A self-consistent perturbation theory for interacting electron systems, based 
on a perturbation of the Fock-Dirac density matrix [1], has recently been devel¬ 
oped [2]. The semiempirical MINDO version [3] of this theory was applied suc¬ 
cessfully to problems in chemical reactivity [4]. It has now been rewritten for 
the CNDO/2 [5] approximation [6]. The usefulness of such a theory for inter- 
molecular forces is compared to a variation perturbation treatment which makes 
use of zero order SCF-wave functions but is not self consistent. This latter theory 
had been developed by Pople [7] and was applied by Pople and Schofield [8] 
to 7i-electron systems. It has been extended to two electron perturbations in order 
to treat interacting electron systems [9] and was programmed for the CNDO/2 
approximation [10]. 

Both formalisms are based on the same zero order wave function and therefore 
give identical results for the first order energy [2, 4]. Incorporation of the change 
in nuclear repulsion gives a first order change of total energy: 

Z[^<?,7 H + (14.399/R H -y w )C*C ( ] (1) 

kt 

q k{t) are the excess charges of atoms k and / of the two subsystems K and L. y kl 
represents the repulsion of two electrons on atom k and l at the distance R kt 
and 14.399/R U is the repulsion of two point charges in eV. Q(i) are core charges. 
The first term in Eq. (1) depends on excess charges and will be called charge 
interaction, the second term also coulombic in nature includes most of what 
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commonly is considered to be steric hindrance and will be called steric inter¬ 
action. 

The second order energy in the semiempirica! SCF-perturbation theory is 
obtained as the sum of a covalent term (2) and an electrostatic contribution (3) [4], 
This is independent of the MINDO or CNDO approximation. 

i x n\ L H £ L +i x n';* , (2) 

$tX KV 

6 £*.?«. = i X (Gi ft + Gi ft) >’w • (3) 

M 


Both (2) and (3) [11] depend on the change in the first order density matrix. The 
change in electron distribution in the subsystems ((?*„>) should be negligible 
for the interaction of neutral molecules. Therefore (3) should have no significance 
in these cases. 

The second order energy in the variation perturbation treatment differs 
from (2) and (3). According to Pople the perturbed wave function tp is expanded 
as linear combination of the ground state y’o and singly excited singlet states. 

y = </!/’„+ X M'»- ( 4 ) 

i > 0 

The second order energy is given by Eq. (5) where H' is defined as in Ref. [2], 1 




Y <V’olH'JvO <V’,| W'IV’o> 
To £, ~ Eo 


(5) 


Carrying this through one obtains in the CNDO/2 approximation: 


6E t2 '= - 


oce unoc 

2 X IIXX<vv/U 2 ^ 

U P \ H X I 


P 

»cc unoc 


-2X X XXvA , fiJ" 

P U \ A H 
occ unoc 

-2 X X |XX‘W/*ft| 2£ I 


u r I u/ 
occ unoc 


~2X X Xl^i'/aft 

P <j * k 


1 


(6a) 

(6b) 

(6c) 

(6d) 


The terms (6a) and (6b), being a function of resonance integrals fi uX , express the 
covalent interaction of the systems K and L analogous to (2); (6c) and (6d) are. 
similar to (3), electrostatic in nature. All terms are devided by an excitation 


1 A comment on the definition of H' may be useful at this point. As was pointed out in Ref. 2 
V'„ is not an eigenfunction of H„. This difficulty has also been recognized by others and has been 
solved by using projection operator techniques [Yaris. R.: J. chem. Physics44. 2894 (1966): MurrelLJ. N.. 
Shaw.G.: J. chem. Physics 46. 1768 (1967)]. Kreek and Meath [J. chem. Physics 50, 2289 (1969)] 
point out. that a satisfactory intermolecular perturbation theory can be formulated by neglecting 
electron exchange. This assumption is also a consequence of the CNDO approximation which is used 
in the present treatment. 
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energy (7 ). 2 For (6a) and (6b) this is a charge transfer excitation energy, for (6c) 
and (6d) a local excitation energy. It is interesting to note that the significance of 

Ej = < H'i~j I H 0 1 tp, - j> - < V’o IH 0 1 V’o> ■ (7) 

(6a) and (6b) should be the greater the lower the charge transfer excitation energies. 
This parallels results of independent electron models where the excitation energy 
(7) is replaced by the differences of orbital energies. 


Application to Hydrogen Bonding in Water Dimers 

The hydrogen bond of water dimers is by no means a new subject as the 
ah initio [11-14, 23] and semiempirical [15-18] calculations demonstrate. The 
energy and geometry of possible intermolecular complexes has been studied 
extensively. The aim of this communication is to show the usefulness of SCF- 
perturbation theory for hydrogen bonding. Perturbational approaches had been 
deviced by Bratoz [19], by van Duijneveldt and Murrell [20], and van Duijneveldt- 
van de Ridt and van Duijneveldt [24]. Bratoz evaluates the linear water hydrogen 
bond using as a basis the occupied and unoccupied hydroxy bond orbitals and a 
lone pair of the oxygen atom of the hydrogen acceptor in a colinear p-orbital. 
The problem is then solved analogous to our variation perturbation treatment. 
His final formula resembles the sum of our first and second order energy. It does 
not contain a second order electrostatic term and treats the short range repulsion 
(term 2 in Eq. (I)) by an exponential with empirical parameters. The difficulty 
in assessing the different quantities caused this theory to remain a qualitative one. 
Van Duijneveldt and Murrell [20] also restrict themselves to the linear OH—O 
fragment. The free electron pair occupies a sp 2 - hybrid orbital. A long range 
perturbation theory for small intermolecular overlap [21] is applied to this 
model. However, this theory does not take proper account of short range inter¬ 
actions. For the hydrogen bond it does not lead to an energy minimum. Van 
Duijneveldt-van de Ridt and van Duijneveldt [24] have extended this latter 
theory in order to account for this failure. Recently Santry and Bacon [22] 
proposed an SCF-perturbational approach to treat hydrogen bonding similar to 
our theory [2.4], 

In our calculations we followed earlier investigations for the linear, bifurcated 
and cyclic water dimers [14]. The energy components are listed in Table 1 for 
the SCF-perturbation treatment and the variation perturbation calculations. The 
linear arrangement has been compared to a direct CNDO/2 calculation. The 
total SCF-perturbation energies agree within 1-2% (convergence limit for the 
maximum change of an element in the 1. order density matrix was £0.001). 
The value of the second order variation perturbation energy in the linear complex 
is smaller than the SCF-value. This becomes more pronounced the closer the 
separation of the two molecules, i.e. the higher the perturbation. 

The superposition of the repulsive first order energy and the attractive second 
order energy yields potential curves which are almost identical to full variational 
calculations. Yet the perturbation calculations provide more insight The first 

3 We use the following index convention: «.r: MO's in K; p.q : MO's in l.\ /i.v: AO's in K ; 
k. A: AO's in L 
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BIFURCATED 



Pig. 1. Geometries of the linear, bifurcated anil cyclic water dimers 


order energy and the second order energy both can be split into two components. 
This has been done for the SCF-resuits in Fig. 2. The picture is dominated by the 
steric and the covalent contributions. The charge interactions are small (of the 
order of 1 2 kcal/mole) and do not show significant distance dependence. The 
second order electrostatic effects ((3), (6c) and (6d)) are negligible. They amount 
to 1 2".. of the second order energy and are omitted from Fig. 2 The most stable 
structure is the linear. Even though the total energy for the other complexes is 
comparable the individual components differ appreciably. 


Table I Perturbation energies for the linear (a), bifurcated (b) and cyclic (c) water dimers of Fig. I 
in kcal/mole. SCI - self consistent perturbation theory; VP = Variation perturbation theory, 
t 1Nn0 2 = direct C'NDO/2 calculation 



RiA) 

<s P" 




zrtotai 

r, v p 

FcNDO.2 

u 

3.0 

1.290 

- 3.952 

- 3.838 

-1662 

-1548 

-2.811 


2.8 

3.651 

- 8.001 

- 7.703 

-4.350 

-4.052 

-4468 


2.53 

13.137 

-19.306 

- 18.352 

-6.168 

-5.215 

-6.255 


2.4 

23.742 

-28.425 

-26.817 

-4.683 

-3.075 

-4.844 

b 

3.0 

0.034 

- 1.041 

- 1.045 

-1.007 

-1.011 



2.8 

0.497 

- 2.059 

- 2.064 

- 1.563 

- 1.568 



2.44 

3 70.3 

- 6.303 

- 6.315 

-1600 

-2.612 



2.4 

4.470 

- 7.063 

- 7.077 

-2.593 

-2.608 


c 

3.0 

0.109 

- 0.635 

- 0.636 

-0.525 

-0.527 



2.4 

2.786 

- 4.651 

- 4.616 

- 1.866 

-1.830 



2.25 

5.390 

- 7.432 

- 7.376 

-1042 

-1.986 



■>2 

6.690 

- 8.663 

- 8.601 

-1.973 

-1.91! 
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Kig. 2. Steric interactions (■). charge interactions (A) and covalent contributions (•) for the linear 
(-), bifurcated (-1 and cyclic (.) water dimers of Fig. t 


The SCF-perturbation theory allows a further splitting of the second order 
energy in contributions from the individual atomic orbitals of the subsystems [4]. 
This has been done for the 2s, and 2p xl atomic orbitals of the electron pair donor 
(for numbering see Fig. 1), the ls s atomic orbital of the bridged hydrogen atom 
and the 2 p x4 , atomic orbital of the second water molecule in Table 2 A comparison 
shows that these energy components amount to almost all of the second order 
energy. The variation perturbation theory elucidates that charge transfer inter¬ 
actions from the electron pair donor to unoccupied molecular orbitals of the 
hydrogen donor are responsible for more than 90% of the second order energy. 

This detailed analysis justifies nicely the models of Bratoz [19] and of van 
Duijneveldt and Murrell [20]. Yet their approaches have limitations. Besides the 
restrictions mentioned earlier they are not capable to consider non linear struc- 
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Table 2 Second order contribution* (kcal/mole) by atomic orbitals of the linear structure. For num¬ 
bering and coordinate system see Fig. 1 


«(A) 

2s, 

2/>, i 

Is, 

2/U 

Sum 

to 

0.705 


- 2139 

0.126 

- 3.922 

28 

- 1.440 

2426 

- 4.407 

0.309 

- 7.964 




11.026 

1.027 

-19.295 




-16.623 

1.792 

28.469 


lures. Therefore the influence of other atoms or groups in a molecule can not be 
assessed. 

The cyclic and bifurcated structure are both less stable. The steric energies 
arc more favourable because the intermolecular distances of the hydrogen and 
oxygen atom arc greater. However, the covalent stabilization also decreases. The 
variation perturbation treatment traces this back to smaller charge transfer 
interactions from the oxygen lone pair to the unoccupied orbitals of the hydrogen 
donor. 


Conclusions 

The perturbational evaluation of water dimers not only provides comparable 
results to variation calculations but furthermore yields insight into the factors 
determining the most stable structure. The splitting of the total energy into four 
components reveals that coulombic forces (due to the polarity of the molecules) 
are not important in determining the most stable complexes. Rather the interplay 
of steric and covalent contributions gives rise to the observed minimum structure. 
The variation perturbation theory yields good results as long as the perturbation 
remains small. It has the advantage of shorter computation times and the pos¬ 
sibility of interpretations similar to independent electron perturbation theory. 
The SCF-CNDO/2-pcrturbation program, the variation perturbation program 
will be available from QC'PE. Further work on hydrogen bonding will be published 
in due time. 
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All-valence-electron SCF calculations support the linear “sesquiacetylenic” geometry in 
propargylic dianions. The two accompanying univalent cations are close to the central carbon, with 
an angle MC 2 M of 90°. The migration of lithium in allylic systems is interpreted as an 
intramolecular sigmatropic rearrangement. 

SCF-Rechnungen unter Benutzung alter Valenzelektronen stiltzen die lineare “scsquiacetylen"- 
ahnliche Geometric in Propargyldianionen. Die beiden zugehorigen Kationen beTinden sich in der 
Nahc des zentralen KohlcnstolTatoms und bilden einen MC 2 M-Winkel von 90". Die Wanderung 
des Lithiums in allylartigen Systemcn wird als intramolekulare sigmatrope Umlagerung interpretiert. 

Des calculs SCF pour tous les electrons de valence sont en faveur de la geometric liniaire 
«sesquiacetylfcnique» dans les dianions propargyliques. Les deux cations univalents correspondents 
sont proches du carbonc central avec un angle MC 2 M de 90'. La migration du lithium dans les 
systemes allyliques est interprdtte comme un rearrangement intramol&ulaire sigmatrope. 


It has been shown [1-4] that two or more protons can be abstracted from a 
propargylic system (RCH 2 C = CCH 2 R) and that this abstraction occurs prefer¬ 
entially on the same carbon [4], leading to [RCH 2 C = CCR]” 2 rather than to 
[RCHC = CCHR]' 2 . Also, in PhCsCCH 3 , the second proton is removed faster 
than the first, so that 1 mole of BuLi produces half a mole of dianion, no 
monoanion being detectable [4], Furthermore [4], the NMR spectrum of 
[RCH = CHCCsCR]" 2 shows that, unlike in monoanions, the charge is 
localized in the propargylic system. The phenomena were attributed to the 
stability of an eight-pi-electron system, when based on a linear, terminally 
substituted, three-carbon segment. The arrangement was termed [4] extended- 
acetylene or sesquiacetylene. 

Here we report that SCF-MO calculations, of the CNDO/2-type [5], 
support the hypothesis of linearity and indicate that the sesquiacetylenic 
structure (/) is more stable than a twisted, ailenic disposition (II). In these 
calculations, performed by a current [6] computer-program, we considered as 


[r —— r ]’ 2 

I 
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models several geometries of dianions derivable from propyne (CH 3 C=CH) 
and 2-butyne (CH 3 CsCCH 3 ). Geometrical details and computed energies are 
given in Tables 1 and 2. Despite certain limitations of the method [7], the 
energies are expected to reflect the order of stability of the various species. 

As for input geometries, both allenic and acetylenic bond-lengths, as well as 
intermediate situations, were examined; in the Tables, however, only results for 
lowest-energy structures are reported. For example, in the case of C'H 3 C 2 C 3 C 4 H 
(fifth species in Table 1), the energy was found to augment steadily as one 
passes from the acetylenic arrangement [r(C 2 C 3 ) = r(C 3 C 4 ) = 1.20 A; 
!■ -, _ 843.04 eV] to the allenic [r(C 2 C 3 )== r(C 3 C 4 )= 1.31 A; E=- 838.56eV], 
Also, at each value of r|CC), the stablest arrangement has r(C 4 H)=1.08A 
[values in the range 1.060A (allenic) to 1.096A (tetrahedral) were examined]. 
Accordingly, Table 1 reports only the case with r(C 2 C 3 )= r(C 3 C 4 )= 1.20A, 
r(C 4 H)= 1.08 A. 

For the derivative of propyne ([CHCCH]' 2 ), a scsquiacctylcnic linear 
structure, with equal C’C-bond lengths, is found (Table 1) to be more stable, 
and to correspond to higher bond-populations, than any allenic arrangement; 
it is also endowed of a more pronounced charge-alternation. As for the Li 
atoms, it is seen (Table 2) that the optimal arrangement has them close to the 
central carbon (C 2 ). with an angle LiC 2 Li of 90 (///); an angle of 180 , 
although characterized by a lower Li-Li repulsion, still corresponds to a 
higher total energy. 

The two, almost degenerate, highest-occupied molecular orbitals have the 
following (overlap-renormalized) forms; 

fdlOMOl = 0.4 [x (C) - x (C 3 ) — c (C) + r (C 3 )] 

+ 0.3 [y(Li‘) +y(Li 2 )] + 

</>(HOMO - 1) = 0.46 fx (C) - x (C 3 ) + s (C) - : (C 3 )] 

+ 0.2[y(Li 1 ) —,v(Li 2 )]+ ••• 



III 
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Table 1. CNDO/2 results for dianions 


Dianion structure 

Energy (cV) 

Atomic population 

Overlap population 



Carbon 

Hydrogen 

CC 

CM 

/.* R’ = R = H 

-600.46 

C. -0,905 
C 2 . +0.18S 

-0.188 

1.506 

0.788 

/. b R=R = H 

-599.18 

C. -0.852 
C 2 . +0.042 

-0.169 

1.419 

0.790 

ll. b R =R = H 

- 600.12 

C. -0.776 
C 2 . -0.040 

-0.204 

1.209 

0.547 

CHjCsCC^h 1 

-842.71 

C. +0.146 
C 2 . -0.643 
C, +0.115 
C 4 . -0.780 

H'. -0.220 
H 4 . -0.178 

C'C 2 . 1.115 
CC, 1.423 
C’C 4 , 1.169 

CH. 0.611 
CH, 0.522 

c'h,c 2 =C-C-h 4 

- 84.3.04 

C, +0.176 
C 2 , -0.693 
C J , +0.182 
C 4 , -0.768 

II 1 . -0.244 
II 4 . -0.167 

CC 2 . 1.157 
CC, 1.431 
C'C 4 .1.576 

CH. 0.591 
CH. 0.789 

/ 

* 

o 

n 

O 

il 

S'-.? 

-840.31 

C. +0.163 
C 2 . -0.668 
C. +0.032 
C 4 , -0.816 

H\ -0.211 
H 4 . -0.080 

CC 2 ,0.872 
C 2 C\ 1.182 
CC. 1.184 

CH. 0.635 
ClI. 0.491 

C-C -zC II' 

/ 

838.92 

C, +0.150 
C 2 , - 0.909 

C, -0026 
C 4 , -0.455 

11', -0.207 
II 4 . -0 138 

C'C 2 ,0.784 
CC. 0.904 
C’C, 1.583 

CM. 0.643 
CH, 0.797 

C - C ==C - H * 

CM., 

-840 91 

C. +0.204 
C 2 , -0.745 
C, +0.049 
C 4 , - 0.592 

II 1 , -0.261 
11 4 . -0.133 

C'C 2 ,0.921 
CC. 0.869 
C’C 4 .1.633 

CH. 0.58.3 
CH. 0.796 


* Distance rtCC) = r(C 2 C) = 1.202 A, as in acetylenes [12, 13], r(C’H) = r(CH)- I.060A, as 
in acetylene [I4|. 

H r(C'C) = r(C 2 Cl- 1.310. r(C'H) = r(C J H) = I.070A, as in allene [13], 

L rtC 1 C 2 ) = 1.460A as in propyne [12. 13], r(C 2 C'| = r(CC) = 1.203 A, r(CH)= r(CH) = l .096A 
[12]; C' 1 and C tetrahedral, with lone pairs occupying ligand positions. 

4 r(C'C)= 1.460 [12. 13], r(CC) = r|CC)» 1.200, r(C"H) = 1.096, r(C 4 H)= 1.080A [12]; 
C 1 tetrahedral, C 4 linear. 

' rlC'C 2 ) = 1.460 [ 1Z 13], r(CC) = r(CC 4 )= 1 .3 lOas in allene [12], r(C" H) = 1.096. r(C 4 H)= I.08QA 
[12]; C' 2 and C 4 trigonal, with lone pairs occupying ligand positions 

r r(C'C 2 ) =■ 1.540 [14], r(C 2 C’)= 1.460 [1Z 13], r(CC>= 1.212 [12], r(C‘HI = 1.096 [12], 
r(C*H) = 1.057A as in acetylene [14]; C 2 tetrahedral, with lone pairs occupying ligand 
positions. 

• As in J, but C 2 trigonal. 
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Table 1 CNDO/2 results for dilithio derivatives of propyne 


Dilithio derivative* 

Energy 

Atomic population 


Overlap population 


(cV) 

Carbon 

Lithium 

Hydrogen CC 

CLi 

CH 

Li 

I 








1 

M -Ch-^ Ih C’-H" 

-647 II 

C 1 . -0.481 
C 2 . +0.217 

+ 0.260 

+ 0.112 

1.342 

0.154 

0.798 

L.i 

1 i 








1 

II < 1 ■( H* 

1 

1 i It 

644 99 

C 1 . -0.586 
C 2 . +0.202 

+ 0.389 

+ 0.097 

1.3.35 

0.183 

0.778 

1 

II C ‘ ‘ H" 

644 32 

C\ -0.492 

+ 0.256 

+ 0.118 

1.381 

0.339 

0.768 

l 

1 i 


C 2 . +0.237 






1 i 

1 

II ( '. II' 

1 

{ | 

642 49 

C\ 0.601 
C 2 . *0.023 

+ 0.390 

+ 0.096 

1.384 

0.387 

0.763 

II II' 

\ ,,/ 

-641 59 

C 1 . - 0.439 

+ 0.349 

+0.039 

1.240 

0.682 

0.682 


* Ihe following were taken for ail structures, except the last: r<C' 1 C' 2 )-- r(C 2 C 3 ) - 1.202 A, as in 
acetylenes 112, 13 J, rlCLi) - 22 A, as the shortest (’Li-bond in solid C'H jLi [ I5J and CHjCM 2 Li 
[161, r(( ll) = I 060 A [141. angle HCC of 180 . f or the last (allenic): rIC't’ 2 ) = r|C 2 C 3 ) = 1,310. 
rlCH) - 1.070 A. as in allcnc [ I2J, r(CLi| - 2.2 A [15, 16], angle HCC of 120 . 
h i.ic 2 i.i -- 90 
*■ 1 .If 2 1.1 - 180 
d LiCC’Li torsion angle 90 
' l.iC'C’l.i torsion angle 180 . 

’ HCI.i - 120 


We note that the contribution of C 2 is here insignificant, and that electrons 
arc distributed mainly in 2 p y orbitals of Li and in the perpendicular 2 p x and 
2p_ of the terminal carbons. v’(HOMO) also corresponds to a pi-bond between 
the two Li-atoms. The lithium p y bridges thus C 1 and C 3 , while C 2 is in the MO 
node (/I/). Hence, incidentally, an explanation for the easy migration of Li in 
allylic systems [8-10], which we interpret as intramolecular , rather than 
intcrmolecular, and accompanied by inversion. It is thus an allowed [11] 
sigmatropic rearrangement. 

The bond between the lithiums and C 2 evolves from deeper MO’s and has 
some pi-character. This is illustrated by the following (last MO but one): 

<p = 0.14[H'-H 2 ] + 0.46 [,v(C')-.v(C 3 )] 

-0.28.v(C 2 ) - 0.07 [>•(□*) +y(Li*)] . 
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Le spectre d’absorption electronique du 
trichloroamminoplatinate de potassium cristallise 

Edmond Francke et Claude Moncuit 

Dcpartement dc Rccherchcs Physiques, Laboratoire associe au CNRS n 71 Univcrsite Paris VI et 
Department de Physique, Universite d'Orleans 

Rcqu le 1 aout 1972/8 novembre 1972 

Electronic Absorption Spectra of Crystallized K [Pt C1 3 (NH 3 )] • H 2 0 

Absorption spectra of single crystals with light polarized parallel to the principal axes at room 
temperature and at 10' K. have been recorded. The spectra, including spin-orbit coupling, has been 
calculated by means of the values of the parameters characterising the schemes A und B. suggested 
for K 2 Pt Cl* by Martin el at. The “Angular-Overlap model" is applied in order to evaluate the result 
of the substitution of one Cl by one NH,. 

On a mesure les spectres d’absorption de monocristaux en lumicre polarisic selon chacun des 
axes principaux, a la temperature ambiantc et a 10 K. On a d’autre pan calcule les spectres, comptc 
tenu dc I'inleraction spin-orbitc. avee les valcurs des paramitres caracterisant les schemas A et B 
proposes par Don S. Martin et at. pour K 2 Pt C'l*. cn utilisant le «Modclc dc rccouvremcnt angulaire» 
pour evaluer l’effet de la substitution d’un Cl par un NH,. 

fiinkristall-Absorptionsspcktren wurden mit polarisicrtem Licht. parallel zu den Hauptachscn, 
bei gewohnlicher Tcmperatur und bei 10 K gemessen, Untcr Bcriieksichtigung der Spin-Bahn- 
Kopplung wurden die Speklren mit Hilfe der jeweiligen Paramctcrsiitzc. die Martin et at. Fur Pt Cl* 
vorgeschlagen hatten und die im folgendcn mit A und B bczeichnet werden. bcrcchnct. Schliclilich 
wurde der Substitutionseffekt NH, gegen Cl nach dem ,.Angular-Overlap“ Mixlcll abgcschatzt. 


Introduction 

L'ion complexc [Pt Cl 4 ] 2 " a dejik ete 1’ohjct d’un certain nombre de travaux 
theoriques ct experimentaux, [1] a [10]. Martin ct ses collaborateurs, qui ont 
etudiedemaniereapprofondic les proprietes optiques ct magnetiquesdc K 2 Pt Cl 4 
cristallise [4 - 6], proposent le classement des orbitales a caract£re 5 d prepon¬ 
derant, dans I’ordre des energies croissantes, selon: 

A) a lg (d.i) < e g (d y: , d zx ) < b 2t (d xy ) <? h lg {d x ,- y i) ou 

B) e g {d yl , d zx ) <: a {g ld z i) < h 2g (d xy ) « yl ) . 

Selon ces auteurs le classement B apparait le plus convenable pour rendre 
compte des faits experimentaux, sans que le classement A puisse cependant 
etre absolument rejete. C’est, d’ailleurs, a ce schema A qu’aboutissent les calculs 
des energies des orbitales moleculaires de cc complexe [7, 8]. Pourtant, la tran¬ 
sition a it {d z i) -* h lg (d x i- y i) n’a pas ete identifiee de maniere tout a fait sure dans 
le spectre d’absorption de K 2 Pt Cl 4 [9]. Nous nous sommes propose de contribuer 
4 cette recherche en mesurant le spectre d'absorption en lumiere polarise, a 
basse temperature, de K[Pt C1 3 (NH 3 )] ■ H 2 0 cristallise qui offre l’avantage d’une 
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symetrie orthorhombique et permet ainsi une investigation aussi complete q 
possible dc la polarisation des transitions. 

La structure cristalline de ce compose est connue [11], L’ion comple 
(Pt Cl,(NHj)] , plan, possede quatre liaisons platine-«Iigand» k peu prds orth 
gonalcs cntre elles et a sensiblement la symetrie du groupe ponctuel C 2 „. L 
sues moleculaires x, y et z que nous choisissons comme il est indique sur la Fig. 
sont respectivement parallels aux axes cristallographiques b, c et a. 

Nous donnons dans lc Tableau 1, les polarisations des transitions de dipc 
electrique permises comme transitions clectroniques pures dans la symetrie C 
et les polarisations des transitions vibroniques permises par perturbation vibr 
tionclle par les modes /?, et /? 2 . Le denombrement des modes de vibrations intern 
dc I’ion complcxe, en considerant NH 3 comme une entite, s’effcctue en efl 
scion: 4a,.3/l,.2/i 2 . 

Avec ce choix des axes moleculaires (Fig. 1) et en conservant les axes x et 
diriges vers les «ligands» dans le cas de l’ion [Pt Cl 4 ] 2 de symetrie D Ak , il e 
possible d etablir la correlation entre les representations des groupes D 4)l et C 
telle qu'elle est mentionnee dans le Tableau 2. 


tableau I. Polarisations des transitions clectroniques pures et vibroniques vers les differents eti 

excites de I'ion [ Pt Cij(NHj)] 


Symetrie de 

Transition 

Transition vibronique 

l'ctat excite 

electronique pure 

Mode fl, 

Mode P 2 


V 

y 

z 

Az 

- 

z 

y 

B, 

y 

X 

- 

«2 

- 

- 

X 


Tableau 2. Correlation entre les representations des groupes et C 2r 



c 2r 


C u 

A\§ 


Aim 

A 2 

*2t 

B , 

A 2m 

b 2 

B.* 

•4, 


A 2 

b 2 . 

B, 

b 2 . 

b 2 

E. 

A 2 + b 2 

E. 

•4.+B, 
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On prevoit ainsi que les transitions vers les etats excites A 2g (d xy -*d x i_ y i) 
Bi,(d x i-*d x i. y i) et d [x -*d x i_ yi ) de la symetrie D 4k doivent etre permises 
dans la symetrie C 2v , polarisees scion y, z et x respectivement La determination 
de la polarisation devrait done contribuer e/Ticacement k I’identification de ces 
transitions. 


R&ultats exp£rimentaux 

Nous avons prepare le compose K [Pt C1 3 (NH 3 )] a partir de [Ft C1 2 (NH 3 ) 2 ] 
cis, selon la methode indiquee par Lebedinsky et Golovnja [12]. Par evaporation 
lente, isotherme de solutions aqueuses saturees, nous avons obtenu le mono¬ 
hydrate K[Pt C1 3 (NH 3 )] ■ H 2 0 sous forme dc cristaux prismatiques assez 
volumineux (10x5x3mm 3 ) pour permettre la taille et I'orientation de lames 
cristallines de dimensions suffisantes pour une etude optique. Nous avons ainsi 
examine des lames parallels aux trois plans principaux : :x{ab), xy(bc) et yz(cct). 

Nous avons mesure l’absorption de 2000 a 8000 A au moyen d’un spectro- 
photomitre Cary 14 et utilise pour les mesures a la temperature de I’helium 
liquide un cryostat dans lequel le cristal se trouve en contact direct avec le ga? 
froid. 

Nous representons sur la Fig. 2 le spectre d’absorption des solutions aqueuses 
legerement acidifiees par H Cl, fraichement prepares. Ce spectre comporte, 
dans la region examinee, un epaulcment vers 24 500 cm _1 et trois maxima situds 
a 29200, 33500 et 48500 cm '. Nous avons egalement represente sur cette figure 



Fig. 2. Spectre d'absorption de K[Pt CljfNH,)] • H 3 0 
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l ig. 3. Spectre d'ahsorption polarise sdon \ de K[Pt C1 j(NH 3 )] • H 2 0 


1c spectre d’absorption non polarise du compose k l’etat solide, obtenu en faisant 
la moyenne ponderee, r. - $ (c x + c y + s z ) des coefficients d’absorption suivant 
chacun des axes x, y ct z. Bien que les maxima soient un peu deplaces, ce spectre 
est assez scmblable k celui des solutions. Les spectres d’absorption obtenus a 
la temperature ordinaire et a une temperature voisine de 10 K, polarisee en 
v, y et r, sont representes sur les Figs. 3, 4 et 5 respectivement. A la temperature 
ordinaire, le spectre polarise en x presente un epaulement vers 24000 cm -1 et 
deux maxima i 29400 et 32800 cm ' 1 . Les spectres polarises en y et : ne compor- 
tent que deux maxima situes a 23000 et 29400cm' 1 pour la polarisation y, a 
23500 et 33000 cm 1 pour la polarisation z. 

L’examen des spectres obtenus a 10 K montre que ces spectres resultent 
de la presence d’un plus grand nombre de bandes. II apparait notamment un 
epaulement supplementaire, vers 28000 cm "'.dans les spectres polarises en x et 
en r. et la bande a 23000cm" 1 du spectre polarise en y presente un debut de 
resolution en deux composantes. Les minima presentes par ces spectres forment 
des vallecs moins profondes. Cette alteration du spectre peut etre due A une 
modification de lechantillon cristallin 4 basse temperature. Cette modification 
est cependant reversible car nous avons pu verifier que le spectre du cristal 
ramene a la temperature ambiante etait identique a celui qui avail ete obtenu 
avant refroidissement. Nous avons analyse les spectres en courbes de Gauss 
afin de determiner les positions des bandes, v, et leurs forces d’oscillateur, /, 
mentionnees dans le Tableau 3. Dans les regions du spectre oil la separation 
n’est pas suffisante pour permettre une resolution en courbes gaussiennes de- 
pourvuc d’ambiguite. la determination des forces d’oscillateur est peu precise et 
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Fig. 4. Spectre d'ahsorption polarise selon y de IC[Pt CI 3 (NH 3 )] • H 2 0 



Fig. 5. Spectre d’absorption polarise selon z dc K[Pt C1 3 (NH 3 )] ■ H 2 0 

dans ce cas, les valeurs calculees sont indiqu6es entre parentheses. La resolution 
en courbes de Gauss des spectres obtenus 4 basse temperature est reportee sur 
les Figs. 3, 4 et 5. 
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Tableau 3. Spectre d’absorption de K [Pt Cl, (NH,)]. H,0 cristallise 


vltm 1 1 

T - 

r. 

300 K 

f *10* 

T-10 K. 

" ‘ vtcnT'l 

c 

./ x to 3 

Polaris v 

24 (XX) 

20 

0.63 

24 400 

18 

0,45 





(27200) 

(15) 

0.14 


29 2IX) 

57 

0.94 

29600 

33 

0,30 


32 HIM) 

94 

1.73 

33600 

92 

1,52 

Polaris 1 




(2201X1) 

(29) 

(0.57) 


23IXX) 

46 

1.10 

(24500) 

(18) 

(0.24) 


|2K(XX)| 

(46) 

(0.25) 

(28.300) 

(29) 

(0.19) 


20 200 

290 

4.60 

29600 

224 

3.19 

Polaris 

23 NX) 

27 

0.57 

24400 

22 

0,42 


I2K 400) 

(IX) 

(0.25) 

(29200) 

(20) 

(0,27) 


33(XX) 

!(X> 

1,66 

3.3 600 

82 

1,36 


Discussion et interpretation des resultats 

Le spectre d'ahsorption des solutions aqueuses fraiches de K. [Pt C1,(NH,)] 
• 11 2 0 reprcsentc sur la Fig. 2 est analogue a celui des solutions de K 2 Pt C'l 4 , 
hien quc deplace vers le violet de 3000 & 4000 cm 1 environ. Ces resultats sont 
en accord avec ceux de C'hatt el al. [1]. On observe cn outre unc bandc intense 
a 48 500 cm ‘ Cette bandc est manifestement 1‘analogue de la bande de transfert 
de charge observee vers 46000cm' 1 dans le spectre de [Pt Cl 4 ] 2 ' et peut etre 
attribuce a unc transition «n(Cl)5 d x ^ yi ». La similitude du spectre pondere des 
cristaux et du spectre des solutions (Fig. 2) conduit k penser que les actions inter- 
moleculaires existant dans le reseau cristallin sont negligeables. 11 apparait done 
que le spectre d'ahsorption du cristal K [Pt CI,(NH 3 )] • H 2 0 est celui de l'ion 
[PtCljlNHjfl et qu’il est possible de prevoir cc spectre & partir de celui de 
l'ion [ Pt Cl 4 ] 2 si on sail evaluer les consequences de la substitution d’un «ligand» 
Cl par un «ligand» NH v A cet effet la methode exposee sous le nom de «Modele 
de recouvrement angulaire» par Jorgensen et scs collaborateurs [13 15] semble 

tres appropriec. 

Eneryie des orbitales «<i caractere d» dans le modele de recouvrement angulaire 

Dans le cas d'un chromophore M X 4 de symetrie D 4k , les energies des orbitales 
molcculaircs a antiliantes (u lf ,b,,) et n antiliantes (b 2g ,e f ), mesurees k partir 
de I'energic d'une orbitalc d non liante. s'obtiennent en fonction des parametres 
e„ et e n du modele de recouvrement angulaire comme: 

rda l§ ) = e a , e(b„) = 3t-„, c(b 2i ) = 4e H , c(e f ) = 2e n . [13]. 

Lorsque le «ligand» X est un halogene. on a eje, ± 0,25 a 0,30 [14]. 11 en resulte 
l'ordre des energies ■e f <h 2 ,ia it ‘4 b lt . Si ce classement vaut pour des complexes 
faiblement covalents, il ne peut etre conserve pour [Pt Cl 4 ] 2 puisque les resultats 
experimentaux conduisent dans ce cas 4 attribuer 4 l’orbitale a 1# l'energie la 
plus basse, sinon sensiblement egale a celle de l'orbitale e t [5]. Cette stabilisation 
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de l’orbitale a lf s’expliquc par la participation de l'orbitale 6 s, ce qui diminue 
beaucoup la densite electronique de l’orbitale a 1( dans le plan de 1’ion complexe 
et rend cette orbitale moins antiliante [7, 8], 

Nous pouvons tenir compte de l’interaction avec l’orbitale 6 s, assez simple- 
ment, de la maniere suivante. Soit une orbitale moleculaire \p, formee d’une 
orbitale du metal <p M , et d’une combinaison de symetrie appropriee, <p x , des 
orbitales des «ligands». On suppose, selon le principe du module de recouvrement 
angulaire, que 1’efTet antiliant est proportionnel au carre de l’integrale de recouvre¬ 
ment de groupe S MX . des orbitales q> M et <p x , puisque I’energie de l’orbitale y\ 
ainsi qu’il ressort d'un calcul de perturbation au 2eme ordre pcut s’ecrire [14]: 

+ . 


H m ct H x designent respectivement les energies des orbitales <p M et tp x . 
Soit, dans le cas present, <p M = (1 + A 2 )~* (5rf. 2 4- A6s), il vient: 


(1 +/p) 2 j 


Smx= ' [ + ;2 s ld,,.x< cnposant q 


_St>s.X 

Sm.‘.x 


d'ou: 


, , „ „ (1-t-Ae) 2 2 Hi 

E(a, «)“ Hm ~ 11 “ + ~ 1 + a 2 77 M - ff x 

Hi 


qui tend, pour k = 0, vers S 2 rfi , x --— = e„. Par suite: 

H ^ ~ H x 


cn posant: 


<:(ci, e ) = a + be ff 


11 — H m — H m — 'j ^^2 — H 5j) 


, (l+Ap) 2 H 5i -H x (l+/e) 2 „ tU 

ah - T+a 2 H, ' “TH 3- P“ , “i ucH »- M h u > h x 


L'orbitale <p x est une combinaison d’orbitales 3s ct 3 p des «ligands». D’apr^s 

= - 3,339. 


r _ S M , _ 0,5298 _ S M , __ 0,3676 

[7] on a. 0 .1440 , Sji|>j3i o,110l 

Comme, de plus, les orbitales 3 p interviennent de maniere priponderante, nous 
5 

prendrons e - —= ~ 3,679. II cn resulte que b s’annule, c’est-4-dire que 

^5d«;.X 


l’orbitale a lt est non liante pour >1 = 0,272. Son energie est alors 6gale it 
a 0 = a(k = 0,272). Les energies des orbitales 6s et 5 d, qui sont melees dans <p M , 
ne sont pas trSs differentes. Avec H b ,— H Si = 6350cm -1 [8], on trouve 
a 0 i450cm' 1 . Notons que selon Basch et Gray [7], l’orbitale 6s intervient 
dans la formation de l’orbitale a, f avec un coefficient egal a 0,302, ce qui corres¬ 
pond dans le module utilise ici a une valeur k = 0,32, done sensiblement au cas 
extreme ou cette orbitale est non liante et a l’energie la plus basse. 
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D’apres le calcul precedent, l’energie antiliante de 1’orbitale moleculaire a I( 
s’exprime par: e(a lg ) = a + he„. Ce rdsultat est formellement identique 4 celui 
qu’on obtiendrait si I'orbitale atomique <p M etait represents uniquement par 
1’orbitale d t 2 , mais en remplagant le paramitre d’energie e„ par le paramitre 
effectif ( a 4- be„), qui depend par l’intermediaire des quantites a et b du coefficient 
/. avec lequel intervient I’orbitale 6s dans cette orbitale <p M . Les parametres 
e„, e n et / peuvent etre obtenus d’apres: 

r.{b lg )-F.(b 2g ) = 3e„-4e 1l , 
r.(h 2g )-E(e f )=2e r , 
r.(e g ) - r.(u ig ) = 2e„ - (a 4- be„) . 


Scion le schema A [5], on a pour Pt Cl*" : 

c.(h lg ) -r.(h 2g ) = 26 100cm -1 , 
i.(b 2g ) - i:(Cg) = 4100 cm “ 1 , 
t:(e g ) - <:(«,,) = 8100 cm' 1 . 

Ces valeursdonneraicnt e„ = 11 433 cm’ l ,e„ = 2050 cm “ 1 ,a 4- be„ = —4000 cm’ *. 
Avec ces valcurs de e„ et de e n , on obtient c(a lg )= -4000 cm" 1 , e’est 4 dire que 
I'orbitale u lg serait a liante. Ccci n’est cependant pas compatible avec le modele 
utilise ici dans lequel on prevoit cette orbitale a antiliante ou a la limite, non 
liante. II semble preferable, afin de surmonter cette difficulte a interpreter le 
schema A, d’admettre que ce schema correspond au cas limite oil I’orbitale a lg 
est non liante et que le parametre e n peut ne pas avoir exactement la meme valeur 
s'il s’agit d’une liaison n dans le plan de l’ion complexe (e*,,) ou dans le plan 
perpendiculairc (e n ). 

On aurait alors: 


<:(/>,„) ->:{b 2g )=le„-4i’ nir 
i;(b 2g ) - c(t-,) = 4e K|| - 2e Ki , 
i:{c g ) — r.{u lg ) = 2e lti - « 0 . 

I3'ou. avec <i 0 = 450cm ~ e„ = 12917cm’*, e K] = 3162cm’\ e % =4275cm’ 1 - 
D'autre part, selon lc schema B [5], avec: i:(/i,,)-i;(/> 2 ,) = 25700cm’ 1 , c{b 2g ) 
- E(e g ) = 4800cm' \ - r.(u ls ) = - 300cm’ ’, on trouverait: e„ = 11 767cm, 

e nu~ e K. = t’„ = 2400 cm “ 1 et u + be a = 5100cm'', ce qui donne / = 0,093. 

Nous envisagerons maintenant la substitution d'un «Iigand» Cl par un 
«ligand» NH 3 qui conduit a l’ion [Pt C1 3 (NH 3 )]" represente schematiquement 
sur la Fig. 1. Dans cette symetrie C 2v , nous avons les orbitales de symSric 
l<i,(5d.j, 6s), 2tf,(5d Jt 2_ yl ), a 2 (5d yz ), b t (5d xy ) et b 2 [5d tx ). Puisque le «ligand» NH 3 
est essentiellement a donneur, on peut admettre que le parametre e' x , c'est-4-dire 
c,(NH 3 ), est sensiblement nul. Les energies des orbitales 7t antiliantes s’obtiennent 
ainsi selon: 


F,(a 2 ) = 2e„; r.(b,)=3e x ; r.(h 2 ) = e x . 
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Le calcul des energies des orbitales de type a, peut etre effectue commode- 
ment dans le formalisme du potentiel de contact ou l’action des «ligands» est 
represente par un potentiel singulier V s , qui n’agit que dans leur voisinage immediat 
[14, 15]. Dans le cas present: 

Vs = I e a (k) S{Q -Q k )< k = NH 3 , Cl 

3 k 

qui est nul partout sauf dans la direction (2 k (6 k .(p k ). Les elements de matrice de 
V s dans la base (|la,) = (l +x 2 ) _i (5d.j + A6.s): |2«,> = 5d x i„ y i) s’obtiennent 
comme: 

<1 a,| V s |la,> = 1 [3<« + be„) + (a' + b'e' n )] . 

1 

<la,l V s \2 a,> = -L- [J/(a 4- bej e„ - |/(a' + b'e'„)e'„], 

<2a 1 1 K; |2a,> = j [3 e. + SJ. 

Les parametres accentucs e a , a et h\ correspondent au «ligand» NH 3 ct leurs 
valeurs peuvent etre deduites du spectre d’absorption de l’ion [Pt(NH 3 ) 4 ] 2 + . 
Le spectre des solutions de [Pt(NH 3 ) 4 ]{Cl 0 4 ) 2 comporte deux bandes peu 
resolues: l’une 4 43100cm*attribuee aux transitions l A lg -* , A 2g . l E g , l’autre 
a 46080cm" 1 , attribuee a la transition l A lg ->‘B Ig [9], Un calcul approche 
indique alors que les valeurs ft' = 0 (done a' = a 0 ) ct 14500cm" 1 semblcnt 
convenablcs. 

Energie des etats de I'ion [Pt C1 3 (NH 3 )] 

Letat de plus basse energie de I'ign [Pt C1 3 (NH 3 )]" est un etat essentielle- 
ment constitue par letat singulet ‘4, I[...<1 a,(a 2 )^Les configura¬ 
tions excitees dans lesquelles un electron est assign^ a Forbitale 2a, donnent 
naissance aux etats 1,3 4, II [... la, 2a,]. 1,3 4 2 [2a, a 2 ], l,3 B,[...2a, ft,], 
1-3 B 2 [... 2a, ft 2 ]. Ces etats sont scindes par l’interaction spin-orbite en plusieurs 
composantes dont le nombre ct le type de symetrie s’obtiennent par reduction de 
la representation produit direct, r (fonction orbitale) x F (fonction de spin). 
Nous indiquons dans le Tableau 4 les fonctions spin-orbitales appartenant e 
la configuration fondamentale et aux configurations excitees envisagees ici, 
classees selon leurs proprietes de transformation dans 1’espacc produit direct, 
espace des fonctions orbitales x espace des fonctions de spin. 

Nous avons calcule les elements de la matricc qui represente dans cette base 
I’hamiltonien H’= V s + + P*,- °u V s designe le potentiel singulier du modele 

de recouvrement angulaire qui rend compte de Taction des «ligands» sur les 
electrons de l’atome metallique, et les potentiels d’interaction de repulsion 
electronique et d’interaction spin-orbite, selon les methodes habituelles. Nous 
donnons dans le Tableau 5 l’expression de ces elements de matrice, en fonction 
des parametres du modele de recouvrement angulaire, des parametres de Racah 
d’interaction eiectrostatique, A, B et C, et du parametre d’interaction spin- 
orbite (. 
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Tableau 4. Fonctions de base 


t4,1*4, r)>-|(lfl 1 ) J lu 3 ) J lb 1 ) 1 (b J ) I | 


[4,(*4, II)/ 

=■ ; 2a, |- 

1 2 

|la, 2a,*|| 

M,l’4 2 »/- 

(l2o,’ a 2 * | - |2a 

1 a 2 II 

|4,('«,!/ - 

' (|2a; ft, | f |2a 
\ ^ 

i b', i) 

M,I'B 2 |/ 

^ ^ (|2u,' ft; 1 + |2a. 

, Ml 


1 (|2a,‘ a, | |2a, 

1'2 

i "ill 

1.4,('/I,)/ 

, (|l< 2a,' | |la, 2a, || 


' II2«; 1 l |2a, 

, Ml 

1 4,1 *B 2 )/ 

' I|2«; b, | t |2a, 

V — 

bi H 


|B,('B,|> = 
|B,( 1 >4 I )> = 

|B,( J 4 2 )>- 
|B,Pfl 2 )> = 
|B 2 ( 1 fl 2 )> -- 

|B 2 (\4,)> - 
|B 2 ( J 4 2 |> = 
|B J (' , B 1 )> - 


1/2 

I 

1/2 

1 

Y~ 


(| 2 «r b;\-\ 2 a-, ft , 4 I) 
(|lu,* 2«rl + |)«r 2 a, 4 1 ) 

(|2a,' aj | + |2a,‘ a 2 1) 


| - (|2a, 4 b 3 *|-|2af 


V- 


(|2a, 4 h 2 |- |2u. 


M» 

M) 


1 ' 2 

I 

V 2 


(|la; 2«;|-t 11 a, 2a, |) 


(|2a,' a, | + |2a, a 2 ' | 


(Pa, 4 ft, 4 | |2a,fc,|) 

v *■ 


(les sou.s-coiiches <«/» completes sont omises, cxcepte pour |.4 1 ( t I)» 


Dans I’approximation oil I’interaclion avec les etats excites dcs configurations 
dans lesquelles deux electrons sont assignes a 1‘orbitalc 2a, est negligee (nous 
avons verifie. en comparant avec les resultats de Martin et al. [5], que dans le 
cas de [PtCI 4 J 2 negliger I’interaction de configuration ne modifiait pas les 
resultats de facon significative, au plus 500cm' 1 ), nous obtenons a une con- 
stantc additive pres les energies des etats consideres ici de l'ion [Pt C1 3 (NH 3 )]~ 
comme les valeurs propres de cette matrice. Nous avons effectue ce calcul selon 
le schema A et selon le schema B, en conservant les valeurs des parametres d’inter- 
action electrostatique F 2 et F 4 (B = F 2 - 5F 4 , C - 35 F 4 ) et d’interaction spin- 
orbilc a( = C/2), choisies par Martin et al. pour [ Pt Cl 4 ] 2- dans les cas A et B [5], 
II nc semble pas, en effet, que la substitution d'un «ligand» Cl par un «ligand» 
NH, puisse entrainer des modifications importantes des valeurs de ces parametres. 
Les resultats de ce calcul sont indiques dans le Tableau 6 et confrontes avec les 
positions des bandes des spectres mesures a basse temperature sur la Fig. 6. 


Intensites relatives des transitions dipolaires electriques permises 

Les nombreuses transitions vers les etats excites a caractere triplet preponde¬ 
rant issus du couplage spin-orbite, permises comme transitions eiectroniques 
pures dans la symetrie C 2v ou permises par perturbation vibronique, ont une 
energie tres voisine. Les spectres sont trop mal resolus pour qu'il soit possible de 
tenter une identification de ces transitions. II est cependant necessaire de tenir 
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Tableau 5. Elements de matricc 


Representation A t 

<‘ A , I| 1'^, I>-d -j(3e.+ 0+45+30 

<‘4, llH'/l, I>= (|/(<j +beje,-\/a 0 e'.) 

<‘-4, 1I| \'A, Il> = A - }(3e. + O- i" 0 - 3+ 04 2C 
< 3 -4jl l'4| I) — i /2a 
<Mj||^ 1 Il> = rl/'3« 

< 3 - 42 I I 3 < 4 j> -A - jO**. +0 — “O - 55 
< J B,| I 1 /*, I> = /2 |,/2a 
<’5|| |M, ll> =0 

Representation A 2 

< , A i || , A J >-d-J(3e. + e;)- 2e„ +B + 2C 
< 3 A,| |’A 2 > = i l/3« 

<-'A,| | 3 A,> = 4 - j(a + be*)- |a 0 - J(3c. ( c^l-SB 

<■'5,1|'.4 2 > = - a 

< 3 B 1 II 3 4 1 >=0 


< J 5|| | 3 Aj> = a 

< 3 5,|| 3 5,>-^ j(3f. + 0-3e. )| + 45 

< 3 ®il I’A, I> = /2a 
< 3 Bjll'A,H>=-/3a 
< 3 5j| | 3 <4 2 > = ia 
< 3 5 2 || 3 5,> = -/a 

< 3 5 2 | | 3 B 2 > * 4 - J(3e, + O- »’« - SB 


< 3 B|I l 3 B,> = A - il3e, + ej)- 3e,„ + 4B 
< 3 B 2 ||’A 2 >-= -ia 
< 3 5 2 | | 3 .4, > - - (/3a 
< 3 S a l I'B,) - - in 

< 3 B 2 | | 3 B 2 > = A - J(3e„ 4 O - r„, - 55 


Representation 5, 

<‘5,| 1*5, > = A - i(3e„ + O- 3e„, + 4B + 20 
< 3 A,|| , B 1 >=() 

< 3 ^ 1 || 3 /t 1 > = d-i(n + l)0-i"o-i(3«-.4 0-»« 

< 3 4 2 l l 1 B,> = * 

( 3 A 2 | | 3 Ai>- - i/3a 


< 3 4 2 | | '4 2 > - /< - i(3e, + 0~2e, 
<'*8 2 | |‘5,> = - /a 
< J B 2 | | 3 /t,>- /3a 
< 3 8 2 || 3 /l 2 > = /a 

< 3 B 2 | | 3 B 2 > - A- j(3<*,4 O - «’«, 


- 55 


55 


Representation B 2 

< 1 8 2 | |'B 2 > - A -2(3c. 4 0-0 +B + 2C 
< 3 4,|| , fl 2 >=-/3a 

< 3 /l, 11\4, > - A - i (at he.) - i u„ - J |3<-„ 4 O - «B 

< 3 -4 2 | |’B 2 > = ia 

< 3 /i 2 h 3 a,>=-./3* 


< 3 4 2 l | 3 -4 2 > - 4 - 2(3c, + O - 2c., - 55 
< 'B,| |'5 2 > = ia 
( 3 B,|| 3 /1 I > = 0 
< 3 B,|| 3 4 2 >= - at 

< 3 5 1 || J 8 1 > = d-i(3 t '„40-3.„ 1 + 48 


(A - f J(u 4 bi’J 4 ]o„ + i(3c, t O 4 6f.„ 4 6e„.] 4 f2lt.4 - 428 4 210]: a = ]fl 


compte dc l’interaction spin-orbitc pour expliquer l’intensitc rclativement elevee 
de certaines de ces transitions, cn particuiicr de celles qui sont rcsponsables des 
bandes observees vers 24000 cm' 1 pour chacune des polarisations. 

Les transitions permises dans la symetrie C 2v sont au nombre dc quatre pour 
chaque polarisation: cellc dont le nombre d’ondes est le plus 61eve, vers un etat 
a caractere singulet, doit etre la plus intense, les trois autres vers des etats excites 
a caractere triplet doivent avoir une intensite plus faible. Le calcul des intensites 
relatives de ces transitions peut etre effectue de la manure suivante. 

Soit un etat excite nr,, de vccteur propre 

|n/> = < n , I/I 1 /)) + I c niJ |///)>. 
j 

Pour Pfctat fondamental on a: 

\\A ,> = r, \A , ('A , I» + ci \A , i l A , II)> + £ r u l A , //)> = \A , ( l A , I)> . 

j 
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Tableau 6. Energies des itats de [Pi CI 3 (NH 3 )J' 


Schema A 

Schema B 

Elat 

Energielcm ') 

Etat 

Energiefcm' ') 

M, 


14, 


IB, 

18312 

IB, 

19720 

IB, 

18375 

IB, 

19773 

2.4, 

18 526 

14, 

20492 

14, 

21 532 

24, 

21227 

2fl, 

21862 

2B, 

22165 

34, 

23073 

2 B, 

23384 

24, 

23485 

24, 

23657 

2B, 

24204 

34, 

24080 

38, 

26221 

3B, 

27256 

34, 

26661 

34, 

28056 

44, 

26781 

44, 

28674 

■3A, 

28486 

3B, 

29068 

48, 

20875 

48, 

30550 

4.4, 

30971 

44, 

32598 

4 B, 

33912 

54, 

3.3532 

54, 

36695 

4«, 

34.389 


('u)culccs dans Ic schema A, avcc: i'„- 12917cm 14600cm e, n = 3162cm 

i'., 4275 cm \ ,i a„= 450 cm ft = 0: li = 675 cm C - 2275 cm a = 1500 cm 1 

cl. dans Ic schema li, avcc: 11767cm *. c‘„ - 14300cm «> .-•?, -2400cm u + he n 

5l(X)cm 450cm '.fl 550cm ( ■- 1X90cm 1 : * * 1700cm 


La force d'oscillateur de la transition permise I A , -» nT,, s'obtient done en fonction 
du moment de dipole de transition selon: 

./<M, -*nr,)* 1,085 x I0 5 xr:(nr i )x| tlll </’;.( , r i )|/»|/l 1 ( , /l 1 I)>| 2 


et d'une manicre analogue/(I A, -+nT ,,), d’ou: 




yiM,-»»/;). 


Cette expression permet, connaissant les energies c des transitions vers les etats 
excites nT, et nT, d’une part, et les coefficients c nl et d’autre part, de calculer 
les forces d’oscillateur des transitions permises vers les etats de symetrie f), cn 
fonction de la force d’oscillateur de I’une d’ellcs, par exemple cclle de plus forte 
intensite. Nous avons ainsi evaluc les forces d’oscillateur des transitions vers les 
etats «triplets» rclativement & !a force d'oscillateur de la transition vers l’etat 
«singulet». Les resultats de ce calcul que nous avons effect ue pour les schemas 
A et B sont donnes dans le Tableau 7. Nous les avons egalement schematises 
sur la Fig. 6 afin de permettre la comparaison avec les resultats experimentaux. 

Ces transitions peuvent apparaitre polarisees difleremment par suite de 
couplage vibronique, ainsi qu’il est vu au Tableau L En admettant que les inten- 
sites relatives des composantes vibroniques ne sont pas tres diflferentes de celles 
des transitions permises, la calcul precedent donne aussi un ordre de grandeur 
des composantes vibroniques des transitions vers les etats de type A t , B j et B 2 - 
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Kig. 6. Spectres d'absorption a 10 K dc K f I’t C'I,(NH ,)] ■ H 2 0, polarises en x,y a l.cs transitions 
prevucs pour chuquc polarisation, selon les schemas A ct B. sont figures par dcs traits (plcins s'il s'agil 
de transitions pcrmiscs. discontinus s'il s'agil de transitions vibroniques) de longueur proportionnellc 
a leur force d’oscillateur. l.u valeur dc la force d'oseillateur de la transition vers Petal «singulet» est 
fixec urbitraircmenl, muis relativcment a celle-ci les forces d'oseillateur des transitions vers les etats 
«triplcts» sont dans Ic rapport indique dans le Tableau 6 


II n’est pas possible d’evalucr aussi simplement les forces d'oseillateur relatives 
des transitions vers les etats de type A 2 . Ces transitions, permises par perturbation 
vibronique, possedent une certaine intensite grace au melange de la composantc 
singulet et des composantes triplets avec des etats de symetrie convenable. Or ce 
melange s’effectue dans une proportion qui peut etre diflerente selon les cas et 
par suite les resultats du calcul selon la methode exposee apparaissent peu surs. 
Indiquons pour memoire qu’on obtient: 0,013, 0,353, 0,211 et 1,000 pour les 
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Tableau 7. Forces d’oscillateur relatives des transitions 


Schema A 

b.tat 

excite 

l-.nergie 
(cm ') 

F. d’osc 
relative 

Schema B 

Flat 

excite 

Hnergie 
(cm - ') 

F. d’osc. 
relative 

2.4,(0,095) 

18526 

0,005 

24,(0,141) 

21227 

0,017 

3/1,10,243) 

23073 

0,040 

34,(0.477) 

24080 

0,220 

44,(0,077) 

26781 

0,005 

44,(0,040) 

28674 

0,002 

5.4,(0.962) 

36695 

1.000 

54,(0.861) 

33532 

1,000 

I tf,(0,151) 

18375 

0,016 

1 B|(0,061( 

19720 

0.003 

2 «, 10,162) 

21862 

0,021 

2 B, (0.290) 

22165 

0,071 

3 tf, (0,231) 

28486 

0.057 

3 B, (0,239) 

29068 

0,063 

4 W, (0.947l 

29875 

1,000 

4 fl, (0.925) 

30550 

l.(XX) 

1 «,((),067) 

18312 

0,003 

lfl 2 (0.06l) 

19 773 

0,002 

2 H.. (0,312) 

24204 

0.082 

2 B 2 (0.359) 

23384 

0,102 

3 ((,(0,222) 

26221 

0,045 

3Bj(0.076) 

27 256 

0,005 

4 Hj 10,921) 

.3.3912 

1.000 

4B : (0,928) 

34389 

1,000 


la \aleur indiquee entre parentheses pour chaque ctal excite cst le module du coefficient avee 
lequel mlervicnt la composante singulet dans le vecteur propre. 


etals I/1 2 ((),I05), 2/4 2 (0,5l9), 3>< 2 (0,376) et 4/4 2 (0,760) respectivcment, dans le 
casdu schema A, el 0,022,0,171,0,060et 1,000 pour les etats 1/4 2 (0,162),2/4 2 (0,419), 
33 2 (0,229) et 4,4 2 (0,863) respectivement, dans le cas du schema B. 

Confrontation avec les resultats experimentaux 

La comparison des spectres obtenus a la temperature ambiante et a la tempera¬ 
ture dc 10 K (Figs. 3, 4, 5 et Tableau 3) fait apparaitre a basse temperature une 
diminution dc la force d’oscillatcur des bandes. Cette diminution affectc plus ou 
moins tout le spectre et montre que les bandes presentent un caractere vibronique, 
au moins cn partie. 

Selon le schema A commc scion le schema B, il apparait que la bande a 
29600cm 1 polarisee en v cst due essentiellement a la transition vers I’etat 
«singulct» 4 B x . Cette bande peut, en outre, contenir la bande due 4 la transition 
vers l'etat «triplet» 3 B t . du cote des petits nombres d'onde, et la bande due k 
la transition vibronique vers le «singulet» 4A 2 , du cote des grands nombres 
d’onde (Fig. 6). L’attribution a la transition 1 A , -»4B, est confirmee par la pre¬ 
sence dc la petite bande a 29600 cm -1 polarisee en x, qui doit etre due, comme il 
est attendu avec cette polarisation, a la composante vibronique de cette transition. 

De meme, dans le schema A et dans le schema B, la bande a 33600 cm -1 , 
polarisee cn r, s’explique par la transition vers l’etat «singulet» 4B 2 , avec la 
participation de la transition vibronique, ->4,4 2 , dans le pied de cette bande, 
vers les basses frequences. 

L’interpretation de la bande 4 33600 cm -1 , polarisee en x, diverge suivant 
le modele choisi. Selon le schema B, cette bande resulte en partie de la transition 
vers le singulet 5A,. en partie de la composante vibronique polarisee en x de la 
transition vers le «singulet» 4fl 2 . Les composantes vibroniques polarisees en y 
et en z de la transition vers 5/4, (33532 cm - ’) n’apparaissent pas distinctement, 
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mais on peut supposer qu'elles contribuent au meme titre que la transition 
vibronique vers l’6tat 4 4 2 (32598 cm" 1 ), du cote des grands nombres d’ondes 
a l’intensite de la bande k 29 600 cm " 1 polarisee en y, et k la bande k 33600 cm" 1 
polarisee en z. Selon le schema A, cette bands k 33600 cm" 1 polarisee en x risulte 
essentiellement de la composante vibronique de la transition vers le «singulet» 
4 B 2 . Cette transition, permise dans la symetrie C 2l> avec la polarisation z, rend 
compte en grande partic, comme on l’a vu, de la bande observfe egalement k 
33600cm" 1 dans le spectre polarise en z. La transition vers le «singulet» 54, 
doit se trouver, selon le schema A, a un nombre d’ondes plus eleve, mais n’a pu 
etre observee. 

Les bandes dues aux transitions vers les etats a caractere triplet sont en 
general tres mal resolues et il n’est gu6re possible d’en donner une interpretation. 
Compte tenu des positions et des intensites relatives calculees, aussi bien selon 
le schema A que selon le schema B, il apparalt cependant que la bande & 
24400cm" *, polarisee en x, peut resulter de la transition vers le «triplet» 3/1, et 
de la composante vibronique de la transition vers le «triplet» 2fl 2 , prdvues vers 
23000 - 24000cm" 1 . De meme, la bande k 24400cm" 1 polarisee en z, doit 
etre due principalemcnt a la transition vers le «triplet» 2 B 2 , et peut etre aussi 
en partie a la transition vibronique vers le «triplet» 2A 2 . prevue vers 23500 cm" ’. 
Enfin, la bande polarisee en y, dont le maximum se situe vers 23300 cm" ', peut 
resulter notamment de la transition vers le «triplet» 2 B, , du cote des petits nombres 
d’ondc, et de la transition vibronique vers le triplet 2A 2 , du cote des grands 
nombres d’onde. 

Les bandes k 29600cm" 1 , polarisee en y, et a 33600cm" 1 , polarisie en z, 
que nous pensons etre dues essentiellement aux transitions vers les «singulets» 
4B, et 4B 2 rcspectivement, se placent mieux dans le schema A qui prevoit ces 
transitions k 29875 et 33912 cm" 1 , que dans le schema B (Fig. 6). Mais la diver¬ 
gence entre ces deux schemas apparalt surtout dans l’interprdtation de la bande 
a 33 600 cm" 1 , polarisee en x, puisque dans un cas cette bande s’explique princi- 
palement par la transition vers le «singulct» 54, (schema B) et que dans l’autre 
cette bande resulte de la composante vibronique selon x de la transition vers le 
«singulet» 4 B 2 (schema A). Malheureusement I’experience ne foumit pas d’argu- 
ment decisif qui permette de conclure. Le caractere vibronique au moins partiel 
de cette bande dont l’intensite decroit 4 bassc temperature va 4 l’encontrc de 
1’attribution, 14,-»54,, transition permise dans la symetrie C 2l ,. On peut done 
penser qu’il s’agit plutot ici de la composante vibronique selon x de la transition, 
14,-*4B 2 , permise selon z et qui explique bien la bande observee au meme 
nombre d’ondes dans le spectre polarisee en z. Mais les bandes observes k 
33600 cm" 1 en x et en z ont a peu pres la meme intensite et la distinction entre 
transition permise par la symetrie C 2 „ et transition permise par perturbation 
vibrationelle n’apparait alors pas possible, contrairement a ce qui avait lieu 
pour la transition 14, -»4B,. D'autre part, on devrait selon le schema A observer 
la transition vers le «singulet» 54,, k environ 37000cm" *, ou peut etre au dela 
vers 39000 - 40000 cm" 1 si on admet que cette transition (principalement 
d tl -*d x i_ y j) est responsable de la bande qui apparait sous forme d’epaulement 
vers 37000cm" 1 dans le spectre de K 2 PtCI 4 [9], Nous n’avons pu l’observer 
dans le cas de K[Pt C1 3 (NH 3 )] • H 2 0. 
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Ultraviolet spectra of tcrphcnyls and quaterphcnyls arc theoretically investigated by "Molecules 
in Molecules" (MIM) method and compared with experiment. Oscillator strengths arc evaluated 
using the gradient operator and the mixed dipole-gradient operator. The results are compared with 
those obtained by the dipole-length operator. The calculation of oscillator strengths via the gradient 
operator is shown to be in general the most successful. All the components of the "primitive integral", 
necessary for non planar a-electron systems, arc reported. 

Die Ultraviolcttspcklren von Terphenylcn und Quaterphenyicn wurden mil Hilfe dcr “Molektil 
im Molekiir (MIM) Methode theorctisch untcrsucht und mil den expcrimcntellen Resultatcn ver- 
glichen. Mil cincm Gradient-Operator und cincm gemischten Dipol-Gradient-Operator wurden 
die Oszillatorenstiirken bcrechnct und mit Rechnungcn mil Dipolliingen-Opcratoren vergliehen. 
Hs wird gezeigt. dafl die Berechnung von Oszillatorenstiirken mit dem Gradient-Operator im all- 
gemeinen am crfolgreichsten ist. Ks werden alle Komponcntcn des “primitiven Integrals", die fUr 
nicht planare a-F.lektroncnsysteme notig, angegeben. 

Les spectres dans I'ultraviolet des triphcnyles et des quadriphenylcs sont ctudies thcoriquement 
pur la methode «Molecules dans les moleculesx (MIM) et compares a 1'experience. Les forces oscil- 
latrices sont evuluces cn utilisant 1’operateur gradient et 1'operateur mixte gradient dipolaire. les 
resultats sont compares avec ceux obtenus avec 1'operateur longueur dipolaire. Le calculades. forces 
oscillatrices 4 I'aide de 1'operateur gradient s'avere plus convenable. On reproduit toutes les composan¬ 
ies de «l’integrale primitive», necessaires pour les systemes dclectrons a non plans. 


1. Introduction 

It has been shown that the use of “‘Molecules in Molecules” (MIM) method of 
calculation allows a quantitative interpretation of electronic spectra of hydro¬ 
carbons [1] and azines [2]. Calculated singlet-singlet, singlet-triplet and triplet- 
triplet transition energies and oscillator strengths are in excellent agreement 
with experimental data for all molecules and ions for which MIM calculation 
has been performed [1-3]. 

The MIM method has also been successful in the study of UV spectra of 
phenyl- and naphthyl-naphthalenes [4], spiroconjugated [5] and homoconjugated 
molecules [6] where the jr-electron system is far from planarity. 

The series of diphenyl, ortho, meta, para terphenyls and symmetric ortho , 
meta, para quaterphenyls seemed to us a particularly interesting case for a further 
test of this theory. To this aim the UV absorption spectra of these molecules in 
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different solvents have been measured, 1 A complementary problem was the 
choice of the best operator to be used in calculating oscillator strengths when 
the MIM wave-functions arc the basis functions. As usual [4, 7] preliminary to 
excitation energy calculations a conformational analysis has been carried out to 
determine the ground-state geometry. 

Fig. I shows the geometries of all molecules considered in the present paper 
as well the fragmentation scheme. 


2. Experimental 

2.1. Materials 

Terphenyls and quatcrphcnyls were pure K.EK products. For ultraviolet 
absorption measurements, spectrograde solvents were used. 

2.2. Ultraviolet Spectra 

Ultraviolet absorption spectra in the wavelength region 1750-3500 A were 
measured at room temperature by a recording ultraviolet spectrophotometer 
Beckman DK. 2A. In the far ultraviolet region short-path cells with suprasil 
silica windows were employed: their optical path was fixed at 0.02 cm. Recording 
was carried out in a purified nitrogen stream (oxygen content ^0.2 ppm). In 
the near ultraviolet region standard cell with optical path of 1 cm were used. 

1 F.xccpt for d-quaterpbenyl for which a sample of sufficient high purity was not available. 
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Table 1. Excitation energies, oscillator strengths calculated through dipole moment operator (/,), 
gradient operator (/ 2 ) and their mean (j/7i~*7i). and corresponding experimental values for diphenyl* 

dE ^(eV) /i Ti Vf^K _ U _ 

sol. vap. solid sol. vap. 

'/4, 5.959 
6.310 
6.530 
7.350 


B, 4.900 

5.02 

5.22 

5.08 

0.871 

0.419 

0.604 

0.33 

6.115 

6.19 

6.43 


1.121 

0.517 

0.761 

0.90 

6.577 




0 

0 

0 


7.200 




0.160 

0.157 

0.158 


B 2 4.531 




0 

0 

0 


6.047 

6.05 



0.448 

0.227 

0.319 . 

shoulder 

6.556 




0 

0 

0 


7.362 


7.40 


1.487 

0.554 

0.945 


fl, 4.533 


4.16 

4.27 

0 

0.0002 

0 

0.0004 k 

5.842 




0.100 

0.055 

0.074 


6.578 




0 

0 

0 


6.996 




0.152 

0.055 

0.092 



* Energy values and experimental oscillator strengths are taken from Table 6 in Ref. [7], 
b = 20 [7]; / evaluated from the relationship: / = 2-10 "' 


Table 2. Excitation energies, oscillator streng ths calculated through dipole moment operator (/,), 
gradient operator (/ 2 ), and their mean (//,x / 2 i,and corresponding experimental values for terphenyls 



^.,JeV) 

dE.JcV)* 

/, 


h 


1/77 

* fi 

f * 

,/aip 

o-tcrphenyl 

4.995 

4,998 

0.383 


0.198 


0.275 


0.29 


5.243 

5 332 

1.204 


0.552 


0.815 


0.56 


5.962 


0.288 


0.1491 


0.207 




6.028 

6.003 

0.589 

1.314 

0.284 

0.649 

0.409 

0.923 

0.91 


6.154 


0.437 


0.216 


0.307. 




6.230 


0.478 


0.2221 


0.326’ 




6.236 

6.357 

0.090 

0.706 

0.039 

0.294 

0.060 

0.453 

0.62 


6.366 


0.138 


0.033J 


0.067J 



m-tcrphenyl 

4.777 

4.912 

5.019 

0.3371 

1.502J 

1.839 

0.169] 
0.78 lj 

0.950 

0.239' 

I.083J 

11.322 

0.96 


5.888 


0.195’ 


0.108’ 


0.145 




5.948 

6.076 

0.316 

1.203 

0.166 

0.635 

0.229 

0.874 

1.01 


5.973 


0.692. 


0 361! 


0.500. 




6.342 

6,390 

0.185' 

0.783 

0.055] 

0.275 

0.1021 

0.464 

0.62 


6.528 

0.598 

0.22Q 

0.363. 


p-terphenyl 

4.480 

4.491 

1.430 


0.790 


1.063 


0.80 


5.855 


0.125 


0.118’ 


0.159’ 




5.926 

6032 

0.435 

2.013 

0.228 

1.055 

0.315 

1.457 

1.21 


5.995 


1.363J 


0.709. 


0.983.1 




6.963 


0.226 


0.088 


0.14J" 




7.010 

6.457 

0.120 

1.015 

0.185 

0.518 

0.149 

0.699 

0.37 


7.071 


0.660 


0.245J 


0.405J 




Solvent: n-hexane. 
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Table 3. Excitation energies, oscillator s trength s calculated through dipole moment operator (/,), 
gradient operator (/ 2 ), and their mean ty/, x/ 2 ), and corresponding experimental values for quater- 
phenyls 



/)E CJc (eV) 

/l£„ p (eV) 

/. 


h 



f. 

ft* p 

(/-qualcrphcnyl 

5.076 


0.987 


0.494 


0.698 




5.249 


1.330 


0.598 


0.882 




5.892 


0.471 


0.228 


0.328 



m-quatcrphcnyl 

4664 


0.3241 


0.196] 


0.252] 




4.819 

5008 

1.156 

2.759 

0.652 

1.528 

0.868 

2.053 

1.30 


4 886 


1.279 


0.680. 


0.933 




5.732 


0.1591 


0.102] 


0.127' 




5.939 

6.046 

0.509 

1.005 

0.275 

0.544 

0.374 

0.739 



6.098 


0.337 J 


0. I 67 J 


0.238 



/)-quatcrphenyl 

4.242 

4.216 

2.258 


1.282 


1.606 


0.93 


5 902 

5.988 

1.392 


0.799 


1.054 




* In cyclohexane 

11 In (Tl 2 (In cyclohexane the compounds exhibit low solubility. 


Spectra were recorded in several solvents: spectra for the same molecule in different 
solvents were so close to each other that only the data relative to measurements 
in M-hexanc for terphenyls and cyclohexane for quaterphenyls have been reported 
(see Tables 1 3): apparently the influence of the solvent is not relevant. Transition 
intensities were calculated according to the relationship 

/ = 4.32 x 10" ***Jc(v) rfv. 

Owing to the low solubility of quaterphenyls in n-hexane and cyclohexane, 
/ values for these molecules have been obtained from spectra measured in 

ch 2 cu. 

3. Calculations 

3.1. Conformational Analysis 

The geometry of the ground state of diphenyl has been the subject of several 
investigations [7, 8]. We used in the present paper the following geometry [7]: 
all C C-C angles equal to 120 ; intra-ring C C distance 1.40 A; C-C inter-ring 
distance equal to 1.48 A; inter-ring twist angles 40 . For terphenyls the same 
values for geometrical parameters were assumed except for the twist angle. The 
total energy has been calculated as the sum of rt-electron energy (obtained by 
MIM calculations) and non-bonded interactions, and has been minimized with 
respect to the two inter-ring twist angles. However the minimum in all cases was 
obtained for a geometry showing C 2 symmetry. 

Computations were carried on following exactly the same line as in previous 
work [4,7]. The results are shown in Fig. 2. To save a large amount of computing 
time the geometry of quaterphenyls was assumed, namely C 2 symmetry with 
inter-ring distances and twist angles equal to values of the corresponding ter¬ 
phenyls. This assumption is supported by the results obtained for para and meta 
terphenyl as compared with diphenyl. 
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tig-2. Total energy vs twist angle O p-terphenyl, x m-terphenyl • o-tcrphenyl (n-eleclron energy 
calculated by M1M method). Curves for p- and m-tcrphcnyls arc practically coincident 


3.2. MIM Calculations 

These calculations were performed following the fragmentation scheme 
reported in Fig. 1. Details of the method have been described before [1] and are 
not reported here. 

Only ground state and singly excited configurations have been included. 
Excitation energies are reported in Tables 1 3. 

MIM wavefunctions have been used in the calculation of oscillator strengths. 
There is some discussion on the choice of the operators to be used in such calcula¬ 
tions. Namely the use of transition moment, transition gradient and the geometric 
mean of the two alternative values have been recommended [9-11]. The relative 
merits of the different operators as well as of different values for the 2 p z carbon 
orbital exponent have been discussed [12, 13], but no definitive criterium to 
justify a choice on practical or theoretical grounds has been offered. For this 
reason we report in Table 1,2,3 oscillator strengths obtained by the three different 
methods using a Slater orbital exponent £ = 1.625. 

3.3. Primitive Integrals 

In the calculation of transition gradient, primitive integral such as 
/p, = <x p |grad| y q > on the atomic orbitals x centered on p and q atoms are neces- 
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sary. Owing to non-planarity of rr-electron systems considered in this paper, all 
the components of the primitive integrals are necessary. They have been calcula¬ 
ted according to the following formulae: 


k = x k = y k = 2 



(p' ^ pi^j -{We) 0 0 


(Py fj; Py) 0 0 

/py ~p k P?^ 0 -(Fig) 0 

(it p k />?) 0 0 -iGte) 

where: 

$ = n il2 -Z Sl2 k Q -e ' tr < 1 (fc = x.>\z) 

F{(t)-Qe~ e (Q 2 + 3ff + 3V15, 

G(e) = Qe V- V-9e-9)/15, 

<? = «! 

The not reported matrix elements can be obtained by using the antihermitian 
property of the gradient operator. The relationship between local and external 
coordinates systems is shown in Fig. 3. 



X 


Fig. 3. Local and external coordinate systems for the calculation of transition gradients 
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Table 4. Calculated T, «-S 0 and most intense 7}<- T, transitions for quaterphenyls 




4E(eV) 

/. 

fi' 

■ 

'■S 

X 

o-quaterphenyl 

T\ *-S 0 

3.377 





Tj-T 

1.854 

0.001 

0. 

0. 



2496 

0.044 

0.001 

0.00! 



2586 

0.099 

0 

0.003 



2.737 

0.239 

0.002 

0.021 



2936 

0.030 

0.001 

0.004 

m-quaterphenyl 

T'.-So 

3.206 





V-r, 

1.885 

0.010 

0 

0.001 



1.899 

0.002 

0 

0.001 



2.742 

0.395 

0.003 

0.003 



2844 

0.240 

0.002 

0.002 



2897 

0.030 

0 

0 

p-qUHtcrphcnyl 

T,-So 

3.1 II 





Tj*~ T, 

2.544 

0.884 

0.006 

0.075 



2.838 

0004 

0 

0 



2.993 

0.029 

0 

0.002 


* 0 means < 10' 3 . 


3.4. Excitation Involving Triplet States 

MIM calculations for excitations involving triplet states in diphenyl and the 
three terphenyls have been reported before [3,7]. 

In Table 4 we collected the calculated values for excitation energies and 
oscillator strengths of T, *-S 0 and T } *-T x transitions in quaterphenyls. Un¬ 
fortunately no experimental data are available for comparison. 


4. Discussion 

A recent X-ray determination of the molecular structure of pnra-terphenyl 
has shown this molecule to be nearly planar [14]. However this finding is not in 
contrast with our results. The nearly planar configuration given by X-ray results 
may correspond to a mean configuration and not to equilibrium configuration. 
Besides it has been shown in the case of diphenyl [8] that the planar configuration 
in the crystal is due to the action of packing forces, In the case of p, p’-bitolyl the 
packing of molecules in the crystal is such that twist angle for the molecule in 
the crystal is 36 J and 40’ for the two molecules in the asymmetric unit [15]. 
A similar angle of twist (9 = 33 w ) is found in 4,4’-dinitrobiphenyl [16] and 4- 
nitrobiphenyl [17], As usual in the MIM method the agreement of calculated and 
experimental singlet-singlet transition energy is excellent for all molecules. This 
is evident from Fig. 4, where a regression line is shown to correlate the experimental 
transition energies of all known bands with the corresponding calculated values 
for the whole series of molecules. Oscillator strengths have been calculated by 
means of the dipole-length, dipole-velocity expressions and their geometrical 
mean. Our systems differ from the ones that have been previously used for a 
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l it!. 4. Regression line for theoretical excitation energy of the first bands versus observed frequencies 
in polyphenyls (solid line). The dotted line corresponds to exact agreement between theory and ex¬ 
periment. Correlation coefficient r -• 0.9y7. n = 18.0 diphenyl. # »-ter phenyl. □ p-tcrphenyl, ■ m-lcr- 
phenyl, A p-quatcrphenyl. ▲ m-quatcrphcnyl 


test of this kind in two aspects: we arc using MIM wave-functions and we consider 
non planar conjugated molecules, where a-n interactions may be particularly 
significant. 

It may be pointed out that in general a better agreement is obtained when 
the gradient operator is used. This rule is not without exception as for example 
in the fourth band of orf/io-terphenyl. However it is worthwhile to point out 
that the agreement between experimental and calculated oscillator strengths when 
using gradient operator is always good even in cases when dipole operator does a 
better job. while the /, values may sometimes be far off the experimental values. 
On the basis of the small series of molecules which has been used in the present 
test it seems that the use of gradient operator together with MIM wavefunctions 
may be recommended. 
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The simple non-empirical method for calculating excited electronic states that we have presented 
recently has been applied on Rydberg states of ethylene. All kinds of ns, np and nd series have been 
studied using a Gaussian basis set including s, p and d functions. Calculated values of energy, 
oscillator strengths and other properties have been compared with the experimental spectrum. 
Assignments of all the observed series have been proposed. 

Die vor kurzem von den Verfassem entwickelte Methode zur Bercchnung von angeregten 
elektronischen Zustiinden wird auf Rydberg-Zustande angewendet. Alle ns,, np- und nd-Se rien 
werden unter Benutzung eines GauBschen Basissatzes mil s-, p- und d-Funktioncn untersucht. Die 
errcchnelcn Knergiewerte, Oszillatorstiirken und sonstigen Figenschaften werden mil dem experi- 
mentellen Spektrum vergliehen und den beobaehteten Serien zugeordnet. 


I. Introduction 

The far UV spectrum of ethylene has been carefully investigated experi¬ 
mentally [1]. The vibrational structure of the bands corresponding to the 
different electronic transitions is generally well understood and the geometry 
of the resulting excited states has been established in some detail. However, 
the correlation of the experimentally found Rydberg series with group-theoreti¬ 
cal symbols or semi-united atom orbital symbols is rather incomplete and 
somewhat ambiguous. Most theoretical calculations on excited states of ethylene, 
for example Refs. [2-7], have been concerned with the n^n* excited T B u and 
V l B u states. Assignments of some Rydberg transitions were recently proposed 
by Buenker et al. [8], using a very elaborate combined SCF and Cl method, 
and by Betts and McKoy [9], using a semiempirical model potential method. 
However neither of these calculations is quite complete, as no basis functions 
of <f-type were employed, though some of the Rydberg series obviously have 
this symmetry, and as no transition probabilities were computed. 

We have recently suggested a new simplified non-empirical method for ex¬ 
cited state calculations [10] and applied it on the ns and npo Rydberg series of 
ethylene We have now found it warranted to perform similar calculations on 
the remaining p and d Rydberg series of this molecule to further contribute 
to the interpretation of the spectrum. 
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The method is based on describing excited states by mixing singly excited 
configurations. By using the frozen core approximation combined with the 
natural orbital transformation [11, 12]. the excited state wavefunctions can ac¬ 
tually be referred to single configurations with one electron transferred from 
a ground state orbital - in this study of ethylene, a ^-orbital -- to an excited state 
natural orbital. Besides transition energies, also oscillator strengths and some 
properties of the excited states may easily be computed. 

In Section 2 we present the details of the basis sets used and the ground state 
calculations. Section 3 describes the results of the excited state calculations on 
the tula. ml6 , npn and ndn Rydberg series. In Section 4 our results are compared 
with the experimental spectrum and with earlier assignments. 


2. Computational Details 

As discussed in Ref. 1 JO) it is possible to divide the Gaussian function basis 
set in a natural way into two parts, the normal state basis functions, NGTF's, 
and the Rydberg state basis functions, RGTF's. These two sets seem to be rather 
independent [10]. 

The basis sets adopted in the present study were similar to the basis used 
previously [10], As before, the NGTF’s were chosen as the ethylene-optimized 
set of 56 Gaussians, determined by Schulman el ul. [13], The RGTF’s however 
were chosen somewhat differently. Among the diffuse Gaussians centered at the 
molecular midpoint, the s-type functions were replaced by d-type functions. The 
orbital exponents of these functions were chosen three times as large as those of 
the corresponding .v-type functions of Ref. [10] in order to keep the maximas 
of the radial distributions at the same distance from the midpoint. For all seven 
Rydberg series investigated here, a total of 46 RGTF's is needed if the accuracy 
is to be comparable with that of Ref. [ 10], Inclusion of all these functions would 
lead to an inadmissible computational time for the ground state SCF-MO 
part of the calculation. This part was carried out with the IBMOL program 
version 4 [14]. As pointed out in Ref. [10], much higher efficiency may be 
reached if separate calculations are performed for particular classes of excited 
states. Accordingly, three separate SCF-MO calculations with different RGTF 
subsets were accomplished, cf. Table 1. 


Table I. Diffuse basis functions (RGTF's) added to the normal state basis functions in the different 
calculations on Rydberg states of ethylene 


Rydberg 

Types and numbers of RGTF's per center 

Total 

orbitals 

O 

H Molecular midpoint 

number 


* P, P, P: 

* P, Pr Pz da ‘ W d„ 3s 

of RGTF's 

s, pn * 

2 1 

14 4 - - 

IX 


2 1 

1 4 4-4 

22 

pn r ,tln t 

1 

1 4 - 4 - 

14 


1 

4 4 4 

14 


d(T = d 2 ,j r i. d6' — d x i. ,i. 


Calculations carried out in Ref. [10]. 
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Table 2. Ground state energies and Jt-orbital energies (in a.u.) of the different calculations 


Rydberg 

orbitals 

Total number 
of RGTF's 

Ground state 
energy 

R-orbital 

energy 


0 

- 77.90830* 

-0.3914* 

S.po 

18 

- 77.91451» 

-0.38728 b 

da. d6'(ti t ) 

22 

-77.91501 

-0.38665 

pn r ,dn r 

14 

-77.91035 

- 0.39610 

pn,,dit,,d6"(h it ) 

14 

- 77.90985 

-0.39449 


* Values from Ref. [l.V|. h Values from Ref. f 10], 


All calculations were carried out with the experimental ground state equi¬ 
librium geometry as given by Allen and Plylcr [15], With this geometry the 
ethylene molecule belongs to the point group D lh . The coordinate system was 
chosen according to the recommendation by Mulliken [16]. the molecule lying 
in the y: plane with CC bond and r-axis collinear. 

Total energies and jr-orbital energies obtained in the three different calcula¬ 
tions are listed in Table Z which also includes the corresponding results ob¬ 
tained previously [10, 13]. As mentioned in Ref. [10], the effect of different 
RGTF sets on the ground state properties is of minor significance. This is also 
borne out by the present results, cf. Table 2. 


3. Results 

3.1. B iu and B lu States - nda and ndd Rydberg Series 

Excitations from the occupied tr-orbital (l/> 3 J and belonging to the B iu 
species arc of the type 1 b 3u ma g , m^4. There arc three kinds of semi-united 
atom orbitals (UAO) belonging to a g in the D lh group notation, i.e. ns, nda and 
ndd' (nd x i- y i). Thus, the assignment of excited states as belonging to Rydberg 
series of specified symmetry may be somewhat intricate when mixing of con¬ 
figurations is allowed. This fact was observed and discussed already in [10], 
where the ns series was considered. In the present study, a mixing of thirteen 

lb 3y ->»ifl e , m = 4. 16, configurations resulted in eight singlets and eight 

triplets below the ionization limit, 10.521 eV, calculated according to Koopmans 
theorem. By inspecting the natural orbitals corresponding to the singlets it was 
possible to classify the lowest of these states as originating from the n-*3s 
excitation. The excitation energy was found to be 7.52 eV, the same as obtained 
in Ref. [10]. The fact that this slate is comparatively well described here although 
no s-type Gaussian centered at the molecular midpoint has been cxplicitely 
included, is probably due to the presence of three equivalent da-functions. Their 
sum, d x i + d 3 + d .2 = r 2 e-"\ is a radial function, more similar to a 3s orbital 
than the usual s-type Gaussians, e'"\ For this reason it has been included in 
Table 1 under the heading 3s. The classification of the higher states was less 
straight-forward. It was of some guidance to study the contours of the natural 
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Fig. I. Contours of a f natural orbitals of in and d6‘ types in the molecular yz-planc and in the 
perpendicular xy-plane. The vertical axis is the y-axis in all cases. Solid lines indicate positive loops 
and broken lines negative loops. In the yz-plane the CH-bonds are indicated. Orbitals numbered 
2, 4, 6 were assigned as Ada, Sda, 6da. Orbitals numbered 3, 5, 7 were assigned as US', Add', US'. 

(Length scale in a.u.) 


Rydberg orbitals corresponding to the various states. In Fig. 1 contours of the 
natural orbitals corresponding to the six next higher singlets are presented both 
in the molecular yz -plane and in the perpendicular xy- plane. The natural Rydberg 
orbitals numbered 2, 4 and 6 in the Figure were assigned as Ada, Sda and 6 da 
respectively, while the orbitals denoted 3, 5 and 7 were assigned as 3 d8'. Add' and 
5 dd\ No assignment was made for the eighth B iu state obtained in this calculation. 
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Table 3. Some lower B } , (13 conf.) and B u (4 conf.) states of ethylene. (Energies in eV) 


Rydberg 

orbital 

Singlet 

vertical 

transition 

energy 

Singlet- 

triplet 

splitting 

In - 6) J 

6 

r us of the 
outermost 
loop (a.u.) 

Oscillator 

strength 

IP-adjusted 

singlet 

energy 

Bj„ 4da(a,l 

8.992 

0.009 

8.90 

1.02 

7 

10 - 

8.98* 

5 da 

9.633 

0.024 

15.32 

1.08 

18 

0.002 

962* 

6 da 

9.904 

0.057 

2105 

1.3 

30 

0.013 

9.89* 

B 3 . 3d6'(a,) 

9.036 

0.048 

9.16 

-0.03 

7 

0.016 

9.03* 

4dd' 

9.684 

0.027 

16.29 

-0.04 

20 

0.010 

9.67* 

5 dd' 

9.985 

0.015 

25.38 

-0.04 

35 

0.006 

9.98* 

B 2 . 3 dS"(b,J 

9.271 

0.019 

9.29 

-0.05 

7 

0.019 

9.04 h 

4d6" 

9.907 

0.009 

16.43 

-0.05 

20 

0.009 

9.68 b 

5d&" 

10.204 

0.005 

25.62 

-0.06 

35 

0.005 

9.98 b 


* £(IP)= 10.521. b E(IP) = 10.734. 


Excitations from the occupied 7i-orbitai and belonging to the B 2u species are 
of the type \b 3u -*mb it , mg 1. No orbital of the b lt symmetry is obtained from 
the valence basis set. The virtual molecular orbitals belonging to this species are 
linear combinations of the four d Xf RGTF’s centered at the molecular midpoint. 
No assignment problems were thus encountered. The principal quantum number 
of the lowest orbital in the ndS" series must be n — 3 since no core ancestor is 
present. This principal quantum number value is also confirmed by a study of the 
orbital radial density along the x = y, z = 0 line, as no node except those at origo 
and infinity is present. 

Some properties calculated for the Rydberg nda and ndS states are collected 
in Table 3. The singlet-triplet splittings are very small as anticipated for 
Rydberg states. 

The (n — 5) 2 values were found from the relation [17]: 

£ . =£(IP i-...^_ r . (» 

They lead to quantum defects, 5, which are reasonably constant within the nda 
series and almost exactly constant within the two ndS series. The values of E( IP), 
the ionization potentials used in Eq. (1), were obtained from Koopmans’ 
theorem, which is consistent with our method of calculating the transition 
energies, cf. Ref. [10]. It should be pointed out that we assume the first member 
of the nda series to have the principal quantum number n = 4, since in agreement 
with Merer and Muliiken [1] we interpret the 3 a t MO of the ground state as the 
3 da UAO, cf. [10]. This interpretation is at variance with the assignment of 
Buenker et al. [8], who correlate the 3«„ MO with the 3s UAO and consequently 
assume the Rydberg nda series to start with n = 3. Such an assignment would of 
course lead to 5-values very different from those of Table 3. Our 5-values seem 
however to be consistent with experiments, see Table 6 below. The high values 
may be understood as a result of the strong penetration of the nda orbitals into 
the molecular core. The penetration is obviously much lower for the ndS orbitals. 
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tig 2 I ogarithm of charge density vs distance from the molecular midpoint along the z-axis 
(C('-axis) for ndfi' and nJfi" natural orbitals 


According (o Mullikcn [17] the (n - fi ) 2 values should be equal to the distance 
between origo and the position of maximum radial density of the outermost loop, 
r m „ in Table 3. The r milI values were estimated from density plots similar to those 
of Fig. 2. The agreement with Mulliken's formula is moderately good. The 
l A 0 ~* l & Au and 'A a -* l B 2 , transitions are symmetry allowed and the oscillator 
strengths were computed using dipole transition moments. 

It should be stressed that the tula and ndfi’ series on the one hand and the 
ndfi" scries on the other have been computed using different ground stale 
calculations, cf. Section 2. Therefore a comparison between the energy values of 
these scries cannot be made until ali values have been related to a common 
reference point. Since Rydberg states are closely connected with ionized states 
and since our method of calculation parallels Koopmans' theorem, we have 
chosen to refer the calculated excitation energies to a common value of the 
ionization potential. Thus, from the primarily computed excitation energies, 
listed in the second column of Table 3, we have subtracted the difference between 
the E(I [’(-value from Koopmans’ theorem and the experimental value, 10.51 eV 
[18]. These IP-adjusted energies are given in the last column of Table 3. After 
the adjustment, the near degeneracy of the dfi levels becomes clear. This result 
can be theoretically justified as follows. The levels are degenerate in the iso- 
electronic oxygen molecule. Since the high density regions of these particular 
Rydberg orbitals do not interfere with the molecular skeleton, the exchange of 
an oxygen atom for a CH 2 group should only have a minor influence. The radial 
density plots for both types of ndfi orbitals are shown in Fig. 2 It should be 
noted that not only the positions of maximal density for all the loops fall at the 
same distance from the molecular midpoint, but even the form of the curves is 
extremely alike. 


3.2. A t and B lt Stales - npn Rydberg Series 

The semi-united atom pn orbitals belong in ethylene to the symmetry species 
b iu and b lu for n x and n f respectively. No other s, p or d UAO belongs to any 
of these irreducible representations of the D 2k group and thus no assignment 
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Table 4. Some lower A , (6 conf.) and B 1# (7 conf.) states of ethylene. (Energies in eV) 


Rydberg 

orbital 

Singlet 

vertical 

transition 

energy 

Singlet- 

triplet 

splitting 

(n - <5) 2 

<5 

r ma. Of the 
outermost 
loop (a.u.) 

IP-adjusted 

singlet 

energy 

A, 3pn x {b lm ) 

8.645 

0.324 

6.51 

0.45 

6 

8.42* 

4pn x 

9.669 

0.104 

12.76 

0.43 

16 

9.44* 

5 

10.092 

0.050 

21.19 

0.40 

29 

9.86* 

6pn x 

10.328 

0.048 

33.5 

0.2 

43 

10.10* 

Bi 3pit (bj.) 

8.298 

0.048 

5.49 

0.66 

5 

8.03 b 

4pn, 

9.581 

0.016 

11.37 

0.63 

14 

9.31 b 

5prt. 

10.071 

0.008 

19.24 

0.61 

25 

9.80 b 

6pn y 

10.313 

0.005 

29.3 

0.6 

42 

10.04 b 


* £(IP) = 10.734. b E(IP)= 10.778. 


problems caused by the mixing occur for these orbitals. The I h 3ll -*mb 3u , 
transitions generate states of A g symmetry. Mixing six configurations of this 
type, with m = X ... 7, gave four singlets and triplets below the ionisation limit, 
10.734eV. The lb 3u -*mb 2u , m>2 transitions generate states of fl 1# symmetry. 
Four singlets and triplets below the ionization limit, 10.778 eV, were obtained 
by mixing seven configurations with m= 2 .8. 

Transitions to these states from the ground state are only quadrupole allowed 
and the dipole oscillator strengths are thus zero. Some properties calculated for 
the B lg and A g excited states arc summarised in Table 4. A comparison of un¬ 
corrected energy values indicates the B lg (npn y ) states to be throughout lower 
than the corresponding A g (npn x ) states. Further, previously studied B lg (npa ) 
states [10] seem to lie below both kinds of npn states. After an IP-adjustment, 
the order of increasing energy becomes instead n y <a<n x for every value of n. 
Singlet-triplet splittings are very small for the n y scries but rather large for the 
u x series. This might have been expected since the considerable overlap between 
the ground state occupied n-orbital and the Rydberg n x orbitals leads to sub¬ 
stantial values of the exchange integrals between these orbitals. The quantum 
defects are rather constant within the series. The lowest ^-values are found in 
the npn x series, which obviously has the smallest penetration into the core. 
Mulliken’s relation between (n-b) 2 and r m „ is fulfilled moderately well also 
here; r mxx is always found to be larger for the npn x than for the npn y orbitals in 
agreement with this relation. The general appearance of the orbital radial 
densities is rather similar and resembles also the curves for the npa orbitals [10]. 


3.3. A u and B lu States ndn Rydberg Series 

The semi-united atom dn orbitals belong in ethylene to the symmetry species 
b 2g and b 3g for dn x and dn y respectively. The 1 b 3u -nnb 3g , m^2 transitions 
generate states of A„ symmetry. Seven configurations of this type were mixed 
resulting in three pairs of states (singlets and triplets) below the ionization limit. 
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The states were assigned as corresponding to the Rydberg orbitals 4 dn y , 5dn y 
and 6 dn y . The first member of the series has the principal quantum number 
n- 4, because the core orbital 1 b 3f correlates with the 3dn y UAO. The U f -» l A u 
transitions are strictly forbidden and the transition probabilities are thus zero. 

The lb 3ll -*mb 2t , 1, transitions generate states of B ly symmetry. Mixing 

seven configurations of this type with m = 1.7 led to four pairs of states below 

the ionization limit. However, the lowest pair of these states, with configuration 
(lb iu ) 1 (1 b 2f )\ is not of Rydberg type but represents the spectroscopic V and 
T(n.-+n*) states. The unadjusted energies of these states are 8.85 eV and 3.68 eV 
respectively. The T state is presumably described rather satisfactorily, the too 
low energy compared with experiment being caused by the difference in correlation 
energy. The description of the V state on the other hand is probably rather 
deficient, as its computed energy is about 1 eV too high. The basis set used in this 
study is supposedly not flexible enough and besides, the reorganisation energy, 
approximately counterweighting the correlation change for Rydberg states, may 
be rather large for the V state. The oscillator strength computed for the 
N'A^-^V'B^ transitions is 0.47. An interesting feature shown by the natural 
orbital of n* type, corresponding to the V state, is a lack of a maximum in the 
radial density curve outside the molecular frame, which clearly distinguishes 
this orbital from the higher excited natural orbitals of h 2q symmetry. 

Calculated properties of the B lk (ndn x ) and AJndn y ) states are summarized 
in Table 5. The energies of the ndn y states are distinctly lower than the ndn x 
energies, and consequently the difference in quantum defects is quite large. 
However, it is not unlikely that the present description of the whole ndn x series 
is inferior to that of the other Rydberg series. The reason for this is the un¬ 
satisfactory description of the first, non-Rydberg member of the series, the V state. 
As already mentioned, its energy was computed 1 eV too high. Since the higher 
members of the series must be orthogonal to this first member, the whole series 
may be pushed to too high energy levels, implying somewhat too small 5-values. 
The penetration of the ndn y orbitals is obviously large since their loops point 
in almost the same direction as the C-H bonds. Low singlet-triplet splitting for 


Tabic 5. Some lower B t- (7 conf.) and A, (7 conf.) slates of ethylene. (Energies in eV) 


Rydberg 

orbital 

Singlet 

vertical 

transition 

energy 

Singlet- 

triplet 

splitting 

<n -d) 1 

5 

r„, of the 
outermost 
loop (a.u.) 

Oscillator 

strength 

IP-adjusted 

singlet 

energy 

B 4 dnjb 2 ,t 

9.657 

0.320 

12.62 

0.45 

13 

0.158 

9.43' 

5Jn x 

10.071 

0.128 

20.49 

0.47 

26 

0.061 

9.84* 

6</ir, 

10.332 

0.106 

33.75 

0.2 

38 

0.071 

10.10* 

.4. 4d»t,|(>j t ) 

9.310 

0.010 

9.27 

0.94 

7 


9.04 b 

5dn r 

9.955 

0.005 

16.53 

0.93 

20 

- 

9.67 b 

6dn, 

10.251 

0.003 

25.9 

0.9 

35 

— 

9.98 b 


* £(IP)= 10.734. b E(1P)= 10.778. 
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these states is quite obvious too; with their special form, the exchange integrals 
between them and the occupied jr-orbital must be extremely low. On the other 
hand, the ndn x orbitals have high density in the same part of space as the core 
rt-orbital, resulting in a larger singlet-triplet splitting than for other Rydberg 
states. In accordance with Mulliken’s relation, the larger (n-<>) 2 values in the 
ndn x series are accompanied by larger values, i.e. larger diffuseness of the 
orbitals. transitions are fully allowed and their oscillator strengths 

were computed. The n->4dn x transition is predicted to be very strong, even 
stronger than n-»3 s, the first Rydberg transition. It should be remembered, 
however, that no estimate of the Franck-Condon integral has been made within 
the present computational scheme. This integral may change the relative oscillator 
strengths by a considerable factor. In particular, the integral is likely to be much 
larger for a bonding Rydberg orbital e.g. 3s, than for an antibonding, e.g. 4dn x . 
Hence, the above comparison between the strength of different transitions must 
not be considered as conclusive. 


4. Discussion of the Spectrum 

The higher Rydberg states in ethylene have been studied experimentally by 
Price and Tutte [19], who discovered several transitions belonging to one 
Rydberg series and two transitions belonging to other series. Wilkinson [20] 
identified several other transitions belonging to four Rydberg series in all. He 
even suggested assignments of most of the vibrational bands. Wilkinson also 
found some bands that he did not assign, conjecturing that they might belong to 
a fifth Rydberg series. 

In previous theoretical investigations [8,9] attempts have been made to 
assign group-theoretical symbols and semi-united atom Rydberg orbital symbols 
to the series, by Wilkinson named nR, nR', nR", nR'". 

In the present investigation we are also concerned with this problem. For 
which reason, the results of the present calculations and of our previous ones 
[10] are listed together in Table 6 in order of increasing energy. The IP-adjusted 
values have been given since they are most suitable for a direct comparison 
between different calculations, cf. the above discussion. Oscillator strengths / 
and quantum defects 3 are also listed. The experimental material included in 
Table 6 has been taken from Wilkinson [20], Merer and Schoonveld [21] and 
Ross and Lassettre [22], The latter authors have found a forbidden transition 
at 7.45 eV. The values of i' verlic . l , r 0 and <5. reported as experimental, have been 
estimated by us from the information given in Refs. [20- 22]. The r 0 -values are 
not the same as in Ref. [20] since we have used another ground-state value. 
i.e. r 0 = 1.339 A. 

The assignment we propose here are obvious from our tabular setup. They 
coincide with previous assignments in several cases. There is no doubt that the 
nR series originates from n-*ns transitions, the 2 R band at 7. lleV from the 
transition to the 3s Rydberg orbital, the 3 R band at 8.90 eV to the 4s orbital and 
the 4R band at 9.62 eV to the 5s orbital. These assignments agree with those of 
previous authors [1, 8, 9, 20], the only diversity being a difference in principal 
quantum number, advocated by Buenker et al. [8]. This point was discussed in 
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Table 6. Calculated properties of the lower singlet Rydberg states of ethylene compared with 

experiments. Energy values in eV 


State 

Calculations 

Energy 

(IP-adj.) 


6 

Experiments [20-22] 



Rydberg 

orbital 

MO(UAO) 

./ 

Label 

l ’oo 

- >oo r 0 * 

a* 

'B,. h 

4ti,(3.M 

7.49 

0.05 

0.9 

2 R 

7.11 

0.2 

1.41 

1.0 


2b t ,tlpn,) 

8.03 

0 

0.7 


7.45 


— 

0.9 


3/>, v (3/>it| 

8.19 

0 

0.6 

3 R' 

8.26 

0 

1.44 

0.5 

'4. 

2h ik l3pnj 

8 42 

0 

0.5 







5u,(4dix) 

8.98 

10 4 

1.0 

4 R" 

9.05 

0.1 

1.39 

0.9 

>Bi. 

6i(,(.3d<i'l 

9.03 

0.02 

-0 1 

3R" 

8.62 

03 

1 41 

03 


1/>i„(.W) 

9.04 

0.02 

-0 | 





‘A, 

26,,(4 dit,) 

9.04 

0 

0.9 







711,(4x1 

9.06 

0.02 

0.9 

3 R 

8.90 

0.1 

1.39 

1.1 


3/>2iil4pn v ) 

9.31 

0 

0.6 







4/>,,(4piT| 

9.38 

0 

0.5 

4 R' 

9.36 

0.1 

1.47 



2b 2< l4i/irJ 

9.43 

0.16 

0.5 


9.11 

- 

- 

0.9 

'-4, 

^b l J4pn,l 

9.44 

0 

0.4 







8a,(5ifu) 

9 62 

0.002 

l.l 






'A, 

3/).,,(5i/ir f ) 

9.67 

0 

0.9 






‘w,„ 

9n,( 4i/d't 

9.67 

0.01 

-° ) 

4 R" 

9.51 


I 49 

03 


2h,J4dd") 

9.68 

0.01 

-o 1 






I0i/,(5.v) 

9.74 

0.003 

0.8 

4 R 

9.62 

0 


1.1 


• Values estimated by the present authors. h Values from Ref. [10]. 


our precedent paper [10]. In the nR scries our calculated values are seen to lie 
0.1 0.2 eV above our appraisal of vertical transition energies. Our assignment 
of the forbidden transition at 7.45 eV is also in harmony with previous 
suggestions [1,8], 

The nR' series is observed to be weaker than the nR series [20], the strength 
of the first member, 3 R\ being lower than that of 3 R, yet slightly larger than that 
of 41?. For the nR' scries, different assignments have been suggested previously. 
Betts and McKoy assigned it as a nda series, n = 4, 5, .... Buenkcr el al. [8] 
discussed the possibility of 3 R' being either 3 d6 or 3 da. Our assignment is 3 pa. 
This might seem questionable since the transition to the l B 2l state is not dipole 
allowed. However, it is well known that both the ion and the Rydberg states do 
not have planar equilibrium conformations but are somewhat twisted [1,7,20,21]. 
By arbitrarily twisting the molecule the point group D lh is transferred into the 
group D 2 where transitions to all fl-states are allowed. To evaluate the effect of 
twisting on the oscillator strengths we have carried out calculations on the 
Rydberg ns and npa series with a twisted conformation (cf. Merer and 
Schoonveld [21]): 

r(C-C)= 1.41 A , r(C~H)= 1.11 A , Z_CCH=120", 

and the dihedral angle = 25 . The same basis set as in Ref. [10] was used. Some 
results from calculations within the frozen core approximation are displayed in 
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Table 7. Some lower singlet an<l B J(( , states of ethylene with twisted conformation, see text for 
details. Results from frozen core approximation. Energy values in eV 


Rydberg 

Vertical 

Transition 

Vertical 

Oscillator strengths 

orbital 

transition 

energy to D, 

transition 

for vertical transitions 


energy in 

state from D, k 

energy in 

- 

— 


Dj geometry 

ground state' 

D 2 ,i geometry b 


I) b 

3s 

6.72 

7.33 

7.52 

0.029 

0.045 


8.28 

8.89 

9.09 

0.016 

0.022 

5s 

8.97 

9.58 

9.77 

0.002 

0.003 

3 pa 

7.41 

8.02 

8.22 

0.005 

0 

4 pa 

8.60 

9.21 

9.41 

0.001 

0 

Spa 

9.06 

9.67 

9.86 

10 4 

0 


* E a (D 2k )= -77.91451 a.u.. E U (D 2 )= - 77.89211 a.u. 
b Values from Ref. [ 10], 


Table 7. Nine configurations were used for the B } states and ten for the B 2 states. 
Calculations mixing all singly excited configurations were also performed 
(extended Cl of Ref. [10]) including thirtyeight B } and forty B z configurations. 
The deviation between these two rather different Cl-treatmcnts in no case 
exceeded 0.01 eV, although the a —it separability is lost by twisting. In 
agreement with previous, more elaborate studies we found that all Rydberg 
states were stabilized by twisting, cf. columns three and four of Table 7. 
Oscillator strengths obtained with twisted (D 2 ) and planar (D 2h ) conformations 
are compared in the last two columns. It is noticeable that the strength obtained 
for the B 2 (3pa) state is even larger than for the 4R(5s) state, thus supporting our 
assignment. The experimental energy values of the nR' series, 8.26 eV and 
9.36 eV, are rather close to the energies calculated for the transitions to the 
B 2 (3pcr) and B 2 (4po) states, i.e. 8.19eV and 9.38 eV respectively (cf. Table 6). 
Furthermore, the comparatively large values of r 0 indicate that the nR' Rydberg 
orbitals are likely to be antibonding. Experimental and theoretical ^-values are 
also in good accord and of a magnitude typical for Rydberg np states. On the 
other hand, the previous assignments of the Rydberg orbital of 3 R' as 3 <18 [8] 
or 4da [9] are not supported by our results. We obtained energy values for both 
these states close to 9eV, i.e. 0.7 eV above the experimental value. In view of our 
good results for the nR series, it is rather unlikely that the nR series should be 
so badly described by our model. It should also be noted that the previous 
treatments [8,9] did not include ^-functions in their basis sets. 

The 3 R'' system consists of several strong, diffuse bands with maximum inten¬ 
sity at 3R" 20 (8.96 eV), 0.34 eV above the 00-band. Its unusual appearance led 
us to consider that it might be composed of two superimposed transitions of 
almost equal energy. Since our calculations of IP-adjusted energies indicate that 
the B 3u (3d5') and B 2 J3dS") states are almost degenerate, we propose that both 
these states contribute to the 3 R" system. A justification for this proposal is given 
by the fact that during twisting the B 3 and B 2 states will approach each other 
and finally become exactly degenerate in the D 14 (perpendicular) geometry. The 
calculated energies are found about 0.1 eV above the vertical transitions. The 
intensities as well as the small r 0 -value of 3 R" are in harmony with our 
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assignment. Our conclusion is in partial agreement with that of Betts and 
McKoy [9], who assigned 3 R" as 3dS'(a g ) and an unassigned band at 8.92 eV as 
3dS"(b tfl ). A different interpretation of 3 R" was given by Buenker ei al. [ 8 ], As 
already mentioned these authors suggested that 3 R" and 3 R' may correspond 
to 3 da and 3 dd, with some preference for 3 R" being 3do. As mentioned, none of 
these two investigations included d-functions in the basis sets. Both inter¬ 
pretations must therefore be considered as somewhat speculative. 

Among the observed bands, not yet discussed here, the 4R"' system is by far 
the most important. This system is composed of several rather intense bands. 
Following a suggestion by Wilkinson, Betts and McKoy [9], as well as Buenker 
el al. [ 8 ], assigned the Rydberg orbital involved as dn x , and presumably 4 dn x . 
This assignment is supported by our result that the oscillator strength calculated 
for this transition is as large as 0.16. However, it is difficult to understand how 
the r, r valuc of the 4 R m state (1.39 A) could be compatible with an antibonding 
idn x ) Rydberg orbital. This r () -value should be compared to the CC-distancc of 
the ion C 2 H 4 which is found to be 1.41 ± 0.01 A [21], For this reason we 
tentatively assign 4 R'" as B-,J4da) (accordant with r 0 and 6 values, but not 
quite in harmony with the calculated oscillator strength) and the rather intense 
9. HeV transition as B i J4dnJ, cf. Table 6 . An interchange of these two 
assignments might be considered. A more definite conclusion would however 
require much more elaborate calculations. The most intense band of the 4 R " 
system is found very close to the 9.11 eV band [20]. In contrast, our energy values 
of the two states under discussion indicate a separation of 0.4 eV. However, as 
already mentioned, we expect all members of the ndit x series to be less adequately 
represented in our model than the other Rydberg series. Therefore, this deficiency 
is not a very serious argument against our assignments. 

It should be pointed out that the order of the lowest slates as computed with 
our method agrees completely with the results of Buenker et al. [ 8 ], However, 
their very elaborate method does not easily allow either a description of the 
higher states or calculation of oscillator strengths. Both these things can easily 
be achieved by our method. In view of the simplicity of the method and its 
characteristic of being completely ab initio the results collected in Table 6 must 
be considered as very satisfactory and promising for continued application. 
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Vihronic Coupling and Paramagnetic Anisotropy of a Cubic Complex 2 T 2 Subjected 

to a Trigonal Field 


The influence of vihronic coupling on the average paramagnetism and the paramagnetic anisotropy 
of a cubic complex, the electronic ground state 2 T 2 of which is perturbed by a trigonal field, is investi¬ 
gated. It Is necessary to introduce the following parameters: the spin-orbit coupling coefficient 2. 
the vibronic coupling coefficient x, the frequency htu, of the E modes of vibration, the splitting A of 
the j T 2 level in the trigonal field and the covalence parameter k. 

For given x and = ^ j. the influence of the vibronic coupling is more important if in the 

trigonal field the electronic ground state of the complex is 2 E than if it is 2 A. For given x and r 

the smaller |p|, the greater the influence of vibronic coupling. The respective effects of vibronic coupling 
and covalence arc compared. Finally, the case of the first row transition-metal complexes is briefly 
discussed. 



Introduction 

Nous avons dans un article precedent [1] auquel nous nous referons frequem- 
ment etudiE l’influence du couplage vibronique sur le paramagnetisme d'un 
complexe cubique dont l’etat electronique est 2 T 2 '. En d’autres termes, nous 
avons tenu compte de ce que toute molecule possEde des modes de vibration 
non totalement symetriques de sorte que la configuration d'Equilibre de cette 
molecule n’est qu’une configuration moyenne. Lorsque l'etat electronique 
fondamental de la molecule est degenere, celui-ci peut se coupler avec certains 
modes de vibration; 1’approximation de Bom-Oppenheimer dans laquelle on 
Etudie le mouvement Electronique en supposant Ics noyaux fixes dans leur position 
d’Equilibre n’est alors plus valable. 

Pour etudier theoriquement le paramagnetisme de complexes de metaux 
de transition en tenant compte du couplage vibronique. la theorie de Van Vleck 
[2] reste parfaitement applicable; mais alors les sommations qui interviennent 
dans la formule classique donnant la susceptibilite molaire en fonction de la 

1 Par complexe cubique nous entendons aussi bien complexe tetraedrique dont la symitrie est T d 
que complexe octaedrique dont la symitric est 0^. Dans ce dernier cas, l’etat Electronique considEre 
est 2 7' 2r Pour simplifier, nous garderons la notation 1 T 1 . 
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temperature: 

N n ^ 1 ') 2 A' T— 2 E< 2 >] exp(- E?'/kT) 

/.= pT^VfcT) (1) 

n 

doivent etre faites sur les difTerents niveaux vibroniques pour lesquels il intervient 
un couplage entrc etat electronique et modes de vibration et non sur les seuls 
niveaux electroniques. 

Dans un complexe cubique dont l’etat electronique est un triplet orbital, les 
modes de vibration qui se couplent avec l’etat electronique sont ceux qui se 
transformcnt comme les representations irr&ductibles E et T 2 du groupe cubique 
(E # ct T 2# si 1c complexe est octaedrique). Nous avons suppose avec Sturge [3] 
que le couplage vibronique engendre par les modes de vibration T 2 peut etre 
neglige et avons introduit le parametre x [4] qui d 6 finit l’importance du couplage 
vibronique engendre par les modes de vibration E. x = 0 correspond k l’approxima- 
tion de Born-Oppenhcimer dans laquelle le couplage vibronique est neglige; 
v= I correspond a un fort couplage vibronique. Lorsque x devient trfcs grand 
(v>2). on tend vers une distorsion tetragonale statique de la molecule. Nous 
avons montre que la variation du paramagnetisme en fonction de la temperature 
est d’autant plus modifiee par (’introduction du couplage vibronique que le 
3;. 

parametre q= oil /. est le coefficient de couplage spin-orbite et hw t la 

2ho K 

frequence dcs modes de vibration £, est en valcur absolue plus faible. De plus 
il a ete trouve que 1 ’influence du couplage vibronique est proche de celle de la 
covalence qui tend a reduire le moment orbital d’un facteur constant k mais 
non rigoureusement idenlique. 

Nous nous proposons maintenant de poursuivre letude de I’influence du 
couplage vibronique sur les proprieles magnetiques des complexes cubiques 
2 T 2 en supposant qu’au champ dc ligands cubique se superpose un champ axial 
engendrant une distorsion statique trigonale du complexe done une anisotropic 
magnetique. L'existence d’une telle distorsion trigonale dans un complexe 
cubique 2 T 2 a frequemment ete soit prouvec experimentalement par radiocristallo- 
graphie [5], soit supposee dans le but d'interpreter les proprietes magnetiques 
[ 6 - 8 ]. L'influence d’un champ axial sur le paramagnetisme d’un complexe 
cubique 2 T 2 a et 6 etudiee theoriquement par Figgis [9] puis par Gerloch [10]. 
Ces deux auteurs cependant ne tiennent pas compte de ce qu’outre une distorsion 
statique, le complexe subit des distorsions dynamiques correspondant aux modes 
de vibration non totalement symetriques et que certains de ces modes peuvent 
se coupler avec 1 ’etat electronique. Il nous a alors paru interessant d’etendre 
les etudes de Figgis et Gerloch en tenant compte du couplage vibronique. 

Figgis ne distingue pas dans son article un champ axial trigonal d'un champ 
axial tetragonal et de fait, si on consid^re que I’etat fondamental 2 T 2 est tr£s 
separfe en 6 nergie des 6 tats excites et que Ton neglige le couplage vibronique, 
I'effet du champ axial, qu'il soit trigonal ou tetragonal est de diviser le niveau 
2 T 2 en un niveau orbitalement non degenere { 2 A Y ou 2 B 2 ) et un niveau orbitalement 
doublement deg 6 nere ( 2 £) separe du precedent de A. Ce parametre A definit 
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alors de fa^on univoque 1’influence du champ axial sur la susceptibilit6 magnetique 
moyenne et Tanisotropie magnetique. Gerloch itudie le cas oil l'etat fundamental 
2 T 2 est perturbe par un champ tetragonal et envisage deux modules: le module 
2 T 2 oil l’6tat fondamental est tr6s s£par£ des etats excites et le module 2 D applicable 
aux ions d 9 en champ tetraedrique oil il tient compte de la separation 10 Dq 
des niveaux 2 T 2 et 2 E dans le complexe cubique. Les resultats qu’il obtient dans 
le premier module peuvent parfaitement 6tre etendus au cas d'unc distorsion 
trigonale alors que ceux obtenus dans le module 2 D seraient modifies si la distorsion 
etait trigonale. Meme en supposant qu’il n’y a pas d’etats excites proches en 
energie de l’etat fondamental (module 2 T 2 ), il est necessaire de distinguer la 
nature de la distorsion axiale, trigonale ou t6tragonale, d6s lors qu’on inclut 
le couplage vibronique dans la theorie. En effet une distorsion trigonale fait 
passer la sym6trie du complexe de O h a ou de T d k C 3 „; les coordonnees 
normales Q 2 et Q 2 correspondant aux modes de vibration E dans le complexe 
cubique restent degenerees. Par centre, une distorsion tetragonale fait passer la 
symetrie de O h & D Ah ou de T d a C 4 ,.; Q 2 et Q 2 nc sont plus degenerfe, et sc trans- 
forment respectivement comme A , et B, . On peut dire que les niveaux vibrationnels 
correspondant aux modes de vibration E dans le complexe cubique ne sont pas 
perturbSs par une distorsion trigonale alors qu'ils le sont par unc distorsion 
tetragonale. Le probteme de l'influence du couplage vibronique sur un ion 2 T 2 
perturbe par un champ tetragonal a et6 aborde par Kamimura et Mizuhashi 


[ 11 . 12 ]. 

Par rapport a 1 etude pr6cedente [1], le seul paramfetre supplementairc 
que nous avons introduit est A compte positivement lorsque le niveau fondumcntal 
est le niveau orbitalcment non degen£r£ 2 A V Les autres param&res stmt A le 
coefficient de couplage spin-orbitc, k le paramfctre de covalence, la frequence 
lu,i c des modes de vibration E ct le paramdtre de couplage vibronique x. Pour 
exprimer les resultats, nous delinirons deux parametres supplementaires 

A 3A 

-r et e= - n -. — ■ 

A 2hu) t 

Enfin, dans l’exposd des resultats, nous nous attacherons dune part & montrer 
en quoi l’introduction du couplage vibronique modifie les resultats presents 
par Figgis et Gerloch, d’autre part a comparer les influences sur Tanisotropie 
magnetique du couplage vibronique ct de la covalence dont on sait qu’clle lend 
a reduire le moment orbital du facteur k. 


Methode de Calcul 

La m&hode de calcul utilisee est tout a fait similairc a celle qui a ete dterite 
en detail dans le precedent article [1], n’etait ce que dans l'hamiltonien vibronique 
JT du complexe, un terme H D de perturbation due au champ trigonal est rajoute. 
.ft s’ecrit alors: 

.ft = H E + H n + H d + Hgo (2) 

ou H e . H n et Hso sont respectivement les hamiltoniens electronique, nucleaire et 
de couplage spin-orbite. 
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Rappelons ici Faction de la distorsion trigonale et du couplage spin-orbite 
sur l' 6 tat electronique 2 T 2 en absence de couplage vibronique. La distorsion 

2A 

trigonale separe le niveau 2 T 2 en un niveau 2 A t situfc 4-— et un niveau 2 E 


situe a 



Le couplage spin-orbite separe lui-meme le niveau 2 E en deux 


composantes f 4 et f 5 qui se referent aux representations du double groupe 
Dj l / 4 = E, 2 et r 5 = £ 3 . 2 ). Au premier ordre r 4 et E 5 sont situes respectivement a 



. Le niveau 2 A { n’est pas perturbe au premier ordre par le couplage 


spin-orbite et donne un niveau E 4 . Au second ordre, on sait que les deux niveaux r 4 
issus respectivement de 2 E el 2 A , interagissent. Ces resultats sont schdmatises 
dans la Fig. 1 oil nous avons pris x= 100cm -1 et A= — 500cm' 1 ,d’oii v= — 5. 

F.n developpant (2) en seric taylorienne en fonction des n coordonnees normales 
de vibration Q k et en ne tenant compte que du couplage vibronique engendrd 
par les modes de vibration E du groupe cubique, .W s'ecrit: 


jr - + "» +++ (>t )„ e. + 0. ' 3 > 

equation dans laquelle Hj!, W N et H sQ ont 6te cxplicites precedemment [1] et 
oit Q 2 et Q, sont les coordonnees normales de vibration se transformant comme la 
representation irrcductible £ du groupe cubique. 

L,es fonctions de base sont Ics fonctions de I’approximation de Born-Oppen- 
heimer y’" <p m " qui diagonalisent Hg + H N . V’f sont les fonctions propres de 
pour I’etat electronique fondamental, s u les fonctions du doublet de spin 
(s, = a: s 2 = (i) et </>'"•* les fonctions propres de // N dans I’approximation harmonique 
oit mi et n referent aux nombres quantiques de vibration correspondant a Q 2 et Q y 

Les termes li D . H s0 et 

turbations dont les ordres de grandeur sont suffisamment proches pour qu’elles 
puissent etre diagonalisees en meme temps. 

La distorsion H D ne perturbe pas les niveaux vibrationnels fia> e (nt + n+ 1); 
H d peut alors etre considere comme un operateur purement electronique et 
nous avons: 

V"'"> = H DiJ S ur S mm .S m . (4) 


Q2 + 


(™J 

UOa /o 


Q 3 sont considercs comme des per- 


H niJ est un element de la matrice carree d’ordre 3: 




V’S 


v’S 


0 


«d = 



(5) 


ou yip yi° et v ’3 se transforment respectivement comme les orbitales atomiques 
dy; d d lx . 
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Remarquons qu'une distorsion tetragonale perturberait les niveaux vibra- 
tionncls ha> e {m + n + 1) et qu’il aurait 6te alors necessaire d'introduire dans 
le calcul un nouveau paramfetre 8 egal 4 h(a) 2 - a> 3 ). 

Du fait de la distorsion. le parametre de covalence qui apparait dans les 
elements matriciels de la perturbation est anisotrope et en toute rigueur 
nous devrions introduire les paramfctres /c (j et k ± correspondant a la reduction 
du moment orbital suivant l’axe principal et perpendiculairement a cet axe. 
En fait, pour simplifier un probteme dont le nombre de param£tres est deja fort 
eleve, nous gardons un seul parametre k que Ton peut considerer commc un 
parametre de covalence moyen. 

Une fois obtenue par diagonalisation de Jf les Energies et fonctions vibroniques, 
on applique la perturbation Zeeman. Les elements matriciels sur la base des 
fonctions electroniques i/>?s B des operatcurs et /J lt moments magnctiqucs 
suivant l’axe de la distorsion et perpendiculairement a cet axe, sont respectivement 
en unites atomiques: 


V’i s i 

V°si 

V’®*! 

V2*j 

V’j'i 

V’j.V 2 

V* 

3 


i, 'V'* 

0 


0 


lA 

3 

0 


0 

jMl k 

3 * 



A 

3 


ma* 

3 

0 




_ 1/3 

0 

"(h 




!V 2 k 
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Fig. 1 


Lcs perturbations Zeeman parallele et perpendiculaire a I’axe de la distorsion 
son! diagonalisees sur la nouvellc base des fonctions vibroniques. On calcule 
alors les coefficients Zeeman du premier ct du second ordre et obtient lcs susccpti- 
bilites magnetiques molaires Xq et Zl P ar application de la formule (1). La suscepti- 
bilite magnetique moyenne / est donnees par: 

7. = ts(X\\ + 2Xi) 

Les moments magnetiques cffectifs /ijj, /i x et Ji exprimes en Magnetons de Bohr 
sc deduisent des susceptibilites magnetiques molaires scion: 



et deux relations equivalentes pour et Ji. 

Nous avons limite la base des fonctions de Born-Oppenheimer a m + n = 2. 
De la sorte le calcul requiert des diagonaiisations de matrices hermitiques d'ordre 
36, ce qui, au point de vue du temps de calcul, revient a diagonaliser des matrices 
reelles symetriques d’ordre 72. Du fait de la distorsion trigonale, aucune transfor¬ 
mation unitairc ne perment de reduire l’ordre des matrices a diagonaliser. 
On notera que la base de depart est moins large que celle que nous avions utilisfe 
dans Particle precedent [I], Cette reduction de la base nous a et6 imposee afin 
de limiter lc temps de calcul a 15 heuressurlBM 360/75. Lcs valeurs de Ji obtenues 
pour r = 0, e’est-a-dire en absence de distorsion trigonale, sont legdrement 
differentes de celles obtenues precedemment lorsque ,x#0. Cette difference 
restc faible pour x= 1. La forme generale des courbes de variation du para- 
magnetisme en fonction de la temperature pour differentes valeurs de .v n'est 
pas appreciablement modifiee par la reduction de la base. 

Resultats et discussions 

Les resultats seront discutes 4 partir de tableaux et schemas qui couvriront 
les principales consequences de Pintroduction du couplage vibronique dans la 
theorie du paramagnetisme d’un complexe cubique subissant unc distorsion 
trigonale. 
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lnt6ressons-nous d’abord au moment magndtique effectif moyen. Dans le 

kT 

Tableau 1, nous avons donne les valeurs de fi en fonction de —— pour q = 0,3 et 

A 

difffcrentes valeurs dc v( — 8 g r ^ 8) et de x{x = 0; 0,5; 1) en negligeant la covalence 
(k= 1). Ce tableau concerne done le cas oil le coefficient de couplage spin-orbite 
est positif (ion d' hexacoordind en environnement D 3d et ion d s tetracoordine en 


Tableau 1. Moment magnetique effectif d'un ion 1 T 1 soumis ii un champ trigonal cn fonction dc 

kT 

-, t> et x et pour q = 0,3 et k = 1 







q = 0,3 

k 

= 1 

v = 0 






kT 

0.1 

0,2 

0,3 

0,4 

0.5 

0,6 

0.8 

1.0 

1.2 

1.4 

1,6 

1.8 

2,0 

r-8 

1,60 

1,61 

1,63 

1,64 

1,66 

1.67 

1.70 

1.73 

1.76 

1.79 

1,82 

1,84 

1,87 

5 

1,51 

1.54 

1,56 

1.59 

1.61 

1.64 

1,68 

1.73 

1.77 

1.82 

1,85 

1,89 

1.92 

2 

1.23 

1,31 

1,38 

1.44 

1.50 

1.56 

1.66 

1.75 

1.82 

1.87 

1.92 

1.95 

1.98 

1 

0.96 

1,10 

1.22 

1.33 

1,43 

1.51 

1,65 

1.76 

1.83 

1,89 

1,93 

1,97 

1.99 

0 

0,63 

0,89 

•1,09 

1.26 

1,39 

1,49 

1.65 

1,76 

1.84 

J.89 

1,94 

1.97 

2,00 

-1 

0,64 

0,92 

1,13 

1,28 

1.41 

1,50 

1.65 

1.76 

1,83 

1.89 

1,93 

1,96 

1,99 

_ 2 

0,63 

0.92 

1.14 

1,30 

1,42 

1,51 

1.65 

1.75 

1.82 

1.88 

1,92 

1.96 

1,99 

-5 

0,63 

0.91 

1,13 

1,30 

1.43 

1.52 

1,65 

1.74 

1,80 

1.85 

1,89 

1,93 

1.96 

-8 

0,63 

0,91 

1,13 

1,30 

1.42 

1,52 

1,65 

1.73 

1.79 

1.84 

1,87 

1.90 

1,93 






0 = 0.3 

k- 

- 1 

x - 0,5 





kT 

X 

0,1 

0.2 

0,3 

0.4 

0.5 

0,6 

0.8 

1,0 

1.2 

1.4 

1.6 

1.8 

2.0 

r = 8 

1,57 

1,59 

1,60 

1.62 

1,63 

1.65 

1.68 

1,70 

1,73 

1.76 

1,79 

1,81 

1.83 

5 

1,52 

1.54 

1,57 

1,59 

1.62 

1,64 

1,68 

1.73 

1.76 

1.80 

1,83 

1.86 

1.88 

2 

1,29 

1,35 

1.42 

1.48 

1,53 

1,58 

1,67 

1.73 

1,78 

1.82 

1.86 

1.89 

1.92 

i 

1,08 

1,20 

1,32 

1,42 

1.50 

1,57 

1.67 

1.74 

1.79 

1.83 

1,87 

1,90 

1,92 

0 

0,81 

1,07 

1,26 

1.39 

1,49 

1.56 

1,67 

1.74 

1.79 

1.84 

1,87 

1.90 

1,93 

-1 

0,84 

1.11 

1.22 

1,40 

1.50 

1,57 

1,67 

1.74 

1,79 

1.83 

1,86 

1,89 

1.91 

— 2 

0,82 

1.12 

1,30 

1.42 

1.50 

1.57 

1,67 

1.74 

1,79 

1,83 

1,86 

1,89 

1,92 

-5 

0,78 

1.09 

1,29 

1.42 

1.50 

1,56 

1.65 

1.71 

1,76 

1.80 

1.84 

1.86 

1.89 

-8 

0,77 

1,08 

1,28 

1.42 

1,50 

1,56 

1.66 

1.72 

1.76 

1,80 

1,83 

1.86 

1,88 






e = o,3 

k 

=■ 1 

,v =■ 1 






kT 

X 

0,1 

0,2 

0,3 

0,4 

0,5 

0,6 

0,8 

1,0 

1.2 

1,4 

1.6 

1.8 

2,0 

i’ = 8 

1,60 

1,61 

1,62 

1,64 

1,65 

1,66 

1,69 

1.71 

1.74 

1,76 

1,78 

1.80 

1,83 

5 

1,54 

1,56 

1,58 

1,60 

1,62 

1,64 

1,68 

1.72 

1,75 

1,78 

1,80 

1,83 

1,85 

2 

1,33 

1.39 

1,45 

1,51 

1,56 

1,59 

1,66 

1,70 

1,74 

1,77 

1,80 

1,83 

1,85 

1 

1,12 

1,25 

1,37 

1,45 

1,52 

1,57 

1,63 

1,68 

1,72 

1,76 

1.79 

1.82 

1,84 

0 

0,98 

1,23 

1,39 

1,49 

1,56 

1,60 

1,68 

1,73 

1,77 

1,80 

1,83 

1,86 

1.88 

-1 

1,01 

U4 

1,38 

1,47 

1,54 

1,59 

1,66 

1,71 

1,75 

1,79 

1,82 

1.84 

1,87 

-2 

0,98 

1,26 

1.40 

1,49 

1.55 

1,60 

1,67 

1,72 

1,76 

1,79 

1,82 

1,85 

1,87 

-5 

0,96 

1.26 

1,42 

1,51 

1,57 

1,61 

1,67 

1,72 

1,76 

1,79 

1,82 

1,84 

1,87 

-8 

0,93 

1,25 

1,41 

1.51 

1,57 

1.61 

1,67 

1.72 

1.76 

1.79 

1,81 

1,84 

1,86 
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environnement C 3l , dans la limite d'un champ fort). Lorsque v est positif, 1’etat 
fondamentai est 2 A X . Au premier ordre cet etat ne se couple pas avec les modes 

\dH B \ 


de vibration £ puisque les integrales du type ( 2 A X 


\ 


*Qk 


sont nulies. Le niveau 2 A X n’est perturbe par le couplage vibronique qu’au second 


* At ) 


avec k = 1 et 2 


Tableau 2. Moment magnetique eflectif d'un ion 2 T 1 soumis a un champ trigonal en fonction de 


kT 

Ul 


, r et x et pour e~ - 0.3 et k * I 


kl 

!/-| 





= - 0,3 


1=1 

X -- 

= 0 





0,1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.8 

1.0 

1.2 

1.4 

1,6 

1,8 

20 

r — K 

2.10 

2,20 

2.26 

2,20 

2.31 

2.31 

2,30 

2,29 

2.28 

2,28 

2.27 

2,27 

2.27 

s 

2.00 

2.20 

2.27 

2.31 

2,3.7 

2.34 

2.34 

2,34 

2,34 

Z34 

Z33 

233 

2,33 

-» 

2.05 

2.18 

2.20 

2,36 

2,40 

2.43 

2.45 

2.45 

2.45 

2.43 

2,42 

2,41 

2,40 

1 

2.00 

2,16 

2,10 

2,30 

2.45 

2,40 

2.51 

2,50 

2.48 

2.47 

2.45 

2,43 

2.42 

0 

1.05 

2.14 

2,30 

2.42 

2,40 

2.52 

2.53 

2.52 

2.50 

2,48 

2,46 

244 

2,43 

1 

2,03 

2.16 

2.27 

2,36 

2,43 

2.46 

2,49 

2.40 

2.48 

2.46 

2.45 

243 

2,42 

2 

2,06 

2,12 

2,18 

2,24 

2.20 

2,3.7 

2.38 

2.40 

2.41 

Z41 

2,41 

240 

2,30 

5 

1.04 

1.07 

1.00 

2,01 

2.03 

2.05 

2.09 

2,13 

2.16 

2,19 

221 

2.23 

2,25 

X 

l.XX 

1,80 

1.00 

1.02 

1.03 

1.04 

1.97 

1.00 

2.02 

2.04 

Z07 

2,00 

211 

kl 

i; 'Lj 




0 = 

^ - 0.3 


1=1 

,v = 

0.5 





0.1 

0.2 

0,3 

0,4 

0.5 

0,6 

0,8 

1.0 

1.2 

1.4 

1.6 

1,8 

2.0 

1 = X 

1.02 

2,05 

2,11 

2.13 

2,14 

2.14 

2.14 

2.14 

2.14 

2.15 

2,15 

216 

217 

5 

1,00 

2.04 

2,11 

2.14 

2,15 

2,16 

2,17 

2,17 

2.17 

2,18 

2.10 

210 

2.20 

2 

1,83 

2,01 

2.11 

2,17 

2,20 

2,21 

222 

2,22 

2,23 

2.23 

223 

2.23 

2,24 

i 

1.80 

2.01 

2.14 

2,21 

2.24 

2.25 

2,25 

2,25 

2,25 

Z25 

2,25 

2,25 

225 

0 

1.75 

2,00 

2.15 

2,22 

2.25 

2.26 

2,27 

2.26 

2.26 

2.26 

2.26 

2.26 

2.26 

- 1 

1.85 

2.01 

2,13 

2,20 

2,23 

2.24 

225 

2.25 

2.25 

2.25 

2.25 

2,25 

2,26 

*> 

1.03 

2,01 

2.07 

2.12 

2.15 

2,18 

2,20 

2.21 

i -n 
*-«*-*' 

Z22 

2,23 

223 

224 

- 5 

1,87 

1.00 

1.02 

1,04 

1,96 

1,08 

2,01 

2.04 

2,07 

2,00 

Zll 

212 

2.13 

- X 

1,86 

1.87 

1.80 

1,90 

1,01 

1,93 

1,95 

1.07 

2.1X) 

2.02 

204 

206 

207 

k 7 

U ' 




U 

= - 0.3 


1 = 1 

X = 

= 1 





0.1 

0.2 

0,3 

0.4 

0.5 

0.6 

0.8 

1.0 

1,2 

1.4 

1.6 

1.8 

2,0 

r = 8 

1.83 

1.06 

2,01 

2,03 

2,04 

2.04 

2.04 

2,05 

2.06 

2.07 

2.08 

209 

210 

5 

1.70 

1.04 

2,00 

2.03 

2.04 

2,04 

2.05 

2.06 

2.07 

Z08 

ZOO 

210 

211 

2 

1.74 

1.03 

2.02 

2,05 

2,07 

2,07 

2,08 

2,09 

2.10 

2.11 

212 

213 

214 

i 

1.66 

1,00 

2.01 

2.05 

2,06 

2,07 

2,08 

2,08 

ZOO 

2.10 

Zll 

212 

213 

0 

1.66 

1.03 

2,05 

2,09 

2,10 

2,11 

2.11 

2,11 

2,12 

2.13 

2,14 

2,15 

2.16 

-1 

1.74 

1,03 

2.03 

2.07 

2,09 

2,09 

2.10 

2,11 

2,11 

Z12 

213 

214 

215 

_ 2 

1.86 

1.04 

2.00 

2,04 

2.06 

2.07 

2,08 

2,09 

2.10 

Zll 

212 

2,13 

2.13 

-5 

1.88 

1,90 

1.92 

1,04 

1.95 

1,97 

1,99 

2.02 

2,03 

Z05 

2,06 

207 

208 

— 8 

1.85 

1.86 

1.88 

1.89 

1,90 

1,91 

1,93 

1.95 

1,97 

1,99 

201 

202 

204 
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ordre, les integralcs du type ( 2 A 


/ 


etant differentes de zero. On constate 


en effet que I’influence du couplage vibronique sur le paramagnetisme pour 
v>0 est faible et ce d'autant plus que v est plus grand, done que les composantes 
r 4 eir s de 2 E sont plussdparees en energie de 2 A t . Par contre, pour v < 0. le niveau 
fondamental est 2 E qui se couple au premier ordre avec les modes de vibration £ 

\8H, 


puisque 


dQ k 


E 


est different de zero et le couplage vibronique modifie 
kT 


de faQon sensible la variation de fi en fonction de 

A 

Le Tableau 2 ne difffere du precedent qu'en ce que q= -0,3. II concerne 
done le cas ou A est negatif (ion d 5 hexacoordine en environnement D M dans 
la limite du champ fort et ion d 9 tetracoordine en environnement C 3l .). Lorsque 
t; est positif, le niveau fondamental est 2 E et le couplage vibronique modifie 
sensiblement la variation du paramagnetisme en fonction de la temperature alors 
que, pour u<0, le niveau fondamental est et 1'infiuencc du couplage vibronique 
est faible. Les deux Tableaux 1 et 2 doivent etre compares a ccux de l'article 

kT 

de Figgis [9] ou les valeurs de fi sont donnees en fonction de —. -, r et k en negligeant 


le couplage vibronique (x = 0). 

kT 

Dans la Fig. 2, est representee la variation de ^ et en fonction de — 

A 

lorsque p = 0,3, v= -5 et cela dans le cas d'un couplage vibronique nul (x = 0) 
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et d'un couplage vibroniquc important (x = 1). On constate que, comme attendu, 
le couplage vibronique qui diminuc la contribution orbitale du paramagnetismc 
entraine une diminution de 1’anisotropie magnetique deilnie par ^ — fi x . En fait, 
pour a > 0, I'anisotropie magnetique, meme en absence de couplage vibronique, 
rcste faible et nous nous interesserons uniquemcnt par la suite au cas des complexes 
avee / <0 pour lesquels I’anisotropie magnetique est nettement plus importante. 

kT 

Ainsi la Fig. 3 donne la variation de n n et en fonction de —— et cela pour 

g — —0,3, v = 5 et -x = 0, 0,5 et 1. On verifie que I'anisotropie magnetique, impor- 
lante pour x = 0, tend a diminuer lorsque x croit. On remarque que le couplage 
vibronique modifie beaucoup plus fortcment que 

La Fig. 4 se deduit aisement de la Fig. 3 et donne les variations de I’anisotropie 


magnetique /X|j — /t x en fonction de 


k L 

W 


pour les memes valeurs des paramfetres 


g, v et x. 

Sur la Fig. 5, nous avons represente la variation de en fonction de v 

kT 

pour g— -0,3, = — 1 et x = 0, 0,5 et 1. Lorsque v est positif, e’est-a-dire 

A 


lorsque l'6tat fondamental est 2 E, I'anisotropie croft avec v mais cette croissance 
est d'autant plus lente que x est plus grand. Pour v = 0, bien evidemment ^ — n l =0 
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ct pour r<0, comme deja observe par Gerloch [10], Fanisotropie passe par un 
maximum en valcur absolue et tend vers zero lorsque le niveau fondamental 
2 A est tr£s separ£ du niveau 2 E. Le moment orbital est alors detruit par ladistorsion 
et p|, et n x sont 6gaux a |/3. 

Nous avons vu precedcmment que l’influence du couplage vibronique sur 
le paramagn6tisme etait d’autant plus faible que le paramdtre q en valeur absolue 
etait plus grand. Ce resultat peut a nouveau etre verifie dans cette etude. Pour 

cela nous avons trace sur la Fig. 6 la variation de P||—Pi en fonction de ^ 

pour g- - 1, r = 5 et x = 0, 0,5 et 1. Cette courbe doit etre comparee A celle de 
la Fig. 4 et cette comparison conftrme que la diminution de Fanisotropie magne- 
tique engendrSe par le couplage vibronique est nettement plus faible lorsque 
- 1 que lorsque g = - 0,3. 

Enfin jusqu’4 present dans les Tableaux 1 et 2 et les Figs. 2 a 6, nous avons 
neglige la covalence en posant k= 1. Nous voulons maintenant comparer Fin- 
fluence de la covalence & celle du couplage vibronique. Pour cela, sur la Fig. 7, 

kT 

nous avons 4 nouveau represent^ n y — n ± en fonction de lorsque A est n^gatif 

et v egal k 5, en posant x = 0 et en donnant k k les valeurs 1, 0,8 et 0,6. On peut 
constaterque leseflets de la covalence et du couplage vibronique sont tris similaires, 
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tous deux entrainent une diminution de 1’anisotropie magnetique, mais ils ne 

kT 

sont pas rigoureusement equivalents. Par exemple pour —- = 1,7, la courbe 

w 

x - 1 de la Fig. 4 passe par le meme point que la courbe k = 0,6 de la Fig. 7. Ces 
deux courbes cependant ne sont pas superposables; elles ne possedent que ce 
point commun. La meme constatation peut etre faite si dans la Fig. 8, on trace la 

kT 

variation dc en fonction de v pour / ncgatif, — — = — 1, k = 1,0,8 et 0,6 et 

A 


compare les courbes tracees a celles de la Fig. 5. Par exemple les courbes x = 1 

dc la Fig. 5 et k = 0,6 dc la Fig. 8 onl trois points communs (r~8, r = 0 et r-3) 

mais ne sont pas du tout superposables. Rappclons ici que k a la signification 
d'un parametre de covalence moycn et qu’en toute rigueur it faudrait introduire 
deux parametres de covalence A (i et k L pour tenir compte de 1’anisotropie creee 
par la distorsion. 


Conclusion 

Nous avons introduit le couplage vibronique dans la theorie du para¬ 
magnetisme d'un complexe cubiquc 2 T 2 subissant une distorsion trigonale. 
Nous avons pour cela considere que l’ctat eleetronique peut se coupler avec les 
modes de vibration £ du complexe cubique de sorte que l’approximation de 
Born-Oppcnhcimer ne peut plus etre utilisec. L’ecart a l’approximation de 
Born-Oppcnheimcr cst determine par le paramdtre de couplage vibronique x. 
Nous avons en fait simplifie le probteme vibronique en negligeant le couplage 
entre I'ctat eleetronique et les modes de vibrations T 2 du complexe cubique. 
De la sorte nous devons considerer que la distorsion statique trigonale resulte 
non pas d’un diet Jahn-Teller mais de I’cnvironnement cristallin; e’est par exemple 
le eas de Ti 3+ dans le rubis, le corundum, de I’alun de cesium et de titane. de 
l'acetylacetonate de titane, etc [5]. 

Les rcsultats de cette etude confirment et etendent ceux qui avaient etc obtenus 
precedemment: L’influence du couplage vibronique sur les proprietes magnetiques 
est similaire de celle de la covalence mais non rigoureusement identique. Le 
couplage vibronique reduit la contribution orbilale au paramagnetisme mais 
d'un facteur qui n'est pas independant de la temperature alors que k, le paramdtre 
de covalence, est suppose independant de la temperature. Cette reduction de la 
contribution orbitale au paramagnetisme entraine une diminution de 1'anisotropie 
magnetique creee par la distorsion trigonale. Cet effet du couplage vibronique 

, , , A 3/. .... 

depend outre de x, de r= et q- —. Lorsque r et / ont le meme signe, 

A est positif et 1’etat fondamentai 2 /t,, au premier ordre, n’est pas perturbe par 
le couplage vibronique. Au contraire, si v et X sont de signes contraires, A est 
negatif et letat fondamentai 2 E est au premier ordre perturbe par le couplage 
vibronique dont 1’influence sur le paramagnetisme du complexe peut etre 
importante. Sasaki et Obata [13] ont etudie un probl&me voisin; en admettant 
qu’en absence de couplage vibronique, la susceptibility magnetique suit une 
loi de Curie-Weiss, ils ont montre que l’introduction du couplage vibronique 
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conduit & une reduction de la susceptibility magndtique d'un facteur dependant 
de la temperature. Us n’ont cependant pas precise 1’influence du couplage spin- 
orbite sur cet effet. 

En ce qui concerne le paramdtre q, plus celui-ci est grand en valeur absolue, 
moins le couplage vibronique influence les propridtes magnetiques. Ainsi, lorsque 
lei ddpasse 2, le couplage vibronique ne joue a peu prds plus aucun r6Ie dans 
l’interpretation du paramagnetisme. II est alors possible d’examiner pour quels 
complexes 2 T 2 , le couplage vibronique est susceptible d'influer sur le para- 
magndtisme. Si nous supposons que les ions des mdtaux de transition sont ceux 
de la premdre serie (Ti k Cu) et qu’ils sont situes dans un champ de ligands dont 
les atomes coordinateurs appartiennent k la premiere ligne de la classification 
periodique, on peut admettre que la frequence Am, est de I’ordre de 400 cm -1 . 
En retenantcommevaleurs des coefficients de couplage spin-orbite, celles donnees 
par Dunn [ 11], on arrive aux conclusions suivantes: en ce qui concerne les ions d 1 
en champ octaedrique, le couplage vibronique peut jouer un role important pour 
Ti 3 + (A = 155cm -1 ) et n’etre pas ndgligeable pour V 4+ (A = 250cm" 1 ). Ce role 
devient trds faible pour Cr 5 + (/= 380cm" 1 ). En ce qui concerne les ions d 5 en 
champ fort, le couplage vibronique est susceptible de jouer un r6le trds important 
dans les proprietes magnetiques de V°(A = ± 95 cm" *). Un fort effet Jahn-Teller 
dynamique a deja ete postule pour V(CO) 6 [12]. Si 1'infiuencc du couplage 
vibronique ne peut a priori etre neglige pour Cr + (A = ± 190cm" 1 ) ou meme 
Mn 2+ (A = ± 300cm *), elle est sans doutc trds faible pour Fe 3+ (A = + 460cm" '). 
Enfin pour les ions <P en champ tetraedrique tels que Cu V qui possddent un fort co¬ 
efficient de couplage spin-orbite (A = -830cm" 1 pour Cu 2 + ). le couplage vibroni¬ 
que eventuel est sans effet sur les proprietes magnetiques. Ce qui precede ne prejuge 
pas de la valeur du paramdtre de couplage vibronique x dont le calcul theorique. a 
partir des fonctions electroniques y’°, est extremement difficile, x et les autres para- 
mitres introduits dans cette etude peuvent etre determines par recherche du meilleur 
accord entre variations experimentalc et theorique du paramagnetisme en 
fonction dc la tempdrature. Cela a ete fait dans le cas de TiF h Na 3 . Si nous 
definissons a partir des moments effectifs moyens calcules et expdrimentaux 

Sc.i et /I„p le facteur d’accord R = ■■^-- p - , nous obtenons pour 15 mesures 

iLRtx p 

entre 77 et 300 K un accord presque parfait corrcspondant a R - 0,002 pour 
x = 0,50, k — 0,80, Aw,. = 450cm" 1 , A= 155 cm" 1 et d = 200cm '. Sans intro¬ 
duction du couplage vibronique, le meilleur accord obtenu par Hatfield et coll. 
[16] correspond k R = 0,009. Sans doute ne faut-ii pas surestimer la signification 
d’un tel accord; ainsi que nous l’avions note precedemment [1], le nombre de 
parametres introduits permet une trop grande flexibility dans l’obtention des 
epurbes theoriques. Le test serait nettement plus sevire si, dans le cas d’un cristal 
axial, nous chcrchions 4 retrouver theoriquement les variations de et ft v 
II nous apparait cependant clairemenl que pour les composes des metaux de 
transition dont 1’etat fondamental est un triplet orbital, I’ecart a l'approximation 
de Born-Oppenheimer engendre par le couplage vibronique peut etre un facteur 
important dans l’interpretation des proprietes magndtiques dds lore que le 
couplage spin-orbite n’est pas trop important. 
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Molecular dipole polarizability values are derived from a MINDO/1 - and MINDO/2 “finite 
perturbation treatment”. The results are, especially in the MINDO/1 case, surprisingly good. 


Introduction 

The “finite perturbation theory" independently developed by Cohen and 
Roothaan [1] and by us [2-5], and subsequently given this name by Pople et al. 
[6], provided an exceptional stimulus to the calculation of second and higher 
order properties (dipole [1-5, 7—19] and quadrupole [10, 13] polarizabilities, 
susceptibilities [20], shielding [20] and coupling [21-25] constants, hyper- 
polarizabilities [5, 8, 10, 11, 26], and transition polarizabilities [27]). Since this 
theory, when applied at the CNDO/2 level [28], gives values for molecular 
dipole polarizabilities which are too low, we tested two other valence electron 
methods, MINDO/1 and MINDO/2 [29], for the same purpose. Is is the aim of 
this note to point out the unexpected result that these methods give much better 
results than the CNDO/2 method. 


Method 

Restricting ourselves for the present objective to the diagonal components 
a lt of the molecular polarizability, we may describe the field dependence of the 
molecular dipole moment by [30] 

Mi -m\ 0) + a i,Fi + ••■.» = x, y, 2 (1) 

where \x, and /i| 0 ’ are the i-components of the total and permanent dipole moment, 
respectively, and F, the strength of the uniform electric field applied in the i-direc- 
tion In order to incorporate F, into the Hamiltonian operator, we have to add 
to the core matrix H' the field dependent matrix F, whose elements are the same 
for all of the three above mentioned valence electron procedures and which have 
been listed previously [17]For several values of F„ values of & are computed, 
and a„ is obtained using the method of least squares to express m according 
to (1) as a power series in F h 

*~Part 15 of Properties of molecules in electric fields. Part 14: Schweig, A.: Angew. Cbem, (in press). 

1 Some of the formulae in [17] are presented incorrectly and should be applied with caution. 
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Results and Discussion 

Tables 1-3 list the calculated MINDO/1, MINDO/2 and CNDO/2 2 polari¬ 
zabilities (Table 1 the a„. Table 2 the and a.„ components and Table 3 the 
mean polarizabilities a = (a xx + + a«)/3) together with previously calculated 

or experimental values. The orientation of molecules relative to the Cartesian 
coordinate system indicated in the Tables is chosen so that the coordinate axes 
and the principal polarizability axes coincide. 

The Tables reveal two interesting results: 

1) The quality of the calculated values clearly increases in the series: 
CNDO/2-*MINDO/2-► MINDO/1. This result is surprising, since previous 
experience [54] has shown MINDO dipole moments to be inferior to those 
calculated by CNDO/2. 

2) Whereas MINDO polarizabilities of linear molecules along the molecular 
axis (a„) generally agree well with the experimental values, the polarizabilities 
perpendicular to the axis (a xx ) are much too low. A similar situation prevails 
in planar molecules (H 2 0, C 2 H 4 ) where the MINDO polarizabilities in the mole¬ 
cular plane (a„ and are much better (especially in the MINDO/1 case) than 
the polarizability perpendicular to the plane, (a )T ) being again much too low. 

These results show that the semiempirical MINDO- “finite perturbation 
method" represents a practical combination of methods for predicting satis¬ 
factory numerical values of molecular polarizabilities along the axis for linear 
molecules and in the plane for planar systems. However, if equally good polari¬ 
zabilities perpendicular to the molecular axis (linear molecules) or molecular 
plane are needed, the inclusion of some sort of polarization functions in the 
semiemperical method seems to be unavoidable. 


Tabic I. Polarizability component a., (in 10 - J cm'| 


I 

L 

Molecule* 


MINDO I MINDO-2 CNDO 2 Calculated F.xperimcnial h 


H-H 


N = N 


F - F 


1.02 0.47 0.455(17] 0.971 f 13] 

0.945 [32] 
0.21 [33] 
1.293 [34] 
1.92 [35] 
1.664 [36] 

2.79 2.78 1.153 [17] 1.10 [33] 

4.67 [34] 
3.84 [35] 
5.746 [36] 
1.56 [38] 

2.25 0.936 [17] 1.904 [36] 

2.248 [37] 
1.08 [38] 
2.15 [39] 


1.028 [49] 
0.934 [50] 


2.23, [49] 
138 m 


1 All CNDO 2 polarizability values have been recalculated by us. In case of large discrepancies 
between our values and those of Flush and Williams, both values are listed in the Tables. 
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Table I (Continued) 


X 

•L 

Molecule* 


MINDO/l M/NDO/2 CM DO/2 Calculated Experimental 1 ’ 


CsO 2.85 2.26 


o=c=o 

4.44 

3.93 

N = N = 0 

5.58 

5.73 

F-H 

0.60 



1.070 [17] 

2.11 [13] 

1.67 [13] 

1.76 [13] 

4.32 [34] 
4.803 [36] 
3.222 [37] 
3.264 [40] 

133, [49] 
2.60 [501 

1.994 [17] 

4.03 ( 491 
4.93 [51] 


2.58 

3.65 [13] 

4.97 [49] 


4.07 [13] 

4.86 [50] 

0.327 [31] 

0.830 [16] 



0.32 [33] 
0.63 [33] 
1.002 [37] 
0.859 [39J 
0.779 [411 
0.732 [42] 
0.808 [42] 
0.616 [43] 
0.791 [45] 


H 


0.67 

0.33 

0.22 [31] 

1.452 [40] 


/ 





0.749 [40] 


o 





1.073 [41] 


\ 





1.067 [41] 


H 





0.88 [431 






1.162 [44] 







1.00 [45] 







1.150 [46] 







0.489| 46] 


H 


0.53 

0.53 

0.21 

1.624 [41 ] 

241 

N.'-d H 



0.651 [31] 


2.42 

H 







C'H 4 


1.64 

1.05 

0.65 131] 

2.30 [18] 

2.60 






2.58 [35] 

2.62 






3.176(40] 







1.889 L4I] 


11 -C 

= N 

4.71 

3.36 

1.52 

1.845 [40] 

3.92 



1.862(31] 

1.831 [47] 


H-C 

sC-H 

5.09 

3.86 

2.121 [ 17] 


4.73 

5.12 

H 

H 

5.45 

4.29 

2.46 

4.20 [16] 


\ 

/ 



2.40 [331 


c 

=c 




4.08 [33] 


/ 

\ 




5.61 [48] 



II H 


[49] 

[50] 

[501 

[52] 


[50] 

[49] 

[50] 


* Experimental bond lengths and angles are used. 
b Optical polarizabilities unless otherwise specified. 
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L. 

Molecule* 


Table 2. Polarizability components a„ and a„ (10' 24 cm 3 ) 

MINDO/1 M1NDO/2 CNDO/2 Calculated Experimental b 


H-H 0.00 0.00 0.000[17] 0.678 [32] 0.714[49] 

0.00 [33] 0.718 [50] 

0.801 [34] 

0.24 [35] 

0.572 [36] 

N = N 0.60 0.60 0.394 [17] 0.40 [33] 1.53, [49] 

1.27 [34] 1.45 [50] 

0.72 [35] 

1.098 [36] 

1.954 [37] 

0.94 [38] 


1 h 

0.03 


0.04 

0.017 [17] 

0.390 [36] 
0.949 [37] 

0.30 [38] 

0.77 [39] 


C... o 

0.95 

0.9(1 

0.709 [17] 

1.55 [34] 
1.283 [36] 
2.088 [37] 
2.013 [40] 

1.80 D [49] 
1.625 [50] 

O-- c = o 

0 73 

0.50 

0.322 [171 


1.93 [49] 
2.14 [51] 

N - N = () 

0.71 

0.70 

0.42 


201 [49] 
2.07 [50] 

I- H 

0.04 


0.03 

0.000 [31] 

0.03 [33] 

0.22 [33] 



0.364 [34] 
0.377 [36] 
0.791 [37] 
0,623 [39] 
0.525 [41] 




H 

1.42 0.15 0.37 0.14 0.63 0.09 [31] 1.651 

1.226 [40] 

./ 

1.071 

0.589 [40] 

O 

1.191 

0.918 [41] 

\ 

\ 

1.202 

0.920 [41] 

H 

1.44 

0.63 [43] 


1.279 

1.069 [44] 


1.83 

0.53 [45] 


1.247 

1.011 [46] 


0.840 

0.165 [46] 


H 1.88 0.83 0.65 1.742 [41] 2.12 [49] 

N.'<3H 1.045 [31] 2.18 [50] 

H 
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L 

M1NDO/1 

MIN DO/2 CNDO/2 

Calculated 

Experimental 

Molecule 





ch 4 

1.64 

1.05 0.65 [31] 

230 [18] 

258 [35] 

3.176 [40] 

1.889 [41] 

260 [50] 

262 [52] 

H-CsN 

0.97 

0.77 0.46 

0.025 [31] 

1.845 [40] 

1.83! [47] 

1.92 [50] 

H-CseC-H 

0.73 

0.54 0.33 

0.000 [17] 


2.87 [49] 

2.43 [50] 



“» «** «„ 

**» “w 


H H 

\ / 

C = C 
/ \ 

H H 

3.72 1.02 

200 0.79 1.09 0.49 

228 16 

1.10 0.50 [33] 

286 1.77 [33] 

3.96 3.38 [48] 


* Experimental bond lengths and angles are used. 

11 Optical polarizabilities unless otherwise specified. 




Table 3. Mean polarizability #(1C 

1 “cm 3 ) 


L. 

MINDO/1 

MINDO/2 CNDO/2 

Calculated 

Experimental b 

Molecule* 





H-H 

0.34 

0.16 0.152 [17] 

0.767 [32] 

0.07 [33] 

0.965 [34] 

0.80 [35] 

0.936 [36] 

0.819 [49] 

0.79 [50] 

N = N 

1.33 

1.33 0.647 [17] 

0.63 [33] 

2.40 [34] 

1.76 [35] 

2.648 [36] 

2651 [37] 

1.15 [38] 

1.76, [49] 

1.76 [50] 

F-F 

0.77 

0.339 

0.323 [17] 

0.895 [36] 

1,382 [37] 

0.56 [38] 

1.23 [39] 


CiO 

1.58 

1.35 0.829 [17] 

2.44 [34] 

2283 [36] 

2466 [37] 

1.97, [49] 

1.95 [50] 

1.94 1.98* 
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Table 3 (Continued) 


L. 

MI NIX)/1 

MINDO/2 

CNDO/2 

Calculated 

Experimental 1 

Molecule' 







() -C — O 

1.97 

1.64 

0.879)17] 

2.430 [40] 

2.63 

[49] 






2.92 

[51] 






2.62 

2.89' 






2.59 

2.92 c 

N NO 

3.13 

2.38 

1.14 


3.00 

[49] 






3.00 

[50] 






2.92 

3.08 1 






2.92 

3.10 c 

) II 

0.23 


0.129 

0.13 [33] 

2.46 

[44] 




0.109 f.tl] 

0.36 [33] 

0.506 [34J 

0.528 [36] 

0.861 [37] 
0.7()2[39] 
0.610(41] 



II 

(173 

0.28 

0.32 [31] 

1.443 [40] 

1.49 

[531 





0.803 [40] 

1.46 

1.49' 

<1 




1.061 [41] 

1.063 [41] 



II 




0.98 [43] 
1.170(44] 

1.12 [45] 

1.136 [46] 

0.489 [46] 



.11 

1.43 

0.73 

0.50 

1.703 [41] 

2.22 

[49] 

n.<3h 



(1.914 [31] 


2.26 

[50] 

H 





116 

2.46' 






2.18 

2.34' 

Cll 4 

1.64 

1 0? 

0.6.3 | 31] 

130 [18] 

2.60 

1501 





2.58 [35] 

162 

[52] 





3.176(40] 

2.57 

159' 





1.889 [41] 

2.54 

2.62' 

II - C -- N 

2.22 

1.63 

0.81 

1.845 [40] 

2.59 

[501 




0.6.77 131] 

1 831 [471 

2.50 

2.50' 






2.54 

4.99' 

11 CM'- H 

2.18 

1.6.3 

0.927 


3.49 

[49] 




0.707(17] 


3.33 

[50] 






3.40 

3.91' 






3.45 

3.96' 

H II 

3.40 

2.36 

1.35 

1.33 [331 

4.22 

[49] 

\ 




190 [33] 

4.26 

[50] 

c = c 




4.32 [48] 

4.08 

4.24' 


\ 

II H 


* Experimental bond lengths and angles arc used. 

b Optical polarizabilities unless otherwise specified. 

* Calculated from polarization values given in [50], the first value from the electronic polarization, 
the second from the total polarization (electronic + atomic polarization). 
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Hbwetoe Artie Aotorcn 

1. Mamokripu werden mit einer Kopie, auf einscitig bcschrkbenen BlAttem mit doppeitem 

Zeiknabstand erbcten. Die Manuskripte mOsesa formal wie inhahUch to durchgearbehet sein, dafi 
Ander un gcn in den Korrektnrfahtten unnbtig tind. Zur Abkflrzung der Pubbkationszeit erhalten 
die Autoren nur tine Seitenkorrektur mit provisorischen (kursiven) Seitenzahlen. Es sol ten darin 
nur Satzfehler berichtigt werden. Nachtrtgliche (vom Manuakript abweichende) Korrekturen mQsaen 
den Autoren berechnet werden. * 

A lie Formeta sind mdgBchst mit der Maachine zu schreiben. Dabei ist darauf zu achten, dafi 
Indices und Exponenten trotz des fehlenden GrOBenunterschiedes genau ala solcbe zu erkennen 
sind. Beaondere Lettern (griechische, Script) sind durch farbige Unteritreichungen zu kennzetchnen. 
Zur Vereinfachung fur den Setter wird gebeten, griechische Buchstaben rot, Scripttypen grOn und 
halbfette braun zu unterstreichen. Audi einander Ahnlkhe Zetehen, z. B. 0 (Null) und O (Buch- 
stabe) Oder 1 (Eina) und / (Buchstabe) sind besoriders zu kennzeichnen. Bei handgeschriebenen 
Formetn ist bei alien vorkommenden Alphabeten zwiachen GroB- und Kleinbuchstaben (durch 
doppeltes bzw. einfaches Unterstreichen) zu unterscheiden. 

2. Abbildungsvarlagen werden als Tuschezekhnungen mit tiefschwaizem einheitlkhen Strich 
auf besonderen BUittern erbeten. Am Manuskriptrand ist deutlkh ihre Plazierung und dk von 
Tabellen zu vermerkcn. Kurze Abbildungsunterschriften sollen am SchluB des Manuakripts bei- 
gef&gt werden. 

3. Bei Originalarbeiten wird urn je eine Zusammenfussung (nkht tiber 100 Wdrtcr) in Englisch, 
DeuLwh und Franzdsisch, bei Kurzmitteilungen um eine m Englisch gebeten. (Cbersetzung ins 
FranzOsischc kann in der Redaktion vorgenommen werden.) Nichtenglischen Arbeiten soil auBer- 
dem eine englische Titeluberselzung beigefQgt werden. 

4. Lueraturungubm sind am SchluB der Arbeit zusammenzustellen und zu numerieren. Sk 
enthalten Namen und nachgestellte Initialen alter Autoren, den nach den intemationalen Regeln 
gekilrzten Zeitschriftentitel, Band-, Seiten- und Jahreszahl; bei BQchem Autorennamen, vollen 
Titel, Auflagc, Ort, Verlag und Jahr. Zitierung im Text erfolgt mit Nummer. 

5. Von jeder Arbeit werden 75 Sonderdrucke kostenlos zur Verfiigung gestellt. Weitere Separata 
kdnnen von den Autoren zum Selbstkostenpreis bezogen werden. 

6. Redaktiontlle Anfragen sind zu richten an: 

Thcoretica Chimka Acta, Prof. Dr. Hermann Hartmann. 

Manuskripte konnen an alle Mitherausgeber eingesandt werden. Adressen umstchend. 

Indications pour les auteurs 

1. Lcs manuscripts seront envoyds en deux exemplaircs dactylographies au recto seulement. 
Tant la forme exterieure que le contenu doivent avoir teur aspect defmitif. afin que des corrections 
sur lcs epreuves ne soient plus ndeessaires. Afin d'accelirer la publication, les auteurs ne recevront 
qu'unc seule dpreuve donl les pages seront numcrotees provisoirement. Scul les fautes de typographk 
devront dire corrigees; toute autre correction entrainant des modifications. additions ou suppressions 
au texte original sera facturdc aux auteurs. Dans la mesure du possible lcs Tommies doivent itre 
tapdes k la machine. On veillera a cc que les indkes et les exposants soint facilement reconnaissables 
lorsqu’ils ne sont pas diffdrencids par leur taille. Sinon. its devront dtre inscrits A la main. Les lettres, 
spdeiaks (grecques. script) doivent dtre souligndes en couleur. Pour simplifier le travail du typographic 
on recommande de souligner en rouge les lettres grecques et en vert les script. Les lettres grasses 
seront souligndes en bran. Dans la mesure oil des caractdres manuscrits sont utilisds on distingtiera 
(meme pour les caractdres latins) les majuscules, qu'on soulignera deux fois, des minuscules, souligndes 
unc fois. Des diflicultds speciales naissent du fait que les machines a dcrire ne font pas, en gdndral, 
de difTdrence enlre 0 (zero) et O (letlre) ainsi qu’entre I (un) et / (lettre). Dans ce cas, des signes 
distinctifs sont absolument indispensable*. 

2. Des graphiques et des formulcs developpdes doivent dtre traces en lignes noires A l'encre 
de Chine. Veuillez indiquer dans la marge du manuscrit oil les graphiques et les tableaux doivent 
dtre disposds. 

3. Les travaux originaux doivent comporter de brefs resumes (100 mots maximum), rddigds 
dans les 3 langues: anglais, franca is et allcmand. Le rdsumd des communications brdves doit dtre 
redigd en anglais. (Sur demande, le resume original peut dtre traduit par la rddaction, en allemand). 
Pour faciliter la documentation un titre anglais doit dtre ajoutd a chaque artkle n’dtant pas dcrit 
en anglais. 

4. Les references bibliographiques seront numdrotdes et rassembldes a la fin du texte. Les 
citations x prdsenteront comme suit: noms et initiates de to us les auteurs, titre du journal abrdgd 
xk>n les rdgtes intemationales, tome, numdros des pages et annde. Les livres seront citds prdeddds 
du nom de I'auteur, titre complet, ddition, lieu de publication, dditeur et date de parution. Lcs 
rdftrences dans le texte doivent dtre indiqudes par des numdros. 

5. 75 tires d part de chaque article seront remis gratuitement aux auteurs. Pour tes exemplaircs 
suppldmentaires le prix de revtent Sere facturd aux auteurs. 

6. Les demandes au ridacteur doivent dtre adressdes A 

Theoretic* Chimka Acta, Prof. Dr. Hermann Hartmann. 

Les manuscrits peuvent dtre envoyds A to us les co-dditeurs (adresses susmentionndes). 



